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Errata 


Progress of Theoretical Physics Vol. IV, No. 1, Jan.~Mar., 1949. 


On Dirac’s General Transformation Function. Il—b. 


Satosi WATANABE. 
The Scientific Research Institute, Tokyo. 


(Received May 22, 1948) 


§3. Existence of Classical Transformation Function. 


In order that the classical general transformation function may be con- 
structed, there must exist a solution which, (i) satisfies the wave equation in 
the considered domain of the space-time, and (ii) has the given field strength 
uz on the boundary of the domain. If the wave equation derived from che 
variation principle is a partial differential equation of the elliptic type, our 
problem becomes a Dirichlet problem which is always soluble. The exist- 
ence of a Green function will manifestly assure the possibility of solution. 
Statical fields correspond to this case. Particular attention must be paid in 
the case of a hyperbolic type of wave equation. 

Although the results in the case of two dimensions cannot automati- 
cally be generalized to the cases of more than two dimensions because the 
symmetry between time and space is the characteristic feature of the two 
dimensions, it will yet be well to start with this case, for its particular 
simplicity will help to understand certain of the difficulties pertaining to 
the solution of boundary problems of the hyperbolic type. This preblem 
has been treated in some detail by FE. Picard.” We want to summarize the 
results and apply them to our problem. 

The equation treated is of the type: 


Oru Onn Oru Ou Ou 
5 Hi oes et ou +h=0. 3-1 
% Beet ares OF mar ry es Sey) 
with 
b—ac SO, (3-2) 


where a, 4, ¢, ¢, f, g and Ah are real functions of + and ¢ In our applica- 
tion the characteristics of the equation bear the meaning of the light cone. 
We are, of course, placed in the general case of non-analytic functions. 
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to 


Cauchy’s problem consists in determining the solution whose values, as well 
as the values of the first order derivatives, are given on a non-characteristic 
curve. The problem we are facing consists in determining the solution 
whose values are given on a certain boundary, but not those of the deriva- 
tives. The possibility of such a solution naturally depends on the nature 
of the boundary. We want first to mention the three basic cases where 
the solution exists : 

(a) w is given on two intersecting characteristics. 

(b) % is given on a characteristic and an everywhere-spatial (or an 

everywhere-temporal) non-characteristic curve which intersect. 

(c) w is given on two everywhere-spatial (or two everywhere-temporal) 

non-characteristic curves which intersect at one point. 

Figure 1 (a, b, c) shows these three cases, the thick lines indicating 
the boundaries on which w is given, and the shaded 
area the domain in which the solution is determined 
by the boundary condition. The straight lines which 
are inclined at 45° from the vertical line represen 
the light cone (characteristics). 

The possibility of the problems of second andt 
third classes (b), (c) reposes on the fact that the 
problem can then be reduced to a Cauchy problem, 
by computing, with the help 


Fig. 1 (a) 


of a simple integral equation, 
the values of the derivative 
on a non-characteristic from 
the field values on the other 
curve, the latter being a 
characteristic in case (b) and 
a non-characteristic in case 
(c). A similar method could 
be applied to the correspond- 
ing cases of more than two 
dimensions if the non-charac- 
teristic boundary is every- 
where-spatial. If, on the 
contrary, the non-character- 
istic boundary is every where- 


ANN 
\\ 


Fig. 1 (c) 
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temporal, the method will not work because th. Cauchy problem on a 
temporal boundary is in general impossible, except in the case of two di- 
mensional space-time.” The reduction of the problem to a Cauchy problem 
consists essentially in reversing the roles of a known and an unknown in 
the formula of Riemann’s method of integration in the case of two-dimen- 
sional hyperbolic differential equations. For equations of more than two 
dimensions, Volterra’s generalization of Riemann’s method may be applied. 

Let us now determine the possibility of combining these three types 
and constructing a closed domain in which the field is to e determined by 
the field values given on the boundary. First, if the field values are given 
on four characteristics enclosing a 
rectangular domain, there will be 
too many given conditions, since two 
neighbouring sides are enough to 
determine the field inside. (See class 
(a) above). Second, let us consider 
two spatial curves AB and AC, 
BC being a characteristic, and as- 
sume that the field values are given 
on the whole contour ABC. (See 


Fig. 2). In view of class (c) above, 4 
it is evident that the condition on a 
BC is one too many. However, Fig. 2 


there is one point of view that 
may obscure. this impossibility. 


Construct a rectangle BCED, E 
lying on AB. The field in the 
rectangle is then determined by the 
given condition on BC and BE. 
(class b). The field in the rectangle 
CEFG (F lying on AC) is then 
determined by CE and CF. We 
can repeat this operation indefinitely 
and finally obtain the field in A 
BC. This procedure, however, 
shifts the difficulty only to the in- 
finitesimal vicinity of the limiting 
point A, at which the continuity of 


lig. 3 
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the derivative will be destroyed and the field equation will not be observed. 
A similar argument is valid for a domain, having as its boundary two 
characteristics and two non-characteristics (Fig. 3), where AB and AC are 
spatial, and DB and DC are characteristics. 

The most hopeful type is the domain bounded by two everywhere- 
spatial curves or two everywhere-temporal curves which intersect at two 
points. At first sight this seems to be a special case of class (c) but it 
will turn out to be quite different in nature. Let ACIB and ADB in Fig. 
4 be two spatial curves, CD ly- 
ing on one characteristic and 
ID on another. The field values 
on AC and AD will completely 
determine the field in the rect- 
angle AGDE. It would seem 
that we could move CD toward 
the end-point B and thus solve 
the problem satisfactorily, but 


such is not the case, since we 


G 
Fig. 4 


must fulfil-too many conditions 
for the rectangular domain BH 
CF. We have indeed, other than conditions on BC and BD, the condition 
on CD. From the standpoint of the reduction to a Cauchy problem, we 
can construct such a problem for the curve AD with the help of the given 
values on AC and another for the curve DB with the help of the given 
values on IB. That will be enough for determination of the field in the 
rectangular domain having A and B as its diametrically opposite corners. 
Thus the field values given on CI may contradict the rest of the given 
conditions. 

However, if the two curves are infinitely near and if the conditions on 
them are infinitely proximate, the problem is possible because it then be- 
comes practically a Cauchy problem. 

When a closed domain is bounded by two curves, one everywhere- 
spatial and the other partly spatial and partly temporal, the difficulties are 
even more pronounced than in the case just considered. 

Thus, we are obliged to give up the boundary-value problems for a 
finite closed domain in the case of a hyperbolic field equation. In general, 
we demand too many conditions by giving the field values for the entire 
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periphery of the contour. 

As regards the infinite boundary in the case of open domain, in class 
(c) we can of course legitimately prolong the two spatial (or two temporal) 
curves indefinitely in both directions, in so far as they do not lose their 
spatial (or temporal) nature. However, if the field values are given on two 
non-intersecting, infinite, spatial (or temporal) curves which are separated 
from each other by a finite distance, we cannot regard the problem as a 
limiting case of class (c) in which the point of intersection is displaced to 
infinity. There appears a particular indeterminacy in the solution of such 
.a problem. 

Let us take the simplest example : 


2 5 
au OA u_o 


REE 9 eK) 3°3 
Ox of (353) 


and require, 2s boundary conditions, 


(2, 0)=9(4) 
u(x, 7)=A(x) 


Then if 2,(%, 7) is a solution satisfying the boundary condition, 


(3-4) 


wants] weyde (3-5) 


is also a solution satisfying the boundary condition, where 


iT, UT. 


: + B,, cos =) (Note: 7380) (3-6) 


> 
iG (% 


$O=r(4 sin 


is an arbitrary function defined in a domain of length 27, the additive con- 
stant being so adjusted that the integration of the function over any domain 
of length 27 may vanish. 

A similar consideration can be applied to the case of more than one 
spatial dimension. Whenever the boundaries are two infinite, non-intersect- 
ing, spatial hypersurfaces (temporal ones are excluded here) separated by 
a finite temporal distance, there appears an indeterminacy of the same 
nature. 

In summation it can be stated that the boundary-value problem is con- 
ceivable if the domain is limited by two spatial surfaces. However, when 
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the surfaces do not intersect each other at all the problem is inteterminate 
(too few conditions), and when they enclose a closed domain the problem 
is impossible (too many conditions). Even in those cases, indeterminacy 
or impossibility can be eliminated if the two surfaces are infinitely near. 


§4. Existence of Quantum-Mechanical General 
Transformation Function. 


i) Hanulton Schenv. 

As already stated, the classical general trausformation function surely 
exists when the domain of definition is bounded by two spatial hypersur- 
faces which are separated from éach other by an infinitesimal (temporal) 
distance. In this case the Lagrange scheme is reduced to the Hamilton 
scheme (§ 5-ii, Part I, and §1, Part II). If we limit ourselves to such a 
case, there is no serious question as to the possibility of representation 
[z{s{|], and no question as to the relativistically invariant formulation of 
commutation rules. 

For a domain limited by two spatial surfaces which are separated by 
a finite distance, we can gather up infinitesimal transformation operators and 
obtain as the resultant general transformation function 


I(1—iH'ds). (4-1) 


This operator exists for the given domain and does not necessarily vanish 
for the “impossible” boundary conditions for which the classical general 
transformation function does not exist. 

Apart from the argumentations which led us to limit the boundary 
surfaces to spatial ones, there is another reason for which the present for- 
malism is only applicable to the spatial s-surfaces. Indeed if each s-surface 
was not everywhere-spatial, the defimtion of the operator (4-1) would be 
ambiguous, since the g-numbers such as w and 7 contained in Hl’ are, in 
general, not commutable, except those which refer to two points which are 
separated’ by a spatial distance. The total operator (4-1) will then depend 
on the order in which those g-numbers appear. 

When all the s-surfaces are spatial and the order of niultiplications 
under /7 is defined by the one-dimensional order‘of s, such ambiguity will 
disappear. However, if (4-1) is transcribed in the form: 
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I(1—it' (dé)‘) (4-2) 


as in (1-21), the factors must be so arranged that two volume-elements, 
(d&)* lying in the light-cone of each other, appear in a definite order of s. 

All these considerations lead us to the conclusion that the Hamilton. 
scheme, to which the current field quantum-mechanics belongs, can be ge- 
neralized to the curved space-like s-surfaces, in lieu of the time-constant 
planes, but no further since it would then fundamentally interfere with our 
current notions of relativity and quantum mechanics. 


ii) Lagrange Scheie. 

The quantum-mechanical general transformation function in the Lag- 
‘range scheme is given by the right-hand side of equation (1-11) Part II. 
Its exiatence therefore depends solely on that of the classical general trans- 
formation function. (See §'3 Part II.) 

But from the quantum-mechanical point of view, the left-hand side of 
(1-11) must have the meaning of a certain probability amplitude. It would 
therefore be necessary to have a definite value even for classically impos- 
sible boundary conditions. A modification of the ‘proposed scheme might 
be necessary to cope with such difficulties. 

At any rate, we can point out one advantage of the Lagrange scheme 
viz., that here the essential limitations of the current relativistic quantum 
field theory reveal themselves in a compact form. (A potential usefulness of 
the Lagrange scheme will be discussed in § 5). 


§5. Physical Interpretation and Conclusion. 


Our knowledge of the state of a field on the s-surface is expressed by 
a Hermitian operator G with real eigen-values: 72;, 72, 74 ...... , which 
are not negative and obey Sjw,;=1. In the case of a pure state, all the 


w's except one will vanish. The expectation value O of a physical quan- 
tity Q will be given by 


OQ=trace (OG) 
= Nica QI wl} [ul @ | 7] (5-1) 


where the integration, in general, involves a mathematically awkward 
manipulation as in (1-5) Part I. This expectation value is dependent on 
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the parameter s, and its dependence is expressed, with the help of a unit- 


Ly Y 
ary transformation operator S, by 


O=trace (OSGS™) (5-2) 
=trace (S'OSG) (5-3) 


To give a physical meaning to the foregoing theory, operator (1-11)’ 
or (1-19) Part II is to be substituted in this equation. 

The first line (0-2) can be interpreted as expressing the change of state 
according to 


G — SGS” (5-4) 


while the physical quantity @ is assumed to remain unchanged. This in- 
terpretation naturally corresponds to the Schrédinger picture. The second 
line (5-3), which is mathematically equivalent to the first, can be interpret- 
ed in terms of the Heisenberg picture in which the state remains unchang- 
ed while the physical quantity changes according to 


Q— SOS. (5-5) 
If the operator $ consists of two parts ° 
S=8S,8", (5-6) 


the expectation value may be written 


Q=trace (8,'OS,S'GS'"), (5-7) 


which is readily interpreted in the “ mixed ”’ picture. 
In the case of a pure state, in which the field is found to have definite 


values w’"’\s9} on the boundary s=s), the matrix corresponding to (5-4) 
will be written 


[2e" {s}| 20” § so} ] [ze {sg}! 20?" st], (no integration over 2" \si), (3-8) 
which shows that 8 itself. 
sentative. 

Now if we pass to the “ unified ” point of view, introduced in conne- 
xion with (4-16) Part I and (1-12) Part I, by rendering the portion of 
the boundary occupied by s=s5, negligibly small, we shall-have in the place 


» in a sense, has the property of a state-repre- 
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of (5-8), 


[we st] [o’"}s$]. (5-9) 


Expression (5-2) will then become 


Q= \jlerist ist | [ze §st | O| 2! {st ] [ef st], (5-10) 


which could also be derived directly from (5-1). The causal inference of 
the state on s from that on so is thus abolished here. This last expression 
(5-10), as interpreted by Dirac,” may give the @ priori expectation values 
of the quantity Q, defined all around the contour. 

The essential, physical statement of the current quantum-mechanics is 
summarized in the equation (5-2) or (5-3), since it is this very relation 
which binds theory with observation. There are many reasons to believe 
that a principle of the type (9-2) will, satis mutandis, survive the future 
reframing of the quantum field theory even if other accepted laws such as 
the Schrodinger equation, the Poisson bracket expression etc., are to be 
discarded. In fact, if the operator S is obtainable, we can give the neces- 
sary physical predictions without any knowledge about the Hamiltonian and 
so on. The future problem might well be concentrated on how to give an 
adequate form to the 8S. 

The current quantum mechanics takes the Hamiltonian operator as its 
starting point and derives the operator S from it by the infinite multiplica- 
tion of the type (1-19) or (1-21) Part II, of course taking the time varia- 
ble as s. This procedure, however, is hardly justifiable in view of the 
well-known divergence difficulties of the current theory. Indeed, if we are 
to avoid these difficulties, we are obliged to make some artifice which, in 
effect, amounts to giving up division of the space-time into portions smaller 
than 74, 7) being some universal constant of the dimention of length 1ang- 
ing around the classical electron-radius. “ The Hamilton scheme will then 
lose its footing, as is clear from the deduction in §1 Part II. Although the 
division of the space-time into cells of finite dimension cannot be formulat- 
ed in a relativistically invariant way, this situation leads us to believe that 
a fundamental role in the future theory will be played by the S for a finite 
space-time domain rather than by the familiar Hamiltonian of an infinitesi- 
mal space-time domain. The non- -commuutability of quantities « two points 
separated by a distance less than 7) would in fact be inconceivable, at least 
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under its present-day implications for we must consider the theater of an 
elementary interaction between two particles to cover a finite domain of 
linear dimension 7), inside which we can scarcely delve, in a physical sense, 
into the internal mechanism. 

It is for these reasons that the properties of the classical and quantum- 
mechanical expressions of ‘tthe operator S have been examined at some 
length and that even the Lagrange scheme which deviates violently from 
the current Hamilton scheme has been introduced. 

Apart from these basic considerations concerning the future revision of 
the field theory, our discussion has shown tiat the current method of the 
relativistic field quantum-mechanics can be generalized to the case where 
the field quantities are measured on a curved space-like surface instead of 
a flat time-constant plane. The important information obtained through 
this analysis pertains to the reasons why this generalization cannot be car- 
ried beyond this limitation (space-like s-surface) without violating the basic 
postulates of the present-day field theory —a vital point which the other 
studies have not clarified satisfactorily till now. 

-The writer would like to acknowledge the value of the opinions given 
him by Professors T. Yamanouchi, T. Inui, S. Tomonaga, T. Miyazima, K. 
Husimi, R. Utiyama, H. Yukawa. 
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Erratum to Part I. (Prog. Theor. Phys. Vol. 2 (!9#7), 71): 

The first five lines of Subsection (iii), 
gian Z depends on &# only through the 
ordinates such that”, 


page 86, should be replaced by: “Tf the Lagran- 
Jacobian @(.r)/A(é) in (3-6), and if we choose .co- 
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§1. Introduction. 


The elementary processes underlying the chemical reactions are, of 
course, the collisions which take place between the atoms or the molecules. 
However, the present experiments about the chemical reactions do not 
measure the microscopic probabilities of the elementary processes, but the 
macroscopic rate constants of the whole processes. And the theory of the 
chemical reactions made up by Eyring, Wigner and others® seems to be 
powerful to give the approximate values of the rate constants, while it is 
not very interested in the microscopic behaviors of the elementary processes. 
This circumstance is contrasted with the one in the other cases, such as, 
the collision problems between the electron and the atomic nucleus and 
between the nucleon and the nucleus, in which cases the elementary reac- 
tions are mainly of importance. 

Here we shall try to take up the elementary reactions between the 
molecules and to investigate their characters from the standpoint of the 
elementary collisions and then to relate them with the macroscopic rates. 
For this purpose it wil] be necessary to know the theoretical standpoint 
suitable for the investigation of the chemical reactions. As is well known, 
the present theory cited above is based on the following three assumptions : 

1. the adiabatic treatment of the electronic motions, 

29. the classical treatment cf the nuclear motions, 

3. the existence of the thermal equilibrium between the activated state 

and the initial state of the whole system. 
We shall briefly criticize these assumptions in succession and ask for the 
starting point for the subsequent considerations. 

Adiabatic assumption seems to be satisfied approximately in the ordi- 
nary reactions. That reason essentially consists in the slow motion of the 
atomic nuclei compared with the rapid one of the valence electrons. In 
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fact, unless the separations of the electronic potentials are smaller than the 
thermal energy 7’, above condition will hold because of the small mass 
of the electron compared with the nucleus and the small kinetic energy of 
the nuclei compared with the electrons. But there are a. few examples 
which seem to proceed non-adiabatically such as the thermal decomposition 
of N,O. Hence, it will be desirable to treat the both cases (adiabatic and 
non-adiabatic) on the unified standpoint. 

When the reactions proceed non-adiabatically, it is inevitable to use 
the quantum mechanics for the computation of the reaction rates. On the 
other hand, in the case of the adiabatic reactions the nuclear motion has 
been treated classically. Indeed it was justified when we had considered 
the chemical reactions as the collision problem between the rigid spheres 
representing atoms or molecules. For. their radii were larger than the 
nuclear wave lengths and we could trace the nuclear motion in the particle 
aspect. This type of collisions is known as the ‘“ surface reaction’’ which 
takes place in a very short time without penetrating into the mutual in- 
teriors. However, it will be unnecessary to see the failure of the histori- 
cal ‘collision theory” for us to understand the fact that the chemical 
reactions are never the surface reactions. 

Now the progresses of the theory about the molecular structures enable 
us to visualize the reaction processes as the movement of the representative 
points on the potential energy surfaces, when the adiabatic assumption is 
justified. Of course, the quantitative knowledges about the construction of 
the potential surfaces are never complete on account of the weakness of 
our mathematical faculties. But our present knowledges are probably 
powerful as the guide of the qualitative discussions in some cases. 

For an example, we shall consider the exchange reaction : 


ACB A+ CR 


where A, B and C are all atoms and each has one s-electron. In this 

simpicst case, the potential V of the system is the function of t,, te and 

[6] (c.f. Fig. 1). When we write the values of ) 

Vin the three-dimensional space of 7, 7, and 6, 

we see the high potential region separating the : Je 

initial state , i, 
Vy%~b, 14>a A 


and the final state 1.Fig. 
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ya, te>0 


where a@ and 4 are the atomic distances of the stable molecules AC and 
AC respectively. Looking for the position of the pass on the potential 
mountain, we obtain the activated state on the reaction path. The differ- 
ence of the values of V in the activated state and in the bottom of the 
initial valley is the so-called (classical) activation energy JV. When the 
initial state is in the thermal equilibrium, such a group of the elementary 
systems contributes most effectively to the rate constant, whose energies 
are given by 


E~ W+KT 


where K is the Boltzmann’s constant and 7 is the experimental tempera- 
ture. So we shall investigate the classical motion of the system having 
the energy E=W-+KT for the time being. 

First we pick up the potential region satisfying the condition 


Vis & 


which is the space wheie the representative point with energy E can move 
classically. As is seen from 
Fig. 2, this region has the 
form of an open tube, which 
we shall call the ‘“‘ reaction 
tube’. One end of this re- 
action tube is in the initial 
state and the other is in the 
final state and the middle 
part makes a fairly long and 
narrow bending portion. The 
accomplishment of the reac- 
tion process needs the pas- 
sage of the representative 
point through this bending 
middle portion. In order to 
test the validity of the clas- 


sical mechanics at this stage, 
we have only to compare the diameter of the narrow middle part with the 


ty} 


Fig. a 
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wave length of the rnoving representative point in this position. As is well 
known, we cannot apply the geometrical optics for the light passin®. the 
slit of the dimension comparable to its wave length. Borrowing the 
numerical values from the paper of Hirschfelder, Eyring and Topley,” we 


obtain the following results in the reaction, H.+H —- H+H:: 
) (wave length) ~1.7-10-°cm 
L (diameter) ~  107%cm 


where we put L=W 41K cal mol” (c.f. at 29°C, KT=0.6K cal mol), A 
is fairly larger than 7. Hence, we cannot apply the classical mechanics at 
least for the hydrogen exchange reactions. 

Of course, this conclusion will be modified for other reactions. First, 
2 becomes smaller because of two reasons: for the heavy molecules the 
relative masses become larger in general and for the complex molecules 
the energies of the most effective clementary systems become higher on 
account of the rapid increase of the level density of the activated state. 
Second, the value of 7 will become a little larger as a rule, which is deter- 
mined by the degree of the valence bindings. Thus, we can expect the 
next relation 


Aw~l 


for the present. This shows that the nuclear motions do not necessarily 
proceed classically. But it will not fit in with the experiences to emphasize 
the quantum effects too much, After all, we conclude that it is desirable 
to use the quantum language in the sense that the quantum treatment con- 
tains the classical treatment. 

Next we shall go to the investigation of the third assumption — the 
equilibrium between the initial state and the activated one. Let us consider 
the reaction of the second order as an example. It is true that the reac- 
tion proceeds through the activated state. And the time which the system 
spends in the activated state is considerably long. To see this, it will be 
sufficient to trace the zigzag orbit of the classical motion of the representa- 
tive point. But the life + of the activated state is shorter than the mean 
period zt, between the successive collisions at the ordinary conditions (c,~ 
10-" sec.). Hence, the activated molecule does not experience any collision 
witly other atoms or molecules among its existing period. Since the ther- 
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mal equilibrium can exsist only for the ensemble of systems which can ex- 
change their energies each other, the activated systems are not directly 
brought about into the canonical equilibrium (Boltzmann's distribution). 
And we should suppose that Eyring’s theory need not claim this type of 
the thermal equilibrium of the activated state and what it requests is the 
microcanonical equilibrium between the activated and initial systems with 
the same energies. After all, this results in the canonical distribution of 
the activated systems. 

However, as for the reactions of the second order, it is more reasona- 


ble to consider the following process as a single elementary (mechanical) 
process : 


reactants — activated complex — products. 


The discussions about tne first order reactions given by Rice, Ramsperger 
and Kassel will be useful for the understanding of above circumstance. 
They supposed that the activated molecules might be considered as in the 
thermal equilibrium with the normal molecules in the complete first order 
reactions. The reason is as follows. The mean life - of the activated 
molecules is very long compared with z, and so the mutual transitions 
between the activated molecules and the initial molecules are very frequent, 
while the decay processes are rare. Hence, the rate-determining ste,» is 
the decay processes of the activated molecules which take place practically 
without destroying the thermal distribution of the activated systems. Since, 
in the second order reactions the change from the initial state to the final 
state is a single one and makes tne rate-determining step, if is natural to 
assume only the thermal equilibrium of the initial state which remains un- 
changed through the reaction processes. This assumption which we shall 
take here is not only reasonable but also necessary, Because, most ex- 
periments of the slow chemical reactions are performed under the condition 
of the constant temperature and this temperature should be taken as the 
measure of the thermal distribution of the reactants. Of course, there will 
be many cases in which the third assumption in question is approximately 
satisfied. In these cases, the whole rate is computed by means of the sta- 
tistical mechanics and the evaluation of the so-called transmission coefficient 
x is not important to give the approximate values of the rate constant. 
However, if we want to have the knowledges about the elementary processes 
and to take the data from the macroscopic experiments, we have to adopt 
the standpoint stated above. 
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§ 2. Qualitative discussions. 


In §1 we have been led to the following standpoints which are suita- 
ble for the theoretical treatment of the chemical reactions : 

1. the reactions take place through the quantum-mechanical collision, 

2. the initial state of the whole system is in the thermal equilibrium. 
Hence the problem separates itself into two parts. The first part is the 
step in which we ask the crosssections of the elementary reactions by means 
of the quantum mechanics. And the second is the step in which we com- 
pute the rate constant 4 by the application of the statistical mechanics. 
Here we shall put another assumption explicitly : 

3. the thermal reactions in gas phase may be treated as the statisti- 

cally independent superposition of each elementary reaction. 
This last assumption is applicable only in gas phase for the present. In 
general, the computation of & from the elementary crosssections can easily 
be carried out if the latter are known completely. 

Thus our main subject is the derivation of the elementary crosssections. 
Here we find the close relations between the theory of the chemical reac- 
tions and the transitional theory of the quantum mechanics. Judging from 
the essential features of the present problem, next correspondence seems to 
be very. natural : 

The theory of the chemical structures 

<--> the stationary theory of the quantum mechanics, 
The theory of the chemical reactions 
<—— the transitional theory of the quantum mechanics. 
The former relation has been established since the explanation of the ho- 
mopolar binding of H, by Heitler and London. 

Although the solutions of the individual problems can be obtained by 
the method of the numerical integrations, the results are necessarily special. 
In order to get the more general conclusions, we shall introduce the fol- 
lowing assumption which is of importance very much: 

4, the chemical reactions are the compound reactions. 

The contents of this assumption have been already suggested by Eyring, 
especially in the word “activated complex’. The compound reaction is 
the contrary to the surface reaction. In the compound reaction, the collid- 
ing particle gets into the interior of the collided particle and forms the 
quasi-stable molecule and then separates itself into the final products. We 
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snall begin the discussions by the explanation of the general reasons why 
the chemical reactions are compound. Those reasons are as follows: 

(a) the valence forces are of saturation character and of short range, 

(b) the collisions are caused by the thermal motion, 

(c) there exist several inner degrees of freedom which have to do 

with the reaction mechanism. 

Owing to (a), the colliding particle practically does not interact with the 
collided particle at a distance larger than the molecular diameter, and with- 
in the range of force too, the atoms of both molecules cannot exert their 
influences additively. So the relative kinetic energy of the collision is 
transfered successively to the inner energies of the atomic motions in a 
large molecule composed of the colliding molecule and the collided one, 
Since the energy of the collision is usually much smaller than the bond 
energics of the stable molecule because of (4) and the masses of the atoms 
are all ot the same order, the collision process proceeds in such a way that 
the excess energy of the collision be distributed among the various inner 


degrees of freedom of the large molecule ({c)). -\s the chance will be 
comparatively rare that the energies of cach degree of freedom come to- 
gether into a specified degree of freedom and the latter binding is destroyed, 
the collision of two molecules once makes up the state of quasi-stable 
molecule and the life of this state will be considerably long. 

The more visible investigation is possible in the case where the adia- 
batic approximation is justified. When the reacting molecules are compara- 
tively complex, we have the reaction tube like as Fig. 2 in the potential 
space of many dimensions. The important behavior of the middle part can 
be expected from the knowledges about the structure theory. First, in this 
place we have the semi-closed region of a considerable extent, for it has 
usually the opening ends only towards the two directions (to the initial 
and to the final side). This circumstance will be acccrelated by the -pre- 
sence of the so-called potential basin. Second, this part is bended in ge- 
neral and especially is so when we adopt the oblique axes so as to obtain 
the normal form of the kinetic energy of the representative pots e Dhege 
two reasons make the life of the activated séate be long and the reaction 
be compound. 

For the treatment of the compound reactions it is convenient to borrow 


the theory of the nuclear reactions. (The latter are the typical examples 


of the compound reactions.) That is, we use the spacing d@ (or the density 
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p) and the width 1" of the compound state. To know d is equivalent to 
knowing the energy spectrum of the levels of the activated state and be 
know I’is to know each decay probability of the activated levels. Parti- 
cularly ["'/d is an important quantity as the characterizing measure of the 
reaction in question. J’>d is necessary for the classical treatment to be 
justified, while [’<d appears in the purely quantum mechanical phenomena. 
If the values of /’/d of the chemical reactions are known, we shall obtain 
a feature of the chemical reactions. From the considerations in §1, we 
shall expect the relation /’~d except the reactions of complex molecules 
(which are probably classical), but this remains as a suggestion for the time 
being. The quantitative determination of [°/d will be tried in the subse- 
quent sections, 


§3. First oder reactions. 
We shall consider the decomposition reaction of the first order 
A— B+C. 


A molecule is excited to the unstable molecule A* by means of the ther- 
mal collisions with other molecules. Since A* molecule should spontane- 
ously decay into the products B and C unless deactivated by other mole- 
cules, A* state has its decay width /*° as well as its energy W. Hence, 
the following mathematical formulation is convenient which was used by 
Gamow and Breit in the nuclear reactions. 

First we write down the Schrédinger equation which contains all 
valence electrons and atomic cores (atomic nuclei + core-electrons) of the 
molecules concerned in the elementary reaction (4 in the present case). 
We designate the energy of this elementary system by &. Then we 
determine the boundary condition in such a way that the asymptotic forms 
of the wave function should be composed of only the diverging waves even 
if we made any separation of the system into two parts. This condition 
causes the eigenvalue problem and there exist the solutions of the Schré- 
dinger equation only for the certain complex energies : 


En Mod M__ sr = Wes —2_ Pmt) (3-1) 


where / is the quantum number representing the total angular momentum, 
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47 is the one specifying an independent state belonging to the same J and 
z is the other one than above two quantum numbers. At the fixed (/, 42), 
mz runs from smaller H”'™ to larger W%, From the conservation law of 
the density, it is easily proved that 

™/4#= 1, >0 (3-2) 


an, 
‘ 


is the decay frequency, i.e. the reciprocal of the life, of the (wz, J, M) 
state. 

According to T.indemann, Hinshelwood and others,“ 2”%>7, is the 
necessary condition for the reaction to proceed as the first order one. And 
this condition assures the thermal equilibrium of A* molecules with A 
molecules. Thus 


Noid ut M “3 
cement (3-3) 


where JV is the number and Z is the thermal weight. 
Je gees HWA AT). 


Combining (3-2) and (3-3), we obtain the general formula of the rate 
constant 4 of the first order reaction (the thermal decomposition of A 
molecules) : 


k= ME ped TAG (3-4) 
nsw Zi 
It will be obvious that this tormula does not correspond to the theory of 
Hinshelwood, but to the theory of Rice, Ramsperger and Kassel.” 

(3-4) can be transformed to the more convenient form. The states 
whose energies are smaller than a certain value I) will have the extremely 
small decay widths. For the decay processes are supposed to take place 
with the tunnel effects through the thick potential walls. So we neglect 
the contributions from these states and take the state having the energy 
]1’™°.0= PW, as the origin of ~ and measure the energies of the activated 
levels from this 1% as well as the energies of the initial states are measur- 
ed from the minimum level. Since the partial width of 84+ C decomposi- 
tion is nearly equal to the total width /'™” in the states of energies [17™” 
> W, we can speak of the activated molecules whose energies are neu 
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to W, and whose decomposition widths to B4 Care approximately equal 
to I’. These molecules are just the activated complexes which are mathe- 
matically well defined. In this approximation, (3'4) is rewritten as follows : 


[si aeey 


sey ser pe iy et ae ON 
or 
kav exp (—W/KT) (1) 
whete 
(OP), 9 
Zt= ¥y exp (—W*"/ KT). (3-6) 


Here ai. means the statistical average. All the quantities appearing in 
the above expression (I) have the clear meanings. » is the average decay 
frequency and Z2*, Z; are the partition functions of the activated state and 
the initial state respectively (each not containing the translational part). 
Fach energy origin consists in its lowest energy level. J, may be called 
the (theoretical) activation energy. 

As is well known, the experimental results or the rate constants are 
summed up as follows : 


k= Fexp (— W,,/KT). (3-7) 


where JV,, is the experimental activation energy and F is the frequency 
factor which may be taken as constant in the small range of temperatures. 


In order to pobiats (1) with (3-7), we shall transform (1) as follows. 
First, 


Ww May WwW 0,0 n,0,0 
tie r ‘athe Times 
a, 13 exp KF )} exp(—+ 


= st Z}exp (— yr pe 23 exp (aes) 


EVALVAS (3-8) 


where Z,'=(Z;™),,. is the partition function due to the rotation of the 
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activated molecule as a whole and Z* is the one due to the other freedoms 
which we may call the vibrational freedoms. As for Z*, it is expected to 
iave the value of the same order with Z,,, because A* molecule is similar 
to A molecule with the high energy. Z; is composed of two parts in 
general, one of which is concerned in the inner degrees of freedom having 
the close relations to the decay process, and another is due to the other 
degrees of freedom which have no direct relation to the decomposition 
process. However, when we make the ratio Z7*/Z,,, the latter is cancell- 
ed by the corresponding part of Z,,. Therefore, we shall speak only of 
the contributions from the effective inner degrees of freedom hereafter. 
Then we obtain 


— (3-9) 
where «/ is the mean spacing of the activated levels. For, if 7<AT, 
aes fees) = A ow od Wi |e" ay Ty Ze 
A ae f 
Putting 
= + (3-10) 
we get after all 
Ze ro 2, 
= ~(= 5a) exp (— /KT) (3-11) 


VAs . * - . a 
Although ve is also the function increasing with the temperature 7; 
t “ae . 
its temperature-gradient is small. So we can utilize the next relation for 
chy. ; 
the order estimation of [7/d. 


EA Bar (3-12) 


Using this equation, we obtain the next results from the experimental data 
which the elementary reactions seem to act upon Lindemann’s me- 


in 
chanism.“” 


L/dé < Digs 
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Ol Ds01- 
F,O2, NO.Cl, NO; 
CH,ONO, C;H,ONO, C,H;,ONO 
CIMIAGALL GH 
@) Bp 210-- 
N.O, HCH(OOCR’),, CH;CH(OOCR’):. 


At the present stage of the molecular theory, the computation rn ew 
is difficult for the polyatomic molecules except the simple ones. Here we 
take the two cases (CH,I, N,O) as an example. 

The decomposition reaction: CH;I > CH;+1, 7=300°C. If we con- 
sider <hat all inner degrees of freedom are concerned in the decomposition, 
we obtain Z;,=1.86. And so 1/d<0.1. 

The. decomposition reaction: NeO—N,+0O, 7=630°C. As like 
above, Z,,=3.18. And we get [7/d< 1,1-10™%. 

In other cases we don’t know the precise values of Z,, at present. 
Bat their values are nearly of L order for the simple molecules and become 
large for the complex molecules. Hence we shall be able to say as fol- 
lows. When the molecule in question is simple and composed of light 
atoms with the strong couplings, the reaction is associated by the quantum 
effects as a rule (/’/d is small). On the other hand, the reaction may be 
treated classically, when the molecule becomes complex and contains the - 
heavy atoms with the weak couplings (/’/d is large). The elementary 
reaction belonging to the class (i) contains both cases and lie halfway in 
general. 

However the reactions in the class (ii) do not belong above region. 
Though we cannot conclude uniquely about the complex molecules R-CH- 
(OOCR’), for the present, N,O reaction is, at least, in the purely quantum 
mechanical region. That reason probably consists in the electronic transi- 
tion due to the small perturbation such as the spin-orbital coupling, namely 
this type of reactions is non-adiabatic. The differences between the class 
(i) and the class (ii) will mainly consist in the adiabatic character of their 
elementary reactions. 

As the practical method of the computations ot the rate constants, 
Eyring’s approximation are generally used for the reactions of the class 
(i). It is based on the next assumptions: 


(a) the classical approximation : i.e. the assumption that the reactions 
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proceed adiabatically and @ < KT, [> d are satisfied. 

(b) the statistical approximation: j.e. the assumption that there exists 
the microcanonical equilibrium between the initial systems and the 
activated systems for each value of energies. 

(a) is the assumption which enables us to use the phase space instead of 
the Hilbert space. Further, according to (4) 


V2a(W— War) dp 


Psu ( W) ~| D+ 07 x ( w— Wy- Wr) 


Iy*(W) 
4 hi 


thea Se k 
where Wa —5- Bs is the kinetic energy of the system passing through the 


transition surface and Wy is the energy at the pass on the potential energy 
surface (the potential is made up of the adiabatic potential and the rotational 
potential). Then v and pg are the velocity and the momentum directed 
from the initial side to the final side parallel to the reaction path respec- 
tively. o}y(W’) is the level density in the transition surface with the 
energy W’. Above expression assumes that the rate for the representative 
points to go under the equilibrium condition from the initial side to the 
final side over the mountain pass is nearly equal to the real rate. Thus 


e Wier 


me 


© Pa - M bd 
ae i Zid) sea APT W)dWe3 | aw 
ipod i ae “Wy 
w-W, 
x [IVs tha WW, — Wx) 
“0 
2 © w 
1 oy eos 24 AW! e-Wisr [ aw oy yw"). 


AL; J,M 
0 i) 


Integrating by parts, 


12) oe walt aH via Wye WUT, 
a/; 


0 


Finally, & can be written as follows: 


imp tee ey (= Wt RD) (’) 


where W+* = W is the classical activation energy and Z* is the partition 
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function of the systems in the transition surface. 


A= Se— Wy Wo) (HD ai esa ae (3 F a3) 


J, 


(I') is just the Eyring’s formula. 

Judging from the discussions in §1, §2 and the results we already 
obtained in this section, the assumptions (a) and (4) are not always 
satisfied. Howevei, Eyring s formula is usually corrected in two points. 
First, the quantum mechanical partition function Z* is used instead of the 
classical one and therefore, the activation energy W’* is corrected by the 
zero point energies. This has the effect mainly correcting the assumption 
(@). Second, the so-called transmission coefficient x is introduced in the 
expression of 4—which has the effect lowering the over-cstimate due to the 
assumption (4). Thus (I’) is probably useful as the order estimations of 
the rate constants for the reactions of the class (i), though x is not 
uniquely determined from this standpoint. However, (I’) is useless for the 
reactions belonging to the class (ii). (to be continued.) 


Reterences. 


(1) WL. Eyring, J. Chem. Phys. 3 (1934), 107. 
KE. Wigner, Trans. Faraday Soc. 34 (1938), 29. 
Glasstone, Laidler and Eyring, The Theory of Rate Proceys:s (New York ani London, 
1941). 
(2) Hirschfelder, Eyring and Topley, J. Chem. Phys. 4 (1936), 170. 
(3) cf. The Theory of Rate Processes, Chap. IT. 
(4) Rice and Ramsperger, I.A.C.S. 50 (1928), 617. 
I.. Kasse], J. Phys. Chem. 32 (1928S), 2295. 
° (5) Heitler and Tondon, Zs. f. Phys. 44 (1927), 455. 
(6)(7) c.f Zhe Theory of Rate Processes, Chap. III. 
(S) II. Bethe, Rey. Mod. Phys. 9 (1987), 69. 
(9) G. Gamow, Atomic NMucici and Radioactivity (Cambridge, 1937). 
G. Breit, Phys. Rev. 58 (1940), 1069. 
(10) F. Lindemann, Trans. Faraday Soc. 17 (1922), 598. 
C, Hinshelwood, Proc. Roy. Soc. A 113 (1927), 230. 
(11) Rice and Ramsperger, loc, cit. 
Tey heasselgnloce cits 
(12) H. Schumacher, Chemische Gasrcaktionen (Dresden und Leipzig, 1938). 


25 


Progress of Theoretical Physics Vol. IV, No: 1, Jan.~Mar., 1949. 


Theory of the Interaction of Elementary Particles. [V,.* 
— Ihe Problem of Vacuum Polarization (1) — 


Hiroomi Umezawa, Jiro Yukawa and Eiji YAMADA. 


Institute of Theoretical Plysics, Nagcya University. 


(Received Aug. 11, 1948) 


§1. Introduction. 


Anticipating that at least a part of the divergence difficulties in 
quantum field theory arises from the fact that the interaction between 
various fields and matter are discussed separately, losing sight of the in- 
ternal correlations among them, Sakata” has proposed putting things in 
order by considering mixtures of several fields, and has shown that the 
difficulty of the self-energy of an electron can be dissolved by mixing a 
short-range neutral scalar meson field, the C-meson field, with the custo- 
mary electromagnetic field. 

Subsequently, the C-meson theory has been developed in various direc- 
tion, such as the elastic scattering of electrons,” the energy. level shift of 
the hydrogen atom,™ etc. On the other hand, however, it is thought ne- 
cessary to investigate how far the method of mixed fields is instrumental 
in clearing divergence difficulties of other types. 

One of the major difficulties involving divergences of the type different 
from that of the self-energy of charged particles is the problem of vacuum 
polarization. This arises as a result of the requirment, by Dirac’s hole 
theory, of the existence ot an infinite number of electrons filling the nega- 
tive energy levels in vacuum, and has hitherto been treated by Dirac, 
Heisenberg and others by the method of density’ matrix. But as a result 
of the development of Yukawa’s meson theory, it was found that such a 
vacuum polarization occurs not only on account of a charged Fermi parti- 
cle, but also by a virtual creation of a pair of Bose particles due to the 
absorption and emission of photons. . Therefore if the existence of various 
charged particies is simultaneously considered there remains a_ possibility 


* This article composes a part of the collaborated work by the Elemntary Particle Theory 
Group of the Nagoya University, and was read at the annual meeting of the Physical So- 
ciety of Japan held on 2!—23, May, 1948. 
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that the terms diverging individually cancel each other as a whole, so that 
the method of mixed fields is expected to be effective in this case too. 

As an example of a divergence of the vacuum-polarization-type, we 
first calculated the self-energy of a photon, taking the existence of various 
sorts of charged particles into account. In this case, since the form of 
mutual interaction is already uniquely known, there is little ambiguity, and 
consequently the number and type of particles required to exist in order 
to make the self-energy of the photon finite by this method comes to be 
determined. As a result of our calculation, the requisite is that Fermi 
particles and charged scalar (or pseudoscalar) particles be assumed to exist 
with a relative abundance of L:2, while the existence of vector (or pseudo- 
vector) particles is precluded because the divergence involved by them is 
of a higher order, We next calculated the self-energy of the C-meson, 
but this could not be prevented from diverging by means of the above 
mixture. However, as there are still many unclarified points about the 
nature of C-mesons, especially as the relation between C-mesons and _ nuc- 
lear forces has not yet been sufficiently studied,* and the form of interaction 
is not as unique as in the case of photons, this problem requires further 
investigation. 

Finally, we studied, as a simple case of a collision process involving 
vacuum polarization, the divergence appearing in the 4th order approxima- 
tion of Compton scattering, taking the existence of the various charged 
particles mentioned above and the C-meson into account. The result was 
that among the 3 types of diverging terms appearing when only the inter- 
action between electron and photon is considered, two. vanish and only 
that proportional to ¢* remains. 

As the present stage, this term can be made to converge by the me- 
thod of charge renormalization, but a more fundamental solution is desirable. 
Summarizing our conclusions, it was found that (i) the method of mixed 
fields is effective to a certain extent in the problem of vacuum ‘polarization 
too (ii) here again the C-meson plays the role of preventing the divergence 
of the electron-mass-term, (iii) no undesirable divergence is caused, apart 
from that of the self-energy of the C-meson itself, and (iv) the solution of 


this latter problem calls for a more scrutinizing investigation into the nature 
_ of.the C-meson. 
Ae ees a 
* Pais) has indicated that the self-energies of nucleons due to yarious nuclear- 


force me- 
sons can actually be made to converge by a neutral meson-field (the field). 
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§2. The Self-Energy of the Photon. 


The interaction between a photon and a charged particle can in general 
be written as follows. 


H' =¢H, +H, 


where cH,, ¢H; are both quadratic in the wave function U of the charged 
particle, and respectively linear and quadratic in the vector potential 4 of 
the electromagnetic field. 

When a single photon of momentum @ exists, the difference from va- 
cuum is that an additonal energy results from the occurence of the follow- 
ing two of processes: 


(i) q, => 0 —> t, (—) charge 
p+t, pth pl 
—=p 
(ii) U > th, b > & 
p—t, 
—p 
—p = 
where p is the momentum of the (3) (ii) 
charged particle. (Fig. 1) (+) charge 
Following Weisskopf,® we idend- Tied 
fy this additional energy with the helt eiocucames pie ake toitheteciG 
self-energy of tfie photon, and it be- energy of the photon. 
comes : 
: es ACE ee —p) (pth, —p| Hh, |b) 
ReG 4—LEpt+l, —£p 
(Uy) H;| bilo, P—l —P) (lilo P— lv, — P| f)} +e(lj| Hy) ty) 
i —h—Lp—t, —Ep 


(1) 
The Ist and 2nd terms are the contributions from processes (i) and (ii) 


respectively, &, denotes the absolute value of the energy of the charged 


particle. j 
(a) The interaction between -a Fermi particle and a photon is 


cH=—cltady,  ef,=9 (2) 
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Azy/ ai e(/, 2) Sc EPIC), emHE MI CS L= a Ee 
‘ue 
g', ware the wave function and rest-mass of the Fermi particle respectively. 


gen : ; ] 
Substituting this into (1) and calculating the sum oyer spin directions 
of the Fermi particle by Casimir’s method, 


Teale ae | (Ep+t, +2) 12 (pey’—?— (Db) — 2 — Epth Epi | 
2) a 4 Lip+t Ey iP? + (pl) + + Lp+t, £5 
: pdp sin Odbdy 3 
(27)? (3) 


where € is the unit vector in the direttion of polarization of the photon, @ 
the angle between py and @,, and g that between e and the projection of 
p on the plane perpendicular to %. Expanding this in terms of 1/p for 
large p's and computing for the diverging terms, the logarithmic divergence 
vanishes on integration over the angles, and we obtain the expression 


a Te : . 


To investigate the nature of the finite term, we expand it for small UZ, and 
integrate, obtaining 


pe et ee 
P F. 3zxl, 0 


That is to say, the finite term tends to zero with le* 


(b) The Lagrange function of a charged scalar (or pseudoscalar) me- 
son UY when an interaction exists between an electromagnetic field is 


* The self-energy of the photon due to an electron has also been calculated by Serber,(® 
using a method which is an improvement, on the density matrix method of Dirac and 
Heisenberg. Ilis result is 


hy me- \2 Zz 4\2°Z? 7? Pe Ae 
9B) Ra (AE 2 Je) soot 
Qt ( hy Rs aC Rs we |t sg arto’) 


where # is the off-diagonal distance |X|, Z and x the components of X in the dire 
of polarization and propagation respectively, As the inirodu-tion of 3° corresponds to a 
shifting of the position through A/2, if we introduce the cut-o% momentum P instead 


of 1/y=2/X and integrate over all directions of X, the diverging term coincides, in oar 
units, with that of (4). 


Mlowever, since Serber regards only those ierms independent of # 
as self-energy, the latter does tend to 0. (Serber, takes %#/mc, Rime, wm as the enits of 
length, time and mass respectively.) 


ctions 
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es edly easly ours 
i | or +ieAU* ( o +ieAW) 


— (grad U*+ieAU*) (grad U—ie AU) zou} 


Deriving the Hamiltonian function from this, the interaction becomes 
Wg te fe ayy: : 2 
=H, +H, 
with 
UxiteS re 27 (cy —dp*)elP-¥) (6) 
: Pp £, 
Substituting (6) in (5), 
= , ' Qi(p!-e(/u)) “kK 
Ai,= 27)" ee (¢,*—-« > (cy — Gr) : 
{yd (--pt+p’—) + G4 —pt+p'+)}] 
ae * — ¢ Sh a : 
ff,= (27)* 5} A6* = 4) ( —B") 5 6,*C4,,0(—p+p!—t-V) 


yy UE eek lint 
+ Cyt Cr 8(—pt+p! —l4l) + CO, Ciyd(—p+p' +l—-V) 


+ Cy Cow O(—p+p' +l4+l)e(jeUw’) (8) 


Substituting these in (1) and expanding, as before, in terms of 1/p and in- 


tegrating, 
ay Ve Len sg a é pe abi? pare. 
Wp s= nh 3: fp —p log ta? pf log p) +9(A) 
as 
=3n7h BO) (9) 


The expressions in the Ist and 2nd parentheses are respectively the con: 
tributions of e#/,, and 2%. The finite term, as in (4), tends to zero with 


4. 


+ As U is involved quadratically im the interaction, the difference of nature regarding re- 
flection has no effect, and the interaction is ilenticaliy the same for both scalar and psendo- 


scalay cases. 
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(c) For the interaction of charged vector and pseudovector mesons U 
and CU, with an electromagnetic field, we start, as before, from the Lagran- 
gian function, derive the Hamiltonian, and eliminate C, obtaining 


1 seein div U'*—U'**A div U*) 
— 2 [AU*] curl U—[AU] curl U*} +47-°(4U*) (AU**) 


+ GolAU][AU*]=cH, +H, (10) 


Vas MPF St (aya —dE eA 2) + VIRB, (A+ Be p)ePr 


P ADE. 4=1,2 
(11) 
Tras ES (alata) OD + Fela (A Bde pe?” 
P OFX =1,2 
(12) 


Here U* is the momentum conjugate to U, e(p, 4) and e(p) are the 
unit vectors in the directions of polarization and propagation respectively of 
the meson with momentum p. 

Substituting (10), (11) and (12) in (1) and performing the expansion 
and integration as before, the diverging terms of the self-energy become 
after laborious calculations, 


W,., here re 7 es! Lis (sere) 4 2 


he ae pie 83° =) dp 
a) 240+ (soe ge A 


20? “4 We\/ f° ap le? 
2A be ‘ ale a zx mice x (da? 15 As 


DAT Cx mf 
* 360 oi )*4 4s oor 
The expression in tiie Ist and 2nd parentheses are the contributions of cH, 
and ¢"f/, respectively, and x the rest-mass of the meson. It is an effect of 
the longitudinal wave meson that the divergence has become of 4th order. 
Comparing (4), (9) and (11), we see that when minding the fields of 
various charged particles in oder to make the self-energy of the photon 
finite, the vector meson is precluded because the divergence it involves is 
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of higher order than that of any other field, and hence it becomes neces- 
sary that Fermi particles and scalar or pseudoscalar particles exist in 
nature with a relative abundance of 1:2. Therefore, there must exist 2 
scalar (or pseudoscalar) particle against each electron of proton, and if any 
further charged Fermi particles exist, a similar counterbalance must hold 
for them. 


§3. The Self-Energy of the C-Meson. 


If we regard J as the momentum of the C-meson, here again the two 
types of intermediate states (i), (ii) which anpeared in the calculation of 
the self-energy of the photon can be considered, and if the interaction is 
written 


H' =fl,+g't, 

the self-energy becomes, similar to (1), 
‘GA pth, —p) (pth, —pi Alt) 
w= a sy a a 

+ En —Lp+t, —£ 
= wy = 
| LOL Hla Ul, —p) (2h, p—h, —p|\A,|b) 4° (Ul ZLbts)} (14) 
—e,—Ep— ty —E&, 


Denoting the wave function and rest-mass of the C-meson by é and MM 
respectively, 


b= 31,/ 2% (iter + ger ) g= VAP +L: 
t €, 


Further, as the interaction between a.charged article and a C-meson, we 
use the expression that Hara” used in order to make the electromagnetic 
self-energy of the charged particle itself converge, but the form seems to 
be not so uniquely determined as in the case of the self-energy of the 
photon. 

(a) The interaction between a Fermi particle and a C-meson is 


l= j J Bip =f, (15) 


Substituting this in (18), taking %)=0 (the case of rest), and summing 
over the spin directions of the Fermi particle as in the case of the photon, 


32 H. Umezawa, J. YuKAwaA and E, YAMADA 


the integration can be exactly performed because 2,=0, and the self-enetgy 


of the C-mveson becomes 


SS Airy PY ES ‘) 2p 
Wor= Syed xM\ 2 3 ) log Le 
Efe 4 (HP og(1+ 2) i+ (AE 4 
aM > Bae Mpeg Liles 5 
pe “a AT NES eee > M?\% for M>p 
aire z) {ese -4 


2) — 
—sin7! 12 — =) a oo As > A, 


There are two alternative forms for the fuite term, depending on whether 
the mass of the charged particle is smaller or larger than that of the C- 


meson. 
(b) The. interaction between a scalar (or pseudoscalar) meson and a 


C-meson is 


Ba — EU | OUR aft tet (1) 


7x 
Substituting this in (13) with 4=0 and calculating, 


~~) ok) POO a eee 
“2 ) 88 tee) Bae AD 


rete 
We s= on uy? “i Svan 2 


Vy =o 
g(x, M)=sin\— 2 a = ein) of 2 a 5 (18) 


(c) The interaction between a vector (or pseudovector) meson and a 


C-meson is 


= ——f lu us—_£,[vrv8 


4 poe : a o> 
AE |p aiv U* div U4 eH t He (19) 
Substituting this in (b3) with 4=0 and caleulating, 
ges Sela 7 Mw? . 
Woy= suk f+ Pe i) Bb +H *)—Salee - (3 wae = hee 7) 


1 es — Le --( Mt? M} 22 + ATE. 
eer ie g 2 ap | Mt Me 
ABE sa) log F 1 Bri L+—, /2# ee 
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In this case too, as in that of the photon, the order of divergence becomes 
the 4th, due to the longitudinal wave of the vector meson. 

Reviewing the above results we see that among the various charged 
particles, a vector meson gives a higher order divergence, and that even 
the existence of Fermi particle and Scalar mesons fails to make the self- 
energy of the C-meson finite, because the highest order terms in the two 
divergences are of the same sign. This state of affairs arises from the fact 
that the signs of the highest terms in the divergences of electromagnetic 
self-energy of charged particles which it is the function of C-mesons to 
cancel are all positive; but after all, we are not yet in a position to say 
anything definite about the self-energy of C-mesons, due to several reasons, 
That is to say, there might be, as mentioned before, some ambiguity as to 
the form of the interaction between a C-meson and a charged particle ; 
and also, apart from this, there are many unknown aspects about the na- 
ture of the C-meson itself, the types of cohesive force ficlds, etc., and in 
particular it is altogether unknown what role the C-meson plays in the 
divergence of the self-energy of nucleons due to nuclear-force mesons. For 
instance, the C-meson itself mi¢ht act as the field of cohesive force against 
this divergence, and even if this role were played by a cohesive force 
meson different from the C-meson now considered, it may be possible that 
an interaction exists between these two cohesive force mesons such that 
prevent each other's self-energy from diverging. Actually, the authors have 
considered two type of scalar cohesive force mesons for charged particles, 
and by assuming a direct interaction between the former themselves, have 
succeeded in making their self-energies finite too. (do be continued.) 


Note added in proof. In this paper, on account of the imperfectness of usual 
perturbation calculation, we could not make detailed discussions of the fmite terms. 
We found a new prescription to carry out perturbation calculations in a perfectly te- 
Jativistic manner. By means of this prescription, we could calculate exactly every 
case of vacuum polarization including the finite terms. Detailed considerations and 
results based on this method will be given in the near future, Moreover, as a result 
of this calculation, we found that Eq. (13) was incorrect, and that the self-energy of 
the photon due to the vector meson field is three times that due to the scalar meson 
field, so’that we need not preclude the vector meson field from the mixture of charg 
ed particles; and also that the finite term of the self-energy could not be written 


simply as 0(/). 
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Introduction 


In the first paper,“ under the same title, the pseudoscalar-pscudovector 
mixture of meson fields was discussed in order to eliminate divergences 
from the magnetic moment of the nucleon and the two-nucleon potential. 
In this paper it was assumed that the interaction between pseudovector 
mesons and nucleons is the 6-vector coupling. On the other hand we can 
equally’ assume the interaction to be the pseudovector coupling.* We should 
also examine this case in order to work out all cases. 

The purpose of the present paper is to examine all mixtures of two 
meson fields taking into account both the above mentioned couplings. We 
shall find the conclusion that there is only a case, a vector-pseudovector 
mixture, satisfving the above mentioned requirement in addition to the 
previously discussed case, pseudoscalar-pscudovector mixture. 


§1. Source Density. 


The source density functions of the meson field are given by Hermi- 
tian forms of the wave functions of nucleons which transforms according to 
irreducible representations of the Lorentz group.” They are divided into five 
classes: a scalar (R), a 4-vector (M, M), a 6-vector or antisymmetric 
tensor of the second rank (T, 8S), a pseudo-4-vector or antisymmetric ten- 


sor of the third rank (BP, P,), and a-pseudoscalar or antisymmetric tensor 
of the fourth rank (Q), where 


R=P tcpP (1-1) 


Sa Pa 
S. Watanabe suggested me that it is necessary to examine a mixtu.e of two p.eudo- 


vector fields with such couplings for the sake of completeness. 
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M=V¥trp,0F, M=Vt-¥ (1-2) 
=—Vizp.0F, S=P{zpev (1-3) 
=Vt0F, Py=Vicp,0 (1-4) 

Q=¥ trp.¥ — (1-5) 


The notations in the right hand sides of these expressions are the same as 
those in the previous paper. 

The source densities of the scalar meson field are given by R and 
(Mf, Jf), those of the vector field by (MM, 4%) and (7, 8), those of the 
y:seudovector field by (7 8) and (P, 74), and those of the pseudoscalar 
field by (P, P,) and Q. When the source density functions are given by 
(1-1), (L-2), (1-3), (1-4), and (1-5) we shall refer to the interactions be- 
tween mesons and nucleons as the scalar, vector, 6-vector, pseudovector 
and pseudoscalar couplings respectively. 


§2. Magnetic Moment of Nucleons. 


It is generally assumed in the contemporary theory of elementary par- 
ticles that the Hamiltonian of an isolated nucleon is given by: Dirac’s form, 
If the nucleon is placed in a magnetic field described by a vector potential 
function A(x) the magnetic energy part of its Hamiltonian becomes 
—ctre,0A. This is equivalent to —rcfrw6 rot A for a nucleon at rest 
where t}r denotes the projection (operator) to the proton state and  de- 
notes the nuclear magneton. 

If we take into account the irteraction of the nucleon with mesons the 
surplus magnetic energy 7,f,6 rot A arises from the interaction for a nue- 
leon at rest in the Schrédinger approximation. Therefore the magnetic 
moment of the proton amounts to /yt+fHe and that of the neutron becomes 
a non-vanishing value —/p. 

Among the source densities given by (1-1)-(L-5) the scalar, the vec- 
tor, and the pseudoscalar have no contribution to fp in the Schrédinger 
‘approximation. Accordingly’ fp vanishes for the scalar field. Only the 6- 
vector coupling contributes to #,p for the vector field and only the pseudo- 
vector coupling does for the pseudoscalar field. In the case of the pseudo- 
vector field both the 6-vector and’ pseudovector couplings contribute to fp. 
The explicit forms of pp are given for three types of meson fields as 


follows: 
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(a) a vector meson field” : 


p= (e/e) (G/K)"(B—E) (2-1) 
(b) a pseudovector meson field : 
p= (ele) (FI KY(K—3B/4) + (c/he) (g/ KY (KB) /2 (2-2) 
(c) a pseudoscalar meson field™ : 
pep (6/Be) (F/2)(B—2) /2 (2-3) 


where G is a constant of the vector coupling between vector mesons and 
nucleons, / and g are respectively constants of the pseudovector and 6- 
vector couplings between pseudovector mesons and nucleons, / is a constant 
of the pseudovector coupling between pseudoscalar mesons and nucleons, 
AK,/c, 2K/c, and hx/e are the masses of the vector, pseudovector and 
pseudoscalar mesons respectively, and 


B= \ dk (2-4) 
37 Jo 
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is a divergent integral which we want to eliminate. The calculation of 
(2-2) will be accounted for in the last section. 


§3. Two-Nucleon Potential. 


The two-nucicon potential HW’ according to the four types of the meson 
theory are well know. As we have just seen in the previous section the 
vector and pseudoscalar couplings have no contribution to the magnetic 
moment of a nucleon. Accordingly we omit these couplings altogether. 
The two-nucleon potential is then given for the three types of meson fields 
as follows: 


(a) a vector meson field: 
> —> : 
ihe GeO eOT2) i (60 /3)26CK, rv) —174(K, 7) ae CA/( KE )} (3-1) 
(b) a pseudovector meson field : 
" a: a , 
w= = (QF 2? SPE) ara ay 2) (0G /3)d(K, r) 
>> : 
By (F?— 2°) (ero 72) sl7(K, rv) — CA/ (Kr) ( (3-2) 


Divergence Difficulty and Mixcd Meson T, heory, IT, 37 
(c) a pseudoscalar meson field: 


W= P(E /2) (6G /3) $x, r) + Ay(4r) —CA/C)} (3-3) 


where 


A=3(6™x) (6x) /P—aMG® (3-4) 
6(x, r) =r! exp (—2r) (3-5) 
1% ry =r" B71 + (ar) + (xr) 724 exp ( —x:) (3-6) 
C= z (ese sin #+Cos +)ax (3-7) 


0 


x is a relative position vector between two nucteons, and 7 is its absolute 
value. The divergent terms of direct interaction type are here eliminated 
and the non-eliminable divergent parts are explicitly represented by using 
a divergent integral C. This parts are just those which we want to climi- 
nate by mixing fields. 


§4. Elimination of Divergence. 


In the case of the scalar meson field there is no divergent term in the 
two-nucleon potential and p, vanishes. Accordingly there is no need to 
discuss this case, and we have only to examine remaining three cases of 
vector, pseudovector and pseudoscalar fields. | 

We see that the sign of the divergent integrals 4 and C involved in| 
the magnetic moment and the two-nucleon potential are different for diffe- 
rent types of meson fields. Therefore there is a possibility to eliminate 
both divergent integrals by mixing two fields. . 

We shall distinguish three kinds of the pseudovector mesons.. The 
first is in interaction with nucleons by the 6-vector coupling, the second 
by. the pseudovector coupling, and the third by both couplings. They will 
be referred to as pvt, puv and pv respectively. Further the vector and the 
pseudoscalar mesons will be referred to as v and fs respectively. If we 
consider a mixture of two fields in order to eliminate divergences in ques- 
tion we have eight possibilities of combinations as follows: (a) fs and v, 
(b) ps and prz, (c) v and put, (d) pow and v, (e) Ree and ps, (f) piv and 
pot, (g) pu and ps, (h) pu and v. The case (a) is Schwinger’s and the 
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cases (b) and (c) were discussed in the previous paper. 
The coefficients of B and C for these various cases are given by the 
following table omitting common factors : 


case coeff. of B coeff. of C 
(a) > 2(G/ K+ (FE (G/R,)°—(f;2)* 
(by es 0/72) ey CIES rd G29 
(c)  2(G/K)?— (g/K) (G/K,)?+(¢/K)? 
(a) 4(G/K,)?-3( F/R (G75) ef 
(e) 2( f/x)? — (F/R’)* — (f/x)°— (F/K’)* 
(f)  —2(¢/K)—3(F/ RK’ (e/ KP REE 


(2) (fx)? —(¢/K)—3(F/KY*/2. (6/K)— 47 BY (f/2)" 
(h) -G/K,—2(g/KY—3(F/ KY (G/K,)" + (e/K)?— (F/K)? 


where the mass of pov is denoted by 4A’/c in order to distinguish it from 
the mass of pvt, and the latter is denoted by AK/c as well as that of fz. 
It can easily be seen from this table which case satisfies the above. men- 
tioned requirement. In the cases (a) and (f) we can exclude C but do not 
B. In the cases (c) and (e) we can exclude B but do not C. In the case 
(d) we can do separately B or C but.do not simultaneously both. In the 
case (g), F becomes zero if both the coefficients of B and C are equated 
to zero. Consequently this case reduces to (b). 

In the cases (b) and (h) we can eliminate both & and C. The condi- 
tions for this requirement are 


Case (b) — (¢/K)’= (//*)" (4-1) 
Case (h) (G/K,)°=0(g/K), Fe=6g". (4-2) 


If these relations are satisfied the surplus magnetic moment of the proton 
is given by 


Case (b)— te= (6/22) (f*/te) (K/x—-1) (4:3) 
Case (h) ppp = (c/2K) (g?/tic) 13 —10.4,/K) (4-4) 


Therefore, in order that pp is positive, K should be larger than x in the 
case (b) and X, should be smaller than 1.3K in the case (h). 
On the other hand, by (4-1) and (4-2), the twd-nucleon potential be- 
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Case (b) W=f?(-=/2){ (a6 /3) 166, 1) = (K/2)4(K, 1) 
FAY (2, 1) —(K/2)7(K, ry} (4-5) 
Case (h)  Wag2(F=©/2)[ (66/3) {10(K,/K)8(K,, +) 
—136(K, r)} +5454 (K, 1) —(K/K)Y(K,, 1°) {} (4-6) 


The coefficient. of A should be negative in order to agree with the experi- 
ment of the quadrupole moment of the deuteron. In order to satisfy this 
requirement it is necessary that A is larger than x in the case (b) and K, 
is larger than X in the case (h), Then the spherically symmetric part is 
attrative in the case (b), and repulsive in the case (h) for larger % for 1S 
and *S+*D states of the deuteron. If we require that it becomes attractive 
for small r in the case (h) we must restrict A, more severely so that 


Case (h) iM4aK Kai k (4-7) 
(1-14= v1.3 ). 


The qualitative difference between potentials in the two cases (b) and (h) 
is in the behavior of their spherically symmentric parts. 

We have thus examined all cases of possible mixtures of two meson 
fields and we see that only two cases (b) and (h) enable us to eliminate 
the divergences in question. If we want to know which assumption is in 
accordance with experiments the more detailed study is necessary. 


§5. Magnetic Moment of Nucleon according 
to Pseudovector Theory. 


The principle of calculating pp, was already explained. We shall give 
a brief account for the calculation of it according to the pseudovector theory 
taking into account both the pseudovector and 6-vector couplings. Accord- 
ing to the above mentioned principle the matrix element of ves surplus 
magnetic energy operator in the case of the pseudovector field is given as 


follows: 


UD, =2,(¢/K?) (2/ V) 2 ( But Bit Bu)/ (EL)? — (b-1a) 


BA as 


Us =rsle/R2)(F/V (Ba + Bal + Bel) (EE? (6-1) 
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where 
By, = (FICK/E! + ig) Fhack/E—ig) Cn (5-2a) 


8 Bj FR /(hcK) +igt (Fack/E—ig)(E/p”") 
-S'(ap') (ae) \ (Ep? — Epp’ jet £ (p'e)p Aw 
+ (Fick /E +ig)} FE/(heK) —igt (E'/f") 
31. (6e’) (op) } (Z’p?— Epp’ )e + E(pe’)p"s Aw (9+2b) 
By=\FL!' /(hicK) +igt\FE/ (hick) —igi Cu (5-2c) 
Bf =\FRCK)?/( EE’) —9 +4F heck (E— E\)/CEE)(C, (©-3a) 
By =)-F°E/E+ + iFy (acK/E+ E'/kcK) (#'!—E)/(F'+2£)} 
-(E/p")>1.(op’) (Ge) (Ap? + E’pp' )e— E' (p’e) 92; Ay 
4) —PL/E + 4 ke (hick /E' + EficK (E'— £)/(£'+£)} 
-(E'/p) Se (Ge’) (ap) (E+ Epp')e'— E(pe’) p'\ Ay (-3b) 
B, i=) — FEE! /(hcK +g +iFe( Lh! — £)/ (hick) 5 Ca (5-3c) 
and the meaning of VU, U®, Cu Cay tt tl, W#, and other notations are all 
the same as those in Part I. 
The terms proportional to F? and Fg are new parts. The former part 
will be denoted by U%. In this part the //-contributions to VU and U @ 


cancel cach other, and the ¢- and ¢/-contributions partly cancel. The matrix 
elements of (/¥ is thus reduced to 


Bas cae(F/K)? (22/17) dL 4 (4K)? + (i — 0)" (Aw) 
+5 (Pi-Po)?/2— (£2 +B?) /24 2 Ack) he G(rot Ay) ]/(Z4’)* (5-4) 


The first line of this expression exactly vanishes when the summation 
over the whole directions of p is carried out because of the relation (2-9) 
in Part I. If we carry out further the summation over the -whole values 
of | p| the terms proportional to rot A of UV” become 


ao 


ree &| ee {Gol 
UF—=—or ae eee arn )'< | e ee 
rN age ( ©) z (E+ Ky Cog, 


from which the first part of (2-2) is easily obtained. 
The terms progortional to Fg contains only ‘higher derivatives of rdt 
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A. Consequently they have no contribution to pp at all. The terms pro- 
portional to g* was calculated in Part I. 
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§1. Analytical Expression of Self-Consistent Functions. 


For a quantitative study of atomic properties a good approximation to 
the atomic eigenfunctions is necessary. Such approximate functions for 
complex atoms are those of Hartree and Fock. These functions are, how- 
ever, expressed in the tabular forms, and they are not suitable for the 
calculation of atomic or molecular properties. A method of obtaining sim- 
ple analytical expressions for these tabular functions was given by Slater. 

In this section we apply this method to the eigenfunctions of FI, Ne 
I, Mg III, and ALIV, for which self-consistent tabular functions have already 
been obtained.” The results are shown in Table I. 

One-electron functions are written in che form &,,(r) Y,,,(@, yg). In 
Table I the normalized function rRi(rv)=Py(nl) are given, where Rn is 
the radial function and + is measured in atomic units. ‘Among these radial 
functions the 2s-functions are slightly modified so that they are orthogonal 
to the Is-functions of the same configuration. The dependence of exponents 
and “ intersections ” (the ratio between two coefficients of P{2f)) on the 
atomic number is nearly linear for Py(ls) and P(2s), but not for P,{2p). 


The FI and NeI functions belong to the less accurate class B of Hartree’s 
classification. 


Table I, 
(1) FI 1s°25°2p' 
FPs(1s)= 53.10; exp (—8.90,;-) 
"A 2s) = 10.02r exp (—7.74r)— 12,457 exp (2.557) 
Px (20) =/7 515.53 ex (—2.87)+ 2.943 exp (—1.50r) 
(2) Nel 15225239! 


PAs) =59.95, exp (—9.65r) 
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P{2s)=14.19r exp (—8.267)— 18.6477 exp (—2.98,) 

P,{(2s) =r" (21.32 exp (—4.1r)+ 2.203 exp (—1.61r)} 
(3) Mg III 15°2s°22° 

Py{1s) =81.587 exp (— 11.87) 

P(2s)=18.71r exp (—10.27)— 35.587? exp (—3.857) 

Pf 2p)=r° $47.58 exp (—8.5r)+ 14.67 exp (—2.907)| 
(4) ALIV 15°2s°2° 

Py 1s) =91.597 exp (— 12.87) 

Pf 2s) =17.51r exp (—11.97)—35.98;" exp (— 4.147) 

P (2p) =7 556.90 exp (—11.5r) +4 26.82 exp (—3.60r)} 


§2. Doublet Intervals of Energy Levels. 


The atoms FI, Ne II, MgIV and Al V have one electron-hole in their 
atomic cores in their ground states. Consequently they have energy spectra 
of inverted doublets.” According to Araki, the intervals of such inverted 


doublets are given by: 

*Ly-1y2— "Lavy — (20+ 1)(Z—0)er* (1) 
where Z is the atomic number of the atom, p is the Bohr magneton, and 
o is a screening constant due to the spin-orbit interactions between the 
electron-hole and the core electrons, The parameters o and ry are given 


as follows: 
33 2(20 + LC en Oe sisi) (2) 


= ee 3 [Ru(r)r Far (3) 
“o 
where the summation is to be taken over all orbitals in the atomic core, 
zl are the quantum numbers of the electron-hole, and 


4 


a R,, (1) oka) wo (2) (1) Ru 2)riredrvtr (5) 


Vo 


Trails, 


Car, ni 
r 


Sef Raw) Ru rv of aridre (4) 


{ 


Cao. = — oni = | 
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~ a mis 1 Bay-1 a 1 sa \Ran(2) 
Garin = rere 1);- Cay J 2l—1: Ore . 2/43 dre Is 


al [ED—O\R. (1)ARAQ) | nh Dahle. 
+(5-4 (4s tpyae ao ay is ) 2 Rw (1) Ral2)2 syed ats (6) 


rf Is << Ps 
a — 


fry ve fats (7) 

The ground states *? of FI, Ne I, Mg IV and Al V have a 29-electron- 
hole in their atomic core 15°2s°2f°, Using the analytical expression of the 
radial functions given in §1, the intervals of these *P and the above 
mentioned parameters are calculated according to the general formula given 
by (1)-(7). The results are shown in Table II. The following value of 
the physical constant is adopted in the present calculation 


@R cm =5,822 cm7". (8) 


In case of hydrogen-like atoms 7~* is given by Z*/x"(/4+1)(/4+1/2)2 
atomic units, so that a screening constant s of 7~* can be defined as fol- 
lows: 


= (2s). G 
“ey wW(l+1)(¢+1/2)¢ (%) 


The atomic one-electron functions which are used in the present calculations 
are not those of Ne lJ, MgIV and AIV, but those of the closed shells of 
Nel, Mg HI and AIIV. Accordingly the screening constants should be 
corrected taking into account this difference. Such a correction is carried 
out according to one of the following two procedures. 

The screening constant s is due to two Ls, two 2s and five 2f-electrons. 
Therefore mean screening per an electron is (1/9)s when the average are 
taken assuming that each electron equally contributes to s, In this case 
the correct value of 7~* is given by (9) in which s is replaced by s’=8s/9. 

The correction may be carried out on another assumption. The scre- 
ening of Is electron is considered as larger than those of 2s and 2p elec- 
trons. Accordingly we can assume that the contrnbution from 1s electrons 
to s is 1 per an electron and that from 2s and 2p electrons is (s—2)/7 
per an electron. In this case the correct value of 7~° is given by (9) in 
Which s is replaced by »”=s—(s—2)/7=(6s+2)/7. It may be expected 
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that either of these corrections gives the better results. For the parameters 


such as Cnrw.. and oe the errors of this sort may be contained by a 
nearly equal percentage both in their numerator and denominator, and the 
final correction may be smaller. Thus we neglect such corrections altoge- 
ther. The corrected results are also tabulated in Table II as well as un- 
corrected results. 

We see that the calculated values of the intervals are geierally smaller 
than the observed ones. The reason for these fact may be as. follows: 
The self-consistent field method is a method of an approximation to the 


energy eigenvalue. The energy eigenvalue is approximately proportional 


ay : : . ‘ . 
to r'. Therefore the approximation of the self-consistent function 1s the 


best for the range in which 77 ¢ | is large. In this range 7“"|¢! F is small 
and the contribution to 7* mainly comes from the range in which the ap- 
proximation of r~j gb|? is not fairly good. The above obtained results may 
suggest that |¢/|? is too diffused. 


aabie ll 


ee 


KI Ne 1 | Mg 1V ALY 
| een 
Crees { —-¥.70863 0.70055 | 0.6 ISLE 0.6 3-46 
~ | 
ees | 0.19685 0.20287 | 0.21004 O.197 12 
ee 0.069682 0.077966 = || (0.065635 0.053829 
E003 | —0.00083908 —0.0090080 | 0.012049 0.0;2128 
lor 0.077465 oso2s9 | 0.065681 0.070095 
— 0.14724 0.11182 | u2)155 0.010585 


5.8655 ou} | 3.46! 3.1812 
bee ees |) ee ee eee 
ae fie ees St 

s 3.7620 3.5687 37122 
r 6.8983 10.1091 24.4725 33.3817 
2Pylo—? Pig (cm) —188.5 —4A29. — 1863 2802 

(ak Tle Ne Tale Sores ee eee 
J 3.5449 3.tvo2 3.2907 
(7) 12.2816 2s°3644 38.0308 
(2Pyfa—2 Ps/a)/(em™) —512.7 —2137 —3200 
wv 3.5)11 | s.3446 34676 
(73) 11.3839 | 27.0174 36.0435 

! 

—A475.2 [aiid —309.) 


(2Pylg—2 Pele)” (em) 
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observed iy iat ben es | rai 
2P,/,—* P|. (cm7') 407.0 782.0 l | 


In conclusion the author wishes to express his hearty thanks to Profes- 
sor G. Araki for many valuable advices he has given in the course of the 


present calculation. 
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§1. Introduction. 


In the first paper of the same title*® Tati and one of the present 
authors have proposed a subtraction procedure to be used in the treatment 
of quantum-theoretical problems involving infinite ficld reactions. This method 
consists in generalizing the method of canonical transformation used first by 
Bloch and Nordsieck® and then by Pauli and Vierz™ in the treatment of 
similar problems in a non-relativistic approximation, and by means of this 
transformation the electron and the radiation fields are separated into two 
paits, one bound with each other and the other unbound and propagating 
freely in the absence of aa external field.**® Then infinite energies, one 
related to the infinite self-energy of the free electron and the other to that 
giviny rise to the vacuum polarization of the radiation field, are separated 
as the interaction energies between bound patts of the fields. . Then these 
infinite terms in the energy are dropped off considering that only the re- 
maining finite terms have physical meaning. 

Now when an external field is present, the unbound fields do no longer 
propagate freely, and, by virtue of the external field, transitions take place. 
The electron wave is able to change its state of propagation not only 
elastically affected by’ the extenrnal field but also emitting or absorbing 
-unbound photons ; thus an interaction appears between electron and radia- 
tion which were free from interaction with each other in the absence of 
the external field. This interaction causes now a radiation reaction upon 
the electron so that the motion of the electron will be modified. We shall 


pee Oe 
% This first paper will be cited as I. : 
%* The usefulness of the canonical transformation im the field reaction problems. was pointed 


out also by Schwinger, reference (4). 
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give in this paper an example how one can calculate this reaction and the 
result obtained is really finite as the consequence of our subtraction proce- 
dure introduced in I. Thus, for example, we are able to obtain a finite 
radiative level-shift of a bound electron in the external field and a finite &- 
correction to the scattering cross section, the latter problem having been 
discussed recently by Koba and one of us. 

As will be shown below we can find finite effective interaction energies 
which describe the interaction between electron and radiation as mentioned 
above. One of these interaction energies is first order in e and is essen- 
tially of the form efFOAYd, We being the potential (multiplied by ¢) of 
the external field and GC some operator containing ])jrac matrices and 
operators upon ¢t, A, A° and &. This energy is responsible for the Brems- 
strahlung of an electron in the field Y° or allied phenomena. Another 
interaction energy is of the second order in ¢ and has the form PF OUry. 
This energy as well as the trivial zero order term f7U give rise to 
elastic scattering of the election in the field 2°, the second order term 
giving rise to the ¢?-correction to the ordinary elastic scattering caused by 
the zero order term. The famous energy-level shift of a bound electron 
observed by Lamb and Retherford™ can be calculated as a combined effect 
of these two terms, namely as the first order modification of the energy- 
level due to the second order term combined with the second order effect 
due to the first order term. 

Although we have thus successfully obtained finite answers for these 
field reaction problems and they are of the magnitude agreeing with ex- 
perimental results, we must nevertheless confess that the calculation carried 

ut in this paper js still unsatisfactory because we had to make a non-re-_ 

lativistic treatment in the evaluation of the effective energies, which have 
the form co—co. In the calculation with such improper expressions, from 
which we wish to draw a finite conclusion, the results are often affected 
by the way of calculation so that it will possibly occur that the approxi- 
mate treatment would miss the essential point. But we think we have 
been able to confirm, at least, that the result converges by virtue of our 
subtraction procedure. A method more satisfactory from the relativistic 
point of view is now being investigated. 


§2. General Formulation. 


. We use the natural unit system in which #=c=1. The Greek suffices 
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Aare v, ... which run from 1 to 4 are employed to specify the component 
of world vectors whose fourth components are measured in the imaginary 
unit. The space part of a world vector is denoted by a thick letter. The 
propagation vector of an electromagnetic wave we represent by the letter 
and the corresponding vector for an electron wave by the letter P: 


K,= (k, ¢| & |) 


P= (piv Pee), (1) 


x being the mass of the electron. The fourth components of the propaga- 
tion vectors are, when not noticed explicity, assumed to be z times the 
positive value. To represent the coordinate of a world point we use the 
Jetter X: 


X,=(2, ict). (1’) 


We often write simply A-# for the scalar product A,A). 
Now the generalized Schrédinger equation in the presence of an ex- 
ternal field is 


{ (X) +H" X) + = af Piel=0 (1) 


where H(.X) is the density of the interaction energy between electron and 
radiation at the world point X. It is expressed as 


A(X) = eft Xr A(X) PC). (2) 


#(X), on the other hand, is the interaction energy density between the 
electron and the external field whose potential (multiplied by e) is denoted. 


by 2°. This energy is given by 
HX) = =p X)r- (APR. (2) 


In the following we often write, for simplicity, 7% H’, H" etc, in place of 


H(X), HX"), HX"). ete. 


As mentioned in { we must separate each field into two parts, one 
oscillating with positive and the other with negative frequencies : 


g=p4et gra t+e, A=atta. (3) 


Then the commutation relations between fields are, for the electron, 


S 
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[Yn Pate = (—7-59e + 2) D(X—X’) 
(ot, $= —(—7-g +4) DX-X) A) 
[Ort or]. =(- i 5y + x) Di Ci) 


with 


4 : Manes 
Di X)= Gen texp (—!P-X) exp GP-X)1-SF 


. il : BN 5 
DX) =Garlexp (t1P-K)SP- 


(4’) 


and for the radiation they are 


[A,, A,’]=—i0,,D(X—X’), [ay, af ]=10y,Di (X—X’) (5) 


with 
1 ; ak 
yi nee ferry Bess LS 
DG) Gays) fox ¢ tK-X)—exp (tK-X)} 2K, ‘ 
ak (5 ) 


1 "3 
Di(X)= Tews lexp ( oi, 


We now carry out the canonical trasformation introduced in I: 
Cc 
P[Clstexpys j AX dX 0 {C], (6) 


(@X" denote the imaginary volume element in the world, i.e. 7 times the 
volume element dV used in I). Then the Schrédinger equation for the 
transformed functional is, in the ¢ approximation 


0 ; Cc Cc 
{H+ | H'dX", H}+(1 /2)t) H'aX", (| H'dX', HT] 
: thane et) 
+ (1/2) wax, z]+ +9 lw fo]=0. (11) 
j OCx 
The term 7° in (II) is zero order in ¢ and describes the behavior of the 


electron under the action of the external field in the zeroth approximation. 
It describes e.g. the zero-order elastic scattering of the electron in the field 


, Cc 
of U°. The second term t{ H'dX", H°), which is first order ine, contains 
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besides YU° the potential 4 describing the radiation field linearly so that 
this term is responsible for one- quantum phenomena which occur in the 
presence of the external field. If one rearranges factors in each term of 


ay f1'dX", H) in the corect order as mentioned in I, one obtains a term 


of the form egfOWU°Ay which, as mentioned in § 1, is responsible for the 
emission and absorption of Bremsstrahlung and allied phenomena. Expli- 
citly written down this term is 


c ec 
(| H'AX", H prone = -| EXAMS 


+] Ot r-gget DKA rs dr <i got 2) DA Xr - 
(IIT) 


The third term in (II) contains various terms each consisting of one are 


and an even number of ¢’s and 4’s as factors. Explicitly they are given 
by 


+] ax’ | aX", [H!, H}p=—-%, ak aX! jax” 
[hap t! Cat” +4)") + (at! + ae et rh", [OP rue’, Str] 
—E{ D(X" — XY) OPS oti, Ping] 
— DX — XY TE", [EP rl", tre ))}]. (7) 


If one rearranges the factors in each term of (7) in the correct order and 
collects the terms depending linearly on Y° but containing no A and being 
bilinear in ¢, one obtains 


= %,° ax | dX'(S + Di (X7—X") 
AGH tu 53p +2) DHX AX 1s + 2) D(X—X id 
tay Ar- 3 +4) eee 
+97: ax? Di (XX = 1-59 + xD X= Xr! 


+Hin(— eee x) D(X —2 ne — ray DEX — Xr v"} 
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(m, / ) 
+ D(X" =X) $F" +Spra(7 +59 + x)Di(X-X')rs 
(-r33042)DEUX-X),  (1V:) 


which together with the term of the same structure appearing in the later 
expreession (IV.), descibes the ¢?-correction to the behavior of the electron 
in the field of 1°. 

The fourth term wat aex, f77| in (II) is the term discussed precise- 
ly in I. This is independent of the external field 2[° and contains terms 
each representing various ¢’-phenomena taking place indenpendently of the 
external field such as scattering of a photon by a free electron or retarded 
interaction between two electrons. What is to be considered here is the 
term representing the self-energy of an electron. As mentioned “in I this 
term is obtained by rearranging the factors in each term in (1 /2{\ 2" aX’, H) 
and collecting together terms containing ¢’s bilinearly but no 4, We have 
seen in I that this term has the same form as the mass term in Dirac 
equation so that it represents the e’-correction to the electron mass. This 
ternr may be dropped off if one considers that this correction is already 
included in the electron mass and one uses the corrected mass everywhere 


in the calculations. According to I this ¢-correction to the electron mass 
has the form 


Axgrt( XV P(X) Veer X") rama X? 
= 57) aX 1D X91) bro + x) Di (X—X rut 
+ tre —7-55e+ *)D( XX ra! 
+ D(X X) bt (7 -52e + x) D(X Xr 
+ Ptr — 71-58 +x) D (KX) WW}. (8) 


After the mass correction term has been dropped we must now carry 
out the second canonical transformation by means of 


PiLC]= exp[—[ax [ax 2)", 1- HX, X" muah WAC] (9) 
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The necessity of the second transformation corresponds to the similar situa- 
tion mentioned in the last section of I. The Schrédinger equation for the 
functional ¥.{C] is then found to be 


{a+ (Ler, Vax" + (1/2) ax" axe”, [4’, 1") 
+| 4x’ fax[a /2)LH", H—HCX, X") mar FE| + a 9c fPACI=0. 
(12) 


The fourth term appearing in (II,) consists of various terms each containing 
one 2° and an even number of ¢’s and 4’s. Rearranging factors in each 
term in the correct order and collecting such terms which contain ¢’s 
bilinearly but no A, we obtain 


2A \ “1X! fax" Dix" x) 
{3 tb re(1 53 sy t X)DX-*") n(=r-5% dle x)Di (X— X")7,9" 
4D Adi' ror gee + 1) KA 1g t DAA Ye 
= GFT SP YD E17 ge + 2) DE (X— fel peg oot xD KX!) 


— TTP Sp 2s £7 Care ayt x) Di(X— X")y (- Pas ~ x) DI(X— x" 
(IVe) 


which has the form ¢¢tOU°¢Y, and together with (IV;), describes the e- 
correction for the behavior of the clectron in the field 2(°. Thus the e- 
correction due to the radiation reaction for the elastic scattering of an 
electron is calculated directly from this term so far as the scattering first 
order in 9° is concerned. It it is required to calculate the level shift of 
the electron in the field [°, one has to add to the first order shift due to 
this term the second order effect due to the term (111), which can contri- 
bute to the level shift by emission and reabsorption of a virtual photon. 
We have thus obtained the expressions which are to be regarded as the 
effective energy densities describing the interactions of the unbound parts 
of the electron and the radiation fields in the presence of the external field 
9°. The total effective energy is given by the sum of the expressions 


ind 
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(IIl), (IV,) and (IV.), and we shall use this energy to determine the ¢- 
correction for the scattering cross section and the energy-level shift due to 
the reaction of the radiation field. 


§3. Evaluation of the Effective Energies. 


In evaluating the effective energies found in the preceding section it is 
desirable to carry out the calculation relativistically as far as possible. In 
applying our method to the calculation of the level shift or of the ¢-cor- 
rection for the scattering of an electron with a non-relativistic velocity, it 
is allowed to make a non-relativistic approximation in some sense. But it 
is important to introduce this approximation first in the end stage of the 
calculation after we have obtained a converging expression. This is because 
we are dealing with expreesions of the form co— oo, and the values obtain- 
ed from such improper expressions depend so much on the way of evalua- 
tion that it is necessary to carry through the calculation on some definite 
prescription, which should be, of course, relativistically invariant. In such 
a situation there is much fear of that the calculation does not correspond 
to the true prescription if one introduces the non-relativistic approximation 
in a too early stage. We must confess, however, that we are yet unable 
to carry out the calculation relativistically throughout ; we had to introduce 
a non-relativistic procedure from the beginning. Our work is, therefore, 
only of a provisionary character. We believe, however, that we have been 
able to prove, at least, that our subtraction procedure is really effective in 
removing the divergency of the theory. 

The first non-relativistic procedure we had to introduce is to consider 
that the variable surface C is a plane parallel to the xzyz-plane. By this 
process our calculation becomes much parallel with the ordinary perturba- 
tional calculation. 


Several calculations by the help of the relation 
fax aX" FUX', X") = fax [ax ex, X") + FX", X)} (10) 
shows that the expression (IV,)+(IVz) can be transformed into 
(IV) +(1V2) = (4) -+(4)4(c)+(d) +(e) +(7), 
(@)=£ 4, ° | ax [ax" 2D3(4"— —X $i 7 (7-33, +2) 
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DEX Xp 1155 +x)DE (XX 7" 
(= ,° (‘ax [ax —2D3(x'— XV" ioe 
Bae ey ee CU aie 
DHX=X Yr 7+ 2) DE X-X" rl" 
2 - Cc ao . 
@=£4, \ ax" { AX") —2D#(X"— Xf Ina r-32o + 2) 
DY XX —7-38, + 2) DH X— At (11) 
2 c Cc 
(@)=-£ a2 [ax [ax"S DEX XY T+ 7-559 +?) 


DEX Xr 7-325 + 2) DA X-X Ind 


ere iy ee. re) 
()=—%" \ ax'| dX" 4 DEX — Xr 1-550 +2) 
a 
DAK Xr —1-595-+2)DEA-XYres" 
ce (4) Cc 
N=— wu, \ dX? \ AX") 2D X"— XV" 
Spr —1-gop+ DHA # Mr get 2)PHA- 9. 


The use of this form is more convenient than the use of (IV;)+(1V2) them- 
selves because, if one will calculate on (IVi)+(IV:) directly, thereby the 
integration over dX’ and dX" being carried out according to (7) of I, one 
meet with vanishing denominators in the integrand of the integrals over 
the momentum space, which makes the calculation very complicated. We 
can avoid this difficulty by the use of (2)+(4)+(¢) +...4¢(f) instead of 
(IV,)+(IV:) directly (but with a sacrifice of the relativistic invariance). 

In order to carry through the integration over dX” and aX" according 
to (7) of I we must now introduce the Fourier expansion of the D-func- 
tions and of ¢’s. The Fourier expansion of the D-functions are given in 
(4’) and (5’). Let the Fourier expansion of ¢’s be 


HX) =| poe *AP, gi(X)=(Pote "dP, — (12) 


where the fourth components of /, and P,; may take both positive and ne- 
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gative imaginary value and, for simplicity, the symbol j@P is used to in- 
clude also the summation of terms oscillating with positive frequencies and 
those with negative frequencies. 

The straightforward calculation of each term (a), (4), ...(¢) according 
to (7) of I gives 


i a o (| dhaPaP”’ 
(2)=— aw, \ Gay —2PP 
See (¥F ip P! +x) F iy Pl" +»), 0 K+ PF P20 K+ P’ FP) i 
ees —4RPUPINK,+ Pl € Pa) Kit Pi ¥ Pr) 
, ’ 
(0) = 4,2 \-a dP.dP, 
Sai tut iy Pl +x) Fy: P" +2)7,0 K—-P + P.)0( K+ P" = P;) Sn 
yor —4K,PJ PS Pi + Put (Pu— Pi) } (Py + Ka F Pu) : 
Ea 8 OE 8 Be 
ares Us (ear 


Sig, ql EP tr iP’ +o K+ PTPAK—P'tP), / 0) 
VY P2 —4K,P] Pi" (P+ Kye Pa) ‘Pl + Pils (hPa Pi 
es} o( dKhadP’dP" 
(a= om, \ Gay PP 
Sip atu ty P+) ras tip (K+ P) + x7 0+ PEP), 
ee BK.P/ (K+ Pl Pan) KP") rs 


aP,dP, 


aP,dP, 


oe ie? j dKdP'dP" 
ie pobdin (eli 
ig atl Fir (K+ PP) 4 xr Pip P" +x) 4+ P" FP) y 

tie BKP (K+ Pl F Pu) (K-P’) iy 


We omit here the calculation of (7) because this term represents the effect 
of vacuum polarization caused by the external field which should be drop- 
ped off with a similar reasoning as used in dropping off the mass correc- 
tion term (8). (But see § 6).* 
Transforming each numerator by the help of the formulas 
Te Ar B)ru= —2(7-B)rv(7- A) 
7: A)nmn=44, (13’) 
Terv(7- Bry =4B, 
Telte= —27 » 


* 35 and 6 will appear in’ the next issue of this journal. 
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and performing the integration with respect to P’ and P”’, the expressions 
in (13) are represented as 


(a)=-- 0° | | amy t Pia 


vy ees Pak: FG ae aa en oe ee 
pane DK PEPE (Bit Pl FP) Kat Pl EP) i 
with P=—K+P,, P’=—K+tP, 
-~’ 9 \ dK 
(4) oF 2 ee (Gry a5 ¢P dP: 
sg if, i(7- Pr, (iz -P!) F2ix( — P+ PP") 21 |po. 
Pate hare be "Ch, +2, Paylin + Py! F(Pes— Pra) § 
wih P=KiP., P’=—KFP, 
(=r & > U° | Saya 
14 
-vi¢,.t i(r-P" evar PP’) F2R(P!— PP") ye, on 
aT Pall OK PIPE (Kat Pa + Pa) (Pl + Pl F (Pau Pua) 
wih P/=—K+P., P’=KFP, 


(QasLuP Fe on say tPa Ps 


— ‘P’) (i(7-K) 4x) F2ix(7-K) + ae 
os de {a@ PCG 0 Pu) (K- P’) | Wr: 


with P'=—-K+t i: 
(@)=- £4 j Gaya, 
—(i(y- K) +2)i(y- Pl!) FQ KY) +% } 
: best | TLE PTER RP) VPi 
with, P’=—K+tP, 


where P, and P,’ are given by 
Pi=t (KF P,)? + ’ 1 =iV (KEP) + % a2) 
Then the use of the relations 


Petli(7-P) +23 =0, r-P) +x Pr,=0 (15) 
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(-K)'=0, (7 PY=G-P"y=—# (15") 
gives rise to 
(a)+(6) + (e)=F a1, [ Gay tPoaPairst( A+ B+ C+D) gp, 
(d= 5-919 | SE dP a Pape EM, (v) 


(Q= | 2 | Sot P ate dt Pr, 


with 


(4)=D)-KG-K) Fr K (PB. +P)) + (B24 %)(7-K) 
"hy (P Bp) —ixBya($2K,— Poy — Py) Fink, 
25 (P+ Pi!) (Fl + Py + Ky) F (Pl Pat Py! Pu) 
KPIPT Kt PLE Kat By $ Pa) (Pr + Py — (Pn Pa 
(B) =>3} Ovs(7- K) —nhtnk tr(A ciel sce Ty Cl ya 2 og) F2x0,,} 
: 2(P/ +P") 
; AAD AS (Bi + PP (Pas— Ps)? 


shel, aes K (Pi) + PLY) F (Pah! + PP) (VI) 
(C)= x (Hy — 26474) K.P Py (PI +P) (Pa— Py 


(D) = 31270,4x 
+7 Bt 
ie WP, 4 “Pj +7 UIE (Pas Pea PUPS PU — (Pag Pra Pi Pos — PP) 
KPl Pf (Pi + K, FP) (A+ P,! +Pu)} (A+PS (Pa— Piu)*} 
(2) = tr KY FE rarvin +227, / (Pl + Ki £ Ps) 
‘ zs 4K,P/(K-P’) 


(F) = sil Ky ra F rire + 22°7,/ (Pi + KF Pi) ; 
- SO Rey ee 


Thus far our expressions are non-relativistic only in the sense that we have 
taken the surface C of a special form i.e. a plane parallel to the a2yz-plane. 
We now introduce in the next section the essentially non-relativistic ap- 
proximation assuming that the velocity of the electron under consideration 
is far smaller than the light velocity. (to be Continucd.) 
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§ 1. Introduction and Summary. 


In the parts I and II of this work® we have estimated by the straight- 
forward application of the perturbation method the radiative corrections for 
the elastic scattering of an electron and for the Compton scattering respec- 
tively, and also have investigated from the view-point of the self-consistent 
subtraction method what modifications one has to introduce into the interac- 
tion Hamilton function in order to obtain finite results. 

Thus we have arrived at the hypothesis that the Hamiltonian describ- 


ing the electronic and electromagnetic fields in interaction is to be converted 
into 


H= {ur} (ap) +mp\uadV+(1 /82)| (B+ HP) dV+ e| (ran, A)dV 
i (/2){ j ut una | ¢o—a0! [avaV" —amn\ ut Br ave ael (aan, A)adV 
— def J wun! | e—ae! dVAV" + (#/32)\rdr| AtaV (1-1) 
with 
dom=(Bmet/2n)| alt/k (1-2) 
sae (4/3) |da/e (1-3) 
pede Salant 


* Parts I and II of this work have a 
ence 1, 2. 


** The main content of this pa 


ppeared in former issues of this journal; see refer- 


per was read at the annual meeting of the Physical Socie- 


ty of Japan, May 22, 1948; also a preliminary report has been published in this journal, 
Yol. 3 (1948), 203. 
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Here u*, uw are quantized amplitudes of electron fields, A the transverse part 
of the electromagnetic potential. The natural unit system %=c=1 is em- 
ployed throughout this note. As discussed in detail at the end of IJ., this 
prescription is rather of a provisionary character ; especially as to the last 
term of (1-1), which, as pointed out by Oppenheimer,” has a neither gauge- 
nor Lorentz-covariant form, a more profound consideration is required. 

Setting aside this fundamental question, there is another point to be 
studied ; whether our modified Hamiltonian (1-1), derived from the conside- 
rations about Compton scattering and mutual scattering of two electrons, is 
effective in eliminating the diverging radiations for a more general collision 
process. The present note is concerned with the latter problem. 

In order to dispose of al! possible radiative corrections in a general 
case, it is essential to analyze systematically the complicated chains con 
necting the initial and the final states not only through the least necessary 
number of intermediate states, but also through certain detours including 
the emission and reabsorption of a virtual photon or the creation and an- 
nihilation of a virtual electron-positron pair, which just account for the 
radiation reaction. For this purpose we have introduced a “‘ transition dia- 
gram method”, which turns out an effective tool for the discussion of higher 
order processes. The first half of this paper is appropriated to the illustra- 
tion of this method, as our later reasoning is based entirely upon it. 

In this way we believe to have clarified that by the use of the Hamil- 
ton function (1-1) one can indeed obtain a reasonable result, provided that 
one restricts oneself to the first radiative correction, i.e. the correction 
do0~2"*2 to the zeroth cross-section a,~e" (n being the order of perturba- 
tion required to get a non-vanishing matrix element for the process consi- 
dered). The detailed proof is given in the last half of this note. 


§2. Transition Diagram. 


In order to command a view of a whole connection between the initial 
and the final states which appears in the perturbation calculus of a certain 
complicated process, we propose here an improved form upon its diagram 


. G 4) (5 
expression heretofore in usee?> 


i) Notattons and rules. 
An electron with momentum P is represented by a horizonta!  line- 
segment at the height p with an arrow-head that points to the right (Fig 
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1 (a)), while a positron with momentum gy — we denote it by p* —is re- 
presented again by a horizontal segment, but at the height (—g) and with 


an arrow-head directed to the left (Fig. 1 (b)). By the “ height ’’ in these 
figures is meant, of course a three-dimensional position in the momentum 


space. The meaning of the arrow will be clarified later. 


igual 
momentum 
momentum 0 
tme 
Pp | —— 
time 
0) 
(a) electron p (b) positron p+ 


The existence of photons, real or virtual, need not be shown explicit- 
ly ; only their emission or absorption is indicated by the “ leaps’’, i.e. 
vertical segments connecting the two horizontal lines which correspond to 
the two momenta of electron or positron concerned. The emission we 
denote by a ripple-line and the absorption by a dotted line. Here also an 
arrow-head is affixed to indicate the direction, so that we may distinguish 


Fig. 2 
g. 
@ g g | 
P P P’ 
(a) Emission of p—q (b) Emission of q—p (e) Coulomb interaction 
p- 
q’> py 


(c) Absorption of q—p (d) Absorption of P—q 
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a photon with momentum &— we denote it by ki — from (—k&). For in- 


stance a ripple-line from an electron-line at p to one at @ will represent 
SZ 


the emission of a photon p—gq (Fig. 2 (a)), while the same ripple-segment 


from g to p that of a photon g—p (Fig. 2 (b)). A dotted line, on the 

other hand, from p to q (or from qg to p) will stand for the absorption of 
Fhe aT 

a photon g—p (or p—q) (Fig. 2 (c) or (d)). 

A momentum transfer through Coulomb interaction, which can be treat- 
ed in parallel with the emission and the immediately following absorption 
of a photon, may be denoted by two solid vertical line-segments (Fig. 2 
{e)). 

it) Fundamental processes. 

By the fundamental processes are meant those which the interaction 
Hamiltonian itself (without iteration) brings about, or in other words, first 
order processes. They are namely: 

a) an electron p emits a photon fe and goes over to p—k; 


he 


b) a positron p* emits a photon ie and goes over to (p—k)* ; 
c) an electron p absorbs a photon ke and. goes over to ptk; 
d) a positron p* absorbs a photon ie and goes over to (ptkh)*; 
e) an electron-positron pair p, @* is created with the emission of a 
r— 
photon (—p—q) ; 
f) an electron-positron pair p, g* is annihilated with the emission of 


r— 
a photon (p+q@) ; 
g) an electron-positron pair p, Q is created with the absorption of a 


wT 
photon (p+); 


Fig. 3 
) “Pri Prk ee en 
: 1 
a a 
: H 
( 
oes -p rp— -p~ —— 
(a) (b) (c) (4) 
-9g -@ F Sn a 
1 1 
vy * 
| 
t 
P > p bhp 2 aemaperat 
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h) an electron-positron pair p, q* is annihilated with the absorption 
of a photon ( —p—q). 
The “ diagrams” corresponding to the above eight processes are shown in 
the Figure 3 (a)—(h) respectively. (The coordinate axes will be omitted 
hereafter.) 

There are also processes of momentum change or pair formation and 
destruction due to Coulomb interaction, whose expression can be obtained 
simply by replacing the vertical ripple- or dotted segment in the above 
figures by a solid one. 

One can see from figure 3 at once that, with the cenventions made- 
in the preceding section, the condition of momentum conservation is auto— 
matically fulfilled if one connects the three segments, which repiesent a 
light quantum and two particles concerned, in a proper order, i.e. in such 
a way that the arrows always follow one another. It will be convenient. 
for the later argument to call the arrow direction in the electron- or posi-. 
tron-line the direction of the “ proper time” of that particle — in contrast 
to the “field time” ¢ (abscissa), which flows always from left to right, and 
according to which the sequence of intermediate states should be traced. 
In this sence one might be allowed to regard a positron metaphorically as. 
“an electron whose proper time flows in the opposite direction to the field 


sh ” . . 
time “and the pair creation Fig. 4 Compton scattering: initial state p, k,- 
oe annihilation as a sudden final state g, &. (p+K=q+t, Epth=Eg+l) 
inversion of the direction of ' 

: @ 
the proper time of one (nct 


cept, once proposed by Zis- 


two!) particle. Such a con- - ’ a 
+ 
1 
man and Schénberg,” turns | 


Se 


out, at least, very useful in ae ae 

our further discussions. (a) p, k->(p+k)+g, & ) Dk-p Kk qi _ 
wt) Simple examples. (—p-k)*~@ b 
As illustration we give 1+ =» coment 

here the diagrams for the H 

four processes of Compton i 

scattering (Fig. 4) and for : ae sd 

the reaction of electromag- P Pp 


netic field an an electron 


(self-energy) (Fig. 5), © pk-p-Lk,t-qat  (@) p, Ep, q, 


(—p+k)+, —-@ t 
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Fig. 5 Self-energy of an electron p 
P+7 Pri P P 


~~ bo 


P P-j P-F 


(a) ppt), ipst hee ae aes a (c) p--P, Pp, (a) Coulomb inter- 
tO (DAS) ty Fann ny Ponaing 

tv) Representation by sequences. 

Further we can characterize such transition diagrams as figures 4 and 
5 by means of two sequences. Take Fig. 4 (b), for instance ; on one hand 
we may proceed along the electron-line guided by arrows and then have 
the sequence: ‘absorption of Kk”, ‘emission of 2”. This we denote by 
the symbol (Kk, 2*). We may, on the other hand, also trace the sequence 
of events from left to right according to their order in field time, and this 
time we have first ‘‘ emission of 2’’ and then “absorption of &”’ or abridg- 
ed as before (U*, K). Thus it is natural to represent this connection by 
the symbol (K, 2*| 2*, &), with the convention that the order in proper time 
is written at the left part, the order in field time at the right. Analogous 
considerations give for Fig. 4 (a), (c), and (d), (kK, U*| kU), (4%, k/ Oo, 
k) and (0, k |k, U*) respectively. 

It need hardly be pointed out that the order in proper time corresponds 
to that of projection operators 4* — e.g. 4#=(1/2E,) |Z, + (ap) + m3) $ — 
which appear in the numerator of the transition matrix element, while the 
order in field time determines the successive intermediate states in the usual 
sence, and so the energy difference in the denominator of the transition 
matrix element is to be derived out of it. The sign, plus or minus, affixed 
to each matrix element accounting for the exchange of electrons or posi- 
trons, can be decided at once, if one only compares the above two sequences 
and determines if the one corresponds to an even or to an odd permutation 


of the other, 


§3. Classification of Transition Processes, 
Number of Possible Connections. 


With the help of our diagram expression, one can classify any irredu- 
cible process including electrons, positrons and photons by two numbers iN 
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and Z. By an irreducible process is meant one that cannot be reduced into 
two or more simpler processes ocurring at the same time but independently 
one upon another, 

N is defined as 1/2x(the number of electrons and positrons in the 
initial state+-the number of those in the final state), thus representing how 
many sets of connected segmeiits are found in the diagram. L denotes. the 
total number of leaps (vertical segments) in the diagram considered. If the 
sum of the number of real photons at the initial and the final states be Q, 
so L, NM and Q are related through the equation 


L=Q+2(N—1) (3-3) 


so far as no radiative correction is taken into account. 

Some examples of the /V-Z-classification are: Compton scattering 
(N=1, L=Q=2); double Compton scattering (V=1, L=Q=3) ; pair 
creation by two photons (V=1, L=Q=2); non-radiative collision of two 
electrons (V=2, L=2, Q=0) ; radiative collision of two electrons (V=2, 
(LSS Ot); 

For the given value of V, Z or Q, one can now calculate the number 
of possible connections. First we treat the simple case V=1, L(=Q)= 
arbitrary. Here the diagram consists of only one set of segments as in 
Fig. 4 and Fig. 5 and we have seen in §2 iv) that to such a possible con- 
nection a ways corresponds a pair of sequences each containing Z elements. 
Thz converse is also true, as can be verified by drawing a scheme actual- 
ly. The one-to-one correspondence being verified, the number of possible 
connections is nothing but that of possible ways of forming two sequences 
out of given Z elements (Z!)? :— 

Now we go over to the general case V2. In order that a process 
may be an irreducible one, it is necessary that a momentum transfer between 
two lines, either through emission and absorption of a virtual photon or 
through Coulomb interaction, takes place not less than (V—1) times among 
the /V lines. Since we confine ourselves to the perturbation of the lowest 
order, it cannot occur more than (V—1) times; so we have L=0+2(N 
—1) as stated before. When V>2 one must also take note of the pos- 
sible exchange of the particles themselves. There are namely 4! possible 
ways of combining into 4 sets the 2 ends of electron-positron-lines fixed 
in the initial and the final states. Out of these WV cases we extract a cer- 
tain one and consider the further varieties that can be produced by distri- 
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buting Z vertical segments over these JM lines. 

As the further enumerations are elementary but tedious, we restrict 
ourselves here to a special case W=2. Of course the same procedure can 
be applied to cases M3 mutatis mutandis. First we divide the Q cle- - 
ments (absorption of the photons given in the initial state and emission of 
those given in the final) into two groups each consisting of, say, S and Q 
—S elements respectively. There are gC, ways of sucha division. When 
the first set of S elements is alotted to the first electron-line, this line 
contains (S+1) elements in all, because there is one more which represents 
the emission or absorption of the virtual photon. These (S+1) elements 
can be ordered in (S+1)! ways. Similarly we have on the second line 
(Q—S+1) elements which can be arranged in (Q—S+1)! ways. We 
obtain therefore as the possible number of sequences in the proper times 


2 
2! YeCs(Q+1—S)! (S+1)! (3-2) 


the factor 2! accounting for the exchange of the electrons themselves. 

As for the permutation in the field time, one can arrange (Q+2) ele- 
ments in all in an arbitrary way. Of the two elements concerning the virtual 
photon, the one which is earlier in the field time is to correspond to the 
emission and the.other to its reabsorption. When these two events take 
place one immediately after another in the field time, they can also be re- 
placed by Coulomb interaction. The number of possible sequences in the 
field time thus turns out: 


{2(Q+2) !4+2! (Q+1) 33 (3-3) 


The factor 2 of the first term represents two possible polarizations of vir- 
tual photon and the factor 2! in the second term comes from the fact that 
we have distinguished in a Coulomb interaction which of the two electrons 
has emitted and which of them absorbed the “ longitudinal photon ”’ in an- 
alogy to the case of a transverse one and thus counted the Coulomb in- 
teraction twice as many as in the usual sence. 

The product of (3-2) and (3-3) gives the final result for V=2: 


4} (Q+2)!+(Q4+1) 1 Ye Col Q41—S)! (S41)! 
2 4(Q+1)N7Q(O+3)(0+5) —B-4) 


= 


Similar considerations for W=3 yield as the number of connections : 
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31.3 3 SeCs+sCw(Q—S+2)! (S-W4+1)! (W+I)! 
-4)(Q+4)! +2G,(Q+3)! +26:(Q+2) 1} 
== (+2)! (O+3)! O(0?+90+19)(G+1590+44) (3-5) 


The formulas for V = 4 are very complicated and will not be given here. 
We have not yet succeeded to derive a general expression for arbitrary /V. 


§ 4. Radiative Correction. 


So far we have dealt only with the lowest order transitions and so 
disregarded the radiative correction to the given process at all. Now we 
shall proceed to the consideration of first radiative correction, introducing 


the emission and reabsorption of one more virtual photon J, say. In con- 
trast to that virtual photon which is necessary in the case V>2, already 
in the lowest order transition, to relate two electron-lines to each other, 


this virtual photon vs implies some grades of freedom either in its own 
momentum or in the momenta of a virtual electron-positron pair, and to 
obtain the total contribution the integration with regard to them must be 
carried out, which, as is well known, turns out in many a case divergent. 
Suppose that a certain process with its all possible connections is given. 
For simplicity we assume V=1, Z=Q. In order to calculate the first 
radiative correction, we have to construct connections with (Z+2) elements, 
that is, the given Q and j* and j out of the given connections with Z 
elements. This can be performed in two ways: a) one can add the two 
new elements. 7* and 7 to the existing line, so that the latter receives a 
swelling-like correction. (Fig. 6 (a)); b) one can build apart from the ex- 
isting one a new closed line including j* andj, thus resulting in an island- 
like correction (Fig. 6 (b)). It will 
be seen in the following that the first Sh 
kind correction is what we have call- 


i \ 

ed of the mass-type [M7], and the : H i” 9 ee 

second what we have called of the rf 
olarization-tvpe [P] in II. H 

p ype [P] ‘ 


Out of the polarization type cor- 
rections, the most general one is, 
using the notations of II, the process 


(a) Swelling-Like (b) Island-Like 
correction correction 
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->97, (—r—j)*, jo. 


where both » and j are quite arbitrary. Such a process, however, cannot 
in general affect the cross section at all, because similar contributions, which 
come from various distribution in field time, when summed, vanish on ac- 
count of interference with the original process, a result to be expected in 
general for any two independent events. The only polarization corrections 


which are effective are those including a virtual photon j=l or j=—i1 
being one of the real photons that appear in the considered process. This 
circumstance will be understood most easily by a simple example: In Fig. 
7 (a) an electron p emits a photon Z and goes over to p—J; in (b) a 
polarization type correction to the above process is illustrated: a real photon 
i is emitted through the pair creation of », (—r—J)*, then this pair is 
annihilated with the emission of a virtual photon —l. This —@ is absorbed 
by p, converting it into p—l. 

In this example one of the ele- 
ments 0*, which lay in the uncor- 5 D ee 
rected case on the electron-line, has r ¢-e 
been removed on to the closed line 


which corresponds to the polarization 
effect, this is what we may call of 


Fig. 7 


5 oe J 


[P, I] type. It is possible that two, () eee (b) eho poe 
PRICE? 5.206 even all the Q elements 

are transferred to the closed line, so that on the original “ main” electron- 
line remain Q—1, Q—2, ...... 1 leaps respectively. These cases may be 
denoted by [2 I}, [F101], ....-.. (ol. 


The number of connections for the first radiative correction can be 
deduced in a similar way as stated in the last paragrapht So we give here 
the results immediately. 

Mass type correction [J/]. 

(Q+2)! {2(Q+2).! +2! (Q+1) 1}-C/2) 
In the field time the element j* must always precede j, whence the last 
factor 1/2 in the above expression. 

Polarization type correction [P]. 

[PU]: eC! 1! {209+2)! +2! (Q+]) Hi 
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(Pe S}xeCa( O42 2S) TS PO a) PO) 


Summing up 
[P]=YeCs(O4+1—S) 1S! $2042)! +2! (OF) 
=O} (O+1) 1143) : 


For the general case VW >2, one can get along the same course, the 
only difference lies in the existence of the correction of another type: an 


electron-line is related to another through emission and absorption of two 
photons, the algebraic sum of whose momenta is equal to that of the ori- 


ginal one. 


Thus we have obtained the total numiber of possible first radiative cor-. 
rections. It amounts to an enormous number: 1080 for the Compton scat- 
tering, and 11,088 for the, double Compton scattering etc. But of course 
not all of them do diverge. In the following two paragraphs we shall 
examine the diverging part of [P] and [4/] in detail. (The third type 


“two-photon coupling” does not contribute to divergence.) 
(to bc continued.) 
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§1. Introduction. 


It is the well-known difficulty that the self-energy of an electron in- 
teracting with electromagnetic field when calculated following to the current 
quantum field theory becomes divergent. Dirac“ has proposed new form- 
alism of field quantization introducting negative energy photons, and has 
shown that the diverging difficulties of the self-energy could be removed 
by applying his method combined with the so-called 4-process which was 
developed by Wentzel and Dirac. 

As Pauli has pointed out the 4-process serves to make convergent 
the “statical’’ self-energy which appears also in the classical theory, and 
the so-called “ fluctuational ” part of self-energy becomes to convergent ex- 
pression by introducing negative energy photons, Since 4-process is the 
purely classical method and the fluctuational divergent terms are purely 
quantum mechanical nature, this result seems to be natural. 

We shall show that the distinction between classical and quantum 
quantities is @ priori possible by separating the c-numbers which appear in 
the commutation relations of the field variables into two parts, This sepa- 
ration is also possible for the electron field, and it is shown that the diver- 
gent terms in positron theoretical self-energy or vacuum polarization energ 
are related only to those quantum parts. 

Further, it is shown that the quantum parts of c-numbers which appear 
on the right-hand side of the commutation rules do not affect the consist- 
ency of the theory such as, for instance, the integrability conditions of 
Schrédinger equation, and that only classical part concerns to this condi- 
tion. The usual physical phenomena such as the scattering of photons by 
electrons or the potentials between electrons are also related only to the 


classical part. 
Therefore, we can put the cut-off factor in this quantum part which 
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automatically necessitates to introduce negative energy photons obeying 
Dirac quantization, and Dirac’s theory of negative energy photons is shown 
to be a special case of ours. It is also necessary, if we want to have finite 
self-energy in positron theory, to diminish quantum c-number of electron 
field. 


§2. Formalism. 


We adopt the super-many-time formalism developed by Tomonaga and 
others. The generalized Schrédinger equation is given as: 


Y 
OCp 


FUP 8 \wicj=0 (2-1) 


where A/(P) is the interaction Hamiltonian density between electron field 
and radiation field, which is given by 


H(P)=S,(P)A,(P) (2-2) 
where 4,(/) are the 4-potentials of radiation field and S,(P) are the 4- 
currents of electron field: 


Syu(P) =cid (Pr y(P) sot =P". (2-3) 


yt, ¢ and A, satisfies respectively the equation of motion for free electron 
and the radiation field. 

It is well known that to make the equation (2-1) soluble, surface C 
must be space-like, which is the consequence of the following integrability 
condition for (2-1): 


[W(P), H(PY]_=0 (2-4) 


for any two world points P, FP on C. 
Now, the field variables ¢’s and ’s satisfy the following commutation 
rules which follows from the canonical form of this dynamical system™ : 


[8,(2), bat XY]. =i( 72-2) D(X-X) 2-5) 


[4.(X), A(X) = 78, 1D, (XX) (2-6) 


where 
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ty Al al a 

DXA sg pay| CR — EI), Lei eaR 2-7) 
Pie 1 - dk 

D(X) = — say X —e—ikd aes , Ky=i| Kk | (2-8) 


x being the rest mass of the electron. 
Here we make the resolution of field variables into two parts, one of 
which contains emission operators and the other absorption operators : 


A,(X)=U,(X) + U(X) (2-9) 


where as usual 


Se 


ak, U (=i|%, *(k) 


U¢X)=|U, (ke) k (2-10) 


and this resolution gives particle aspect to the field. 
U,(k), U,*(k) satisfies the canonical commutation rules 


[U,(k), U*(h’))-=— Oy. 


Ki 5(k_—W). 

2 

From this and (2-10) we can get the following commutation rules for 
CoC, O.*( 4)" 


[ig X), OX) = iy b(B(E-¥)= Bu X-¥)) 2D) 


where 


4 


ak 
Dal) = geqaye| OR OY (2-12) 


is the usual D,-function. 
The same decomposition can also be done for the electron field: 


WD =HX+(DY), HOH (H+H4) 2-13) 


where 


ci LyX, ry TENG 


‘n= fpO-Gra, Ho =fHOZ 


eat LyX 


a 


w= (MOLL a, Wa= [POT iy 2-14) 
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The commutation relations for y and ¢ are as follows: 


(4). ght XD]. <i(r*52—x) | (DB, X—¥)—- 4D, (X—XY) 


[V.t(%, H(A) = r5e—2) 5 (D(X 4+ +B, (xX) 


(2-15) 


We put (c) and (g) in (2-11) and (2-15) on the head of D- and D,-func- 
tions and call them as classical and quantum parts, because (g) part comes 
from the decomposition of (2-9) and (2-13) and (c) part from the canoni- 
cal form of this dynamical system, and as will be shown in the following 
the D-part leads to the results which have classical analogues whereas D,- 
part leads to pure quantum theoretical difficulties. The latter can also be 
called as fluctuation part, since, if we set the time coordinate: equal in (2- 
11), there remains only D,-part and this gives the fluctuation of the field. 

The integrablility condition (2-4) is also related to D-functions only, 
for we have 


[W(P), AA eal: SYP ACP’) ]- 
=F USP) SPI LA), APY 
x a iad Face Si aa 8 a ad Pa (2-16) 
which vanishes for spece-like C by using the following relations : 
[4,(P), 4,(P)]= —i8)D)(P—P’) 


[Su(P), SP] = 89 (P)r*( 775%, —2)B(P— PY) 


) 
HH PW GA )OAP= PP). (217) 


§3. Self-energy. 


According to Pauli and Fierz® we separate tree-field and bounded field 
by the following canonical transformation : 


WG ext tif acxyar,, OC), (3-1) ° 


then, Schrédinger equation (2-1) becomes 
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fer J ‘H(X)aV H(P) | \otcj=i 3916] (3-2) 


in ¢-approximations. 
The left-hand side of (6-2) can be written in analogous way as (2-16): 


FFAS, SP]. 14), 40(P)]- (@) 
+15.(X), S(P)]-L4(X), 4(P)]JaV. (0) 8-3) 


Here, we define in the first term Wentzel Potential AY as 


5 Cc 
cH eee | Sy(X)-[A,(X), 4o(P)]-aV, (3-4) 
because they are written only in the electron variables, though they are 
the pure retarded potentials and satisfy the following equations : 
(4"(P)=S.(P), Div AY(P)=0. 


in contrast to the equations of the potentials introduced originally by 
Wentzel and Dirac.* Similarly in the second term of (3-3) we define 
Wentzel current as 


SY(P)=EfTS(2), SPA (X)-ar BB) 


Then (3-3) can be written as: 


{-5-[So(P).A8(P)]4+ SST) AdP)|.} OC] ie OC] (3-6) 


where the first term of the left-hand side represents the interaction energy 
between Wentzel field and the current and the second term that between 
Wentzel current and the radiation field. 

It is easily shown that (3-3a) gives self-energy and Mller potentials. 
We note that it contains only the classical c-number of photon, for 


4 Oo (c) 
AYP) =| Se(X)-(—D 8p X— PAV 


eee eee 
* lf we take [4p(X), 4.(X’)]-= —Byv(1/2)(DyX—X7 + a) + Do( X—X’—A)) according 


to Dirac, it can easily be seen that we get the original Wentzel’s potentials. 
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(c) 


ei j So(X) -Di(X—P) dV, (3-7) 


Substituting (2-3), (3-3a) becomes to 


gy LSP) AEP] = a4 [L50(4), So(P)].-B(X— PV, 


= gy! tr?) B. PH) 
+O P"(7 sp 2) Du(P—X)7° HX) 


+ 2Y4(X) -72thit(P) P(X) a(P)} Di X—P)adV, (3-8) 


In one-electron theory, the first two terms of (3-8) give the self-energy, 
whose principal term is 


27 a. cane oD) (3-9) 


In positron-theoretical treatment, the last term of (3-8) gives also the self- 
energy : 


agi] Bt Orsi P) D(X) rin Pm(P) Pe P)aV, 


oe Cagis My Se lao 1 @ 
mh) iJ24vt or ly Ser —*) (OAK?) + +B, (XP) 


fe) 


71°h(P) + ot (Pyr"( "a po a* 


1 © 1 @ 
}-@.P-1 +48, (4-7) 
°Wx)|D(P—X)dV, (3-10) 


which leads to the following divergent expressions : 


1 (ec)! *Xc) 


7 OF (due to D,,-Dy) (3-11) 
and 
. x 7 1s (9) (e) 
é ps EB a3 a (due to D,,-Dy) (3-12) 


so that in positron theoretical treatment (3-9) and (8-11) cancel each other 
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and the remaining diverging terms of the self-energy due to Wentzel-field 
and -current is 


a (3-13) 
5 Dh 


@ (e) 
which is due to D,, and D, and does not vanish by 4-limiting process. 


(3-3b) gives self-energy which does not converge by applying the A- 
process in one electron treatment, Compton scattering and the vacuum 
polarization : 

5 Cc. 
SEP) =F [ISX So(PIL A 4)4% 
= Pt 29 1" 2) Pa A PP) 


—$t(Pyr?( go) D(P— X)7*P(X)} A X)aV,, (3-14) 


This part of the self-energy of the electron can be dbtained by computing 
the expectation value 
éS{SE(P), Aol P)]-> ar 


is 
2-2! 


— gt Pyro —x)D,(P— X)r*P(X)p>- 


fet cor(r 2) BAP) 


-<[A4,(4), Ag(P)].> avd (3-15) 
where 
(9g) 
<[4,(X), A,(P)|\+ =e esd DAK Py (3-16) 


As the result the infinite term of the self-energy is given by 


(ec) (9) 
= (due'to D,- Do) (3-17) 


ey 
k 


which is indentical both in one-electron and positron theoretical treatment. 
Polarization energy of vacuum is also given by (3-15) if we take 
< yy for the state where no electron is present, namely 
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r : ay eto) jim ) (9) U 
A Ve) > vac =3,| = Ste (77 OP. —2)D,(P—X)y" 


(c) (c) * 
(72-2) D,( YAP) AS (75 —*)D,(P= X)7*- 


(9) 
(75 —*) Da XP)? ) Aa XLV, (3-18) 
Le, 


“ @ 
which is"due to, D+). 


§4. Cut-off ‘method in positron theory. 


From the above considerations, it becomes clear that the positron 
theoretical divergences always appear in the place where D- and D,-func- 
tions are combined. 

As the physical phenomena, such as the scattering or the potentials 
between electrons, arise only through D-functions of both fields, we think 
that Y,-part is to be modified to obtain a satisfactory theory. 

Since D,-functions do not concern with the integrability conditions, we 
shall be able to put cut-off factor in this place without destroying consis- 
tency of the theory. Therefore we take instead of (2-11) 


1 


5 (O(X—X") 


[Coyne ae 


il 2 aK , . -h dk 

Sek Seb iRA(XA— XY’) 4 p—iKA NA — X41) : 

; aon MACE (4-40) 4 0 —iKA( ”)) K," (4-1) 
For f(X) we should choose as follows : 

KA for = Ky; (A) =0 tor Kk > K, (Ky: cut-off momentum) (4-2) 


since the purpose of the introduction of this factor is to diminish the con- 
tribution of D,-function in high energy region. The commutation relations > 
between 4,’s do not change by this modification. 

The decomposition of the field into k-space is no longer (2-10), since 
there appears different time factor in (4-1). It: is necessary to decompose 
UY once again into two parts : 


U(X) =U,(X) +U,(X), 

it AP i TKN, = = —ikj 

TA =A0, (e)- ah, U(X) =i[0, (2 papier: ot cn 
4 4 


K. 
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Then we obtain by comparing the time factor of both side of (4-1) the 
following relations : 


[U.(X), OMX = — i 5 (aban) dhe (4-4) 


[0,.(%), TMX) =i 3-(—say)fCt ie ak (4.5) 


while other commute each other. 
If we write in k-space, we obtain 


[O,(ie), ORY] -= ay ee OAL ew) (4-6) 


[.(H), U,*(h) |= — Fy, 2 CMO) ae—W) (4-7) 


so that U -field follows Dirac’s new -quantization. When we write in or- 
dinary formalism as 


: : ah oh Pe Lt 
(ie) = WC) [BOC = Ue) -,/ Fe 

Hamiltonian should have the following form 3 
My= 7 3 W, (k) W,(k) zi W,(k) W, (k)) ho Tah +f(k) 


ear 1 L 7 * bat aes 
+ EM, (He) W,(de) + WC) Wee) ho pep: 


Aing= ied yyy | I W,(k) + W,* (k) cK Xa 
0 


+ (W,* (i) 4, (hk) Jo J (4-8) 


and the commutation relations are 
[1i,(ie), Wet (lY] =o tA a(e—e’) 
A K 
UU), WA(W))-= et AM aw) (4-9) 


If we take as the special case f=0, then (4-8) (4-9) is identical with 
Dirac’s negative energy photon. 
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However, f(4) is not necessarily zero as far as it. satisfies (4-2) and 
is relativistic invariant. 

(4-8) and (4-9) can also be written by the emission and absorption 
operators : 


[V.(k), V*(h')]=8,,8(e—H2) 
[V.Ck), V*()]_ = —3,,0(e—e) (4-10) 
(hk) = VK) jst ; W,(k)= V(R)-/ 4=Z@) . (4-11) 
Then we have 


Hass “i (le) FC) + Vd) V* (Ie) hy 
+33 Hz 


Fim = op ty™ pe *_[(V4(h) ia Xi V,* (he)ei®i a) ,/ LAR) a 


w(K) (ke) + V,.(i) 7,* (ie) ho 


+P, ire Ma + V(b) ei 144.),/I= LA). (4-12) 
@ (© 
This reduces the part of self-energy which comes from Dads (3-17) to: 


ee (4-13) 


Therefore the cut-off of self-energy is equivalent to the introduction of ne- 
gative energy Dirac photons. 


The remaining self-energy in the positron-theoretical treatment contains 
(9) 


D,, and this part should be modified also, but since photon cannot have 


(9) 
self-energy, theory which does not contain Dy, for electron field should be 
formulated, and this leads to vacant negative energy state for electron and 
positron. 


§5. Conclusion. 


The divergent difficulties in positron theory are discussed, and it is 
shown that they are all connected to D,-functions which appear by the 
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quantization of the field variables, The D,-functions do nothing to the actual 
physical phenomena and the integrability conditions, so we can modify this 
part and get finite self-energy without affecting other physical features. 
By doing so, we should necessarily introduce negative energy photons. 
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§1. Introduction. 


The recent achievements both in experiment and theory have confirm- 
ed that the reaction of the radiation field is a really observable phenomenon 
and that one can calculate this effect in our present formalism of quantum 
theory if one employs some subtraction prescription. Thus Bethe™ comput- 
ed successtully the level shift of the hydrogen atom revealed by the ex- 
periment of Lamb and Retherford.” Following Bethe’s idea, Tomonaga™ 
has developed, independently of American authors, a so-called ‘ self-con- 
sistent’ subtraction method which aims at disposing of the infinities in a 
self-consistent manner‘and obtaining finite results for various processes. In 
fact he and collaborators could show that the radiative corrections for the 
elastic scattering of the electron and the Compton scattering were made 
finite by this method. 

Although Tomonaga’s theory has recourse to a relativistic canonical 
transformation which may be regarded as a generalization of the transfor- 
mation used by Bloch and Nordsieck and by Pauli and Fierz, yet his 
method can equally be applied to the conventional perturbation formalism. 
We have here calculated the radiative correction of an electron moving in 
an external (electromagnetic) field along the line of the ordinary perturba- 
tion theory. To get definite numerical results we had to content ourselves 
with non-relativistic approximation for the initial and final states, 

According to Tomonaga there are three kinds of infinities, that is, the 
electron’s self energy, or the mass type infinity, the photon’s self energy, 
or the vacuum polarization type infinity,” and an infinity depending on the 
external field. We shall see that the subtraction of the first and the third 
type infinity is necessary in our case. 


A similar calculation making use of the canonical transformation has 
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been carried out by Fukuda, Miyamoto and Tomonaga.™ Comparison of 
the obtained results is not without interest in view of the provisional 
character of the present theory. 


§2. The perturbation scheme. 


The outline of the calculation developed here is more or less identical 
with that which Dancoff™ followed in his estimation of the radiative cor- 
rection for the elastic scattering of the electron and which has also been 
discussed by Koba and Tomonaga,™ and Endo, Kinoshita and Koba in the 
light of the new subtraction theory. The difference lies, however, in that 
they investigated the scattering cross section and thercfore considered only 
transitions between positive energy states while we are now going to ask 
the transition matrix itself, thus including the transitions for the positrons as 
well as the creation and annihilation of pairs. Moreover we want to extend 
the calculation to the case of a magnetic external potential, or in general, 
an external static electromagnetic field 


V—(aA)= dH. 


The state of an electron (or more precisely, of an electron field) in 
interaction with its own electromagnetic field may conveniently be expres- 
sed by the following transition scheme : 


p—k, Sass cig DAG 
Pes p—hk, Z, (—l+ik)* 
pop, l, (—l+k)*, —k—p, l, (—6)* 


ip, b—k, (—t+k)* (1) 


where p is the momentum of the electron in the unperturbed state, k: is 
that of the photon emitted, and J and (—¢+)* are momenta of the vir- 
tual pair. A corresponding scheme may be drawn for the positron, What 
is to be considered next is the matrix element of the external field 7 with 
respect to the transition of the electron from momentum jg» to momentum 
q when the interaction with the electromagnetic field is taken into account 
according to the above scheme. 

In the ¢-approximation here concerned, there are two kinds of matrix 


elements, namely 


(j) first order ine: (p,5;0|A G4; BA), (2) 
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(ii) second orders in ¢: (p,s;0|A|4@, 2; 9), (3) 


where s and ¢ denote the spin variable of the electron, and 2, the polariza- 

tion state of the emitted photon. The first kind corresponds to the 

Bremsstrahlung of the electron in the field A The required correction to 

the zero order matrix H,, comes out of the combined effect of the first 

order correction due to (3) and the second order correction due to (2). 
Let: the interaction Hamiltonian be given by 


Be — el ptapAdo+ 5 (orgy / r—r| «dude! + | 9+ (V—aA)gdv, (4) 


where the first two terms are the interaction of the electron field with its 
own electromagnetic field, while the third is the interaction with the exter- 
nal potential, the coefficient ot which we need not assume to be small. 

By decomposing the field variables into Fourier components, the matrix 
element (2) is immediately obtained : 


~ e a,-A*(p—q)H,_ Ay .q-A*(g—* 

esol maskin spel aE Ge Mons Ma G=Pe 

For the calculation of the matrix elements (3) it is convenient to clas- 
sify various transition types into several groups as was done by Dancoff. 
Here, however, the classification is not identical with his, a fuller account 
of which will be given in the next section. We shall further introduce 
diagrams illustrating various possible paths connecting the initial and final 
state. In these diagrams the abscissae mean the momentum of the electron, 
while the ordinates are used to discriminate positive and negative energy 
states. Dotted lines imply transitions due to emission or absorption of a 


photon (Coulomb interaction included), and full lines those due to the ex- 
ternal field. 


(A) and (B) 
Hak 
LG ay ~ ~ 
/ / (A) p—p—k, k——q—k, k<—q 
Py {@ 
: \ +--+ 
Se 


(B) p-p,4d,(—a—k)*, k—«, p, (—p—k)*, keg 
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a D, (—9)*>p—k, (—@)*, k—a-k, 
4 i $m (aie 
ea i P. (—9)*>p, (—a—k)*, kp, ; 
a Co aad (2 ME ot 
—— (—@)*-(—@)*, (—p)*, p—k, 
oe ee —p)*,a—k, k—(—p)* 
Pd \e (—a)*>(—a—k)*, K—(—p—k)*, 
=o k—(—p)' 


prPmrnd)’, NS ie: 


+——p,(—q)" Se, We ae 


} ey oh aoe) 
: : ; Soe q+k)*, — Be 
N —(—p)* 
p* NVq 
(D) 
4 4 
Hi, q/i 
ee Hi +—>+ pop,qa—k, (—-@)*,k—q-k, k-q 
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ey | 
» yt ee 
2 
a +>— Dp, (—9)*>p, (—d+k)*, —k—4, 
7 - 
Sa eae (—q+k)*, —k<- 
(—9)*>(—a+k)*, —k 
1 \ ae A$ { ee —OU+K es —h qd, 
' \ aN se f z, 
p< Ni (—a+k)*, (—p)*, —k-(—p)* 
\ \ 
a] Si 
JP: q—k, (—q) ’ k HT 


eee , ~ SP, % (-@)*—9 
Np. g, ee iA 


3 ; i 
a eh +—>— p, (—q)*——4a, 
i V Jot ky, (—@)*,k 
> (—9)'X \ 
ara | -athy a, =AG 
‘Y 


or tr CD —-05.,( 9); 
5 nied (—@)*, (—p)*, aN 
1(—a+h)*,(—p)*, —k| 
ann RE eee 


Moai a (—p)* 


dag 
f—— lm 
Pd P—I—4, t—p+4q, (—))*, p—a<q 
seas x 
Pep A dare! \ 
Pp N 
—q7,t+p—q, 
Np 4 gf 


2 Fe | 


a 
’ t+p—q, (—2)*, —p+q 
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f= ~~! 
P, (—9)*>p—q—l—p+4q, (—)*, p—qe- 


+3— 


P, ( oar 
Np, (—9)', t+ p—4,(—)*, ip pp” 


aes 


t+p—q, (—t)*— 
+ + eh | + 
ete (—l)*, p—a<—(—p)* 


(- q)* r~— 
cis een | 


(—p)*, 2+ p—q, (—2)*——(—p)* 


a e j ¢ A*(p) (ax k)a* (p—2)H,,* (9g—2) (ax k)A*' (9) 
4n* fie xt) & (+4,—£,-.—4) (+4'E,—E,-.—4) 
‘Flu dle 4* (p) (ax ke)a&* (p—2) (ax k)A*(P) 
2 a roll BE (+E SCE 9 ee ae ies + c0n)-} 


(6) 


e k A* (p) (ax k)d-(p—2)H,,A- (q—2Xa x k)A*"() 
al (+ £,—£,_,—4) (¥'2,—4,1.— 


*(p) (ax k)a-(p—ky(a x k)a* (p) ae 
an he ails B jaan —z ay PCR Ep — Figg) Moat is 


(7) 


if 1, _2 yy {f dle AC p) (ax PA) Hd (Bax BCG) 
(Cy) PA el) Poe ie Beged)( ee Rte EE) 


+conj.} 
2 x, {( ee de(p) (ar tyr" P= Ayigh g— Wax BE) 


I (¥/E,— —£,- 2—*) ( +hy— —F, pF! ‘Eg £y-x) 
+conj.| (8) 


1 dh &*(p)d- (—4) Hyd * (9—A)AE(9) 
OQ ->- eels? Lips BOEE, —E,-1 co 
LD 2 3 {fe gD Hed OD 4. con, 
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1 & (( dk dt (pylax k)t(p—\(a x k)aF(p) lene 
ae i All B oN by Hirt cor} (?) 
dake i* ke) (A* (p—h) —47 (p—)) (ax k)A*(p) 
CO ae ner ene ae ary at ea ee 5 
H, oa tone} 
1 dk d*(p) (4*(p—F) — 47 (p—2)) AFD) : 
~ aa E VCe= “2E, Foy +6005, 0) 


ee al &#*(p)(ax p—a)a'(9) 
a ie ales a’ +4,+*'£,—|p—q| 


Tap +g) (4xP—D* () Foe] +conj.} 
—k,— Li-ntg— |p— q| 


eee {{ dl 4*(p)(axp—q)i*' (9) 
4n* fic xa \W\p—q> +4,*’£,—|p—q| 


cid he AD ON 2 Dia) | 
pl at sharma aI 
4? hic K2\p—a@> —E,—En,~—|p—| 


“Te OlaxB=e q)a* (+~—9) Fry 
+ E,—E,¥!'E,—Fisy< 


Liye a (p)a' (9) Tr A ()a* 14+ 9—9) Aya] 
Ta he ager ThE ee ee 


+ conj.} 


4 


§3. Subtraction of infinite terms. 


The terms (A) and (B) in the last section correspond to (A) and (B) 
in Dancoff’s paper; that is, (A) includes only even transitions by A, 
where intermediate states are all positive, and (B) is the same but with 
all negative intermediate states. (C) corresponds to odd transitions, or 
Dancoff’s (b), (b’), (c), (c’) of (C), where H plays a réle either at the first 
or at the last stage of the transition chain, while (D) has, being also odd, 
fT in the middle (Dancoff’s (a) and (a’)). 

(E) is the infinite mass terms. In fact, we can show that these terms 
are of the same form as caused by a mass type perturbation dmf. To 
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subtract this part we may add a counter term —dm§, where dm is the 
diverging self energy of the electron: 


3 ne alt (GE: l 
— nee S-eeS 2 
Ot lim © ( 5 In 2K. Z . (12) 


But we shall here neglect entirely this part (E), assuming that it is 
exactly equivalent to a perturbation due to the self energy of the electron. 

The last part (F) is responsible for the infinite polarization of vacuum 
caused by the external field. This should also be subtracted as a whole 
by a similar reasoning that it simply amounts to a renormalization of the 
coupling constant or reinterpretation of the external field.” 

Thus we are left with the terms (A), (B), (C) and (D), which we now 
proceed to evaluate. 


§4. Calculation for a non-relativistic electron. 


The integrations involved in the.terms (A) to (D) are in general so 
complicated that it seems very difficult to obtain a rigorous expression of 
the correction which is valid throughout the whole range of the electron’s 
energy. We have therefore restricted ourselves to non-relativistic cases, 
that is, small initial and final momenta compared with the rest mass of the 
electron, although intermediate states may have any high energy ‘and hence 
must be treated relativistically. 

We expand:all quantities appearing in these integrals in powers of p 
and q and retain only terms up to qudratic. Thus for instance, 

E,2= Vit P +E —2 (pk) =, \1— (pk) /Ee+ 2°/2E.— (Pk)*/2£E;}, 
) a = j= {1-204 (pky iz P°E?-(pk)? 3) 
£,—£,-+—-*# Ee ah EPR RES 2b, 2mnly 
Then we can carry, out the integration in the photon momentum A& in terms 
of elementary functions. Each individual term may be eventually divergent 


as | ak /z, but after combining all such contributions we see that these di- 


vergencies just cancel. In the case of the Coulomb type external potential 
V this occurs already for the individual parts (A) and (B), no other terms 
being divergent, while for the magnetic type potential aA convergence is 
obtained only after the combination of (A), (B) and (C). 

We add all the matrix clements obtained for transitions ++, +— 
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—, -—>+ and —-—»— together, and collect similar terms from (A) to (D). 
We give here the results for the Coulomb type and the magnetic type 
separately since they have different forms. 

(i) Coulomb type, V. The correction consists of three terms: 


(x--)AC@, p-), (14) 
Sf UnaX 4(eln 20-2) (p—a)’ 14’) 
( —y-fin 2)io- (px), (14) 


where ¢ is the cut-off momentum of the photon on the low energy side. 
This term arises from (A) and (B), and corresponds to the well-known 
infra-red catastrophe. This will be compensated if we add a correction due 
to (2). The term denoted by x is also divergent on the low energy 
side, but has another origin. It is that term which arises from the transi- 
tion +—>— or —->+ in (C.), and is related with the fact that the Born 
approximation becomes invalid for low energies in the case of Coulomb 
interaction. 

(ii) Magnetic type, aA. There arise more terms than in the former 


case, namely @,, P(p+q, 7), iBo-(p—qxNn), (pq) ap, (p?+@"°)a,, (pn) 
(9a) + (Qn) (pa), (pn) (pa)+(qn)(qa) and 70,(px@q)-n, where n is 
the unit vector in the direction of A. We give here the coefficients only 
for terms up to the first order in p or q. 


th Cade 9s 
(4- a In 2K+ x) (15) 
e’ 4 1 a 
Bea SF EM YY / 
aqitna® 4(—G-+ a In 2K 5 y (p+a,n), — (15’) 
25 1 — + , e — ” 
apt nek igo (p—axn). (15") 


# is of the same nature as before, while the logarithmic terms are diver- 
gent on the ultra-violet side. This divergence, however, need not be taken 
up seriously. For these various kinds of terms are not rigorously relativi- 
stic ‘in spite of their apparent Dirac matrix expression, and if we reduce 
them to Pauji approximation, the divergencies then cancel each other. 


The Level Shift and the Anomalous Magnetic Moment. 91 


§5. Derivation of the correction formulae. 


Now we transform the above results to a representation in the ordinary 
space : 


B(a, P—Q) V4.7 —?:(C#), 

io: (pxq)V,,—> —E-(oxp), (16) 
(p—@)'V,. > —4V, 

io -(p—qxn)A— B(oH). 


Looking at this, we notice that the electron possesses an additional 
interaction with the magnetic field which mtay be interpreted as a correction 
to the magnetic moment of one Bohr magneton. The above results, how- 
ever, have not a relativistically invariant form. Indeed there are some 
terms in the correction to aA whidh have no partners for VY. The coefh- 
cients of p,(¢E) and p,(¢H) are also different. This may be attributed 
to our non-relativistic treatment in the process of calculation as well as in 
the entire formalism. 

The above mentioned unpaired terms (15) and (15’) have non-vanishing 
values for p=q, and the first of them has the same form as the original 
interaction @A. Therefore. we can omit this term by renormalizing therve.- 
ternal field or its coupling constant. The same will be done for the other 
term if we divide it into a4 and B(¢H) in the order of the Pauli appro- 
ximation and retain only the second term: 


B(P+Q, N) =2u,—130-(P—aXxN). (17) 


Then the additional magnetic moment becomes 


te dig Geren Mote 
“A rhe me 2a he BE ey) 


This is in agreement with Schwinger's result. 


Before we apply the above results to the level shift of the hydrogen 
atom we have to take into account the contribution from (2), or the emis- 
The calculation is similar but more complicated be- 
But as we know that this correc- 
a-red lint, we use Bethe’s 


sion of real photons. 
cause it is a fourth order perturbation. 
tion is large only in the neighbourhood of the infr, 
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non-relativistic formula” for the contribution of low energy photons. Then 
the lower limit of integration in (14’) and the upper limit in Bethe’s for- 
mula cancel each other. Further, if we make Pauli approximation, 


* (p)B(a, P—4@)%* (q) = —-5-(P—4)"+ io(p xq). (19) 


The first term is added to the main term (14’) which does not depend on 
the spin variable. The second term is combined with (14”), and represents 
a spin-orbit interaction. In the case of the hydrogen-like atom, 


E=—¢2Zr/?’, (20) 


Ei. (ax p)=<0-(px E)=—&Ze. (px7r)/F=—eZ(al)/P 
= —€247(7+1) —l(f+ L) —3/4} /27, (21) 


where / is the orbital, and j the total angular momentum. Thus we get 
for the level shift the following formula : 


2\3 2 
Ey =5(£) ZR, (In —na41) 1g, 


(Eo—F) ay 8 J x 
1 CNGG El) His 1) 2-394 
+(jin2+ 8 jz TCE) Gia : (1—a,)} gi 2D 


Especially the level difference of 2S. and 2P,,. becomes for Z=1 


“ NGS 2 
3£9.54).— dF2 Pp, r=3c( =) ARy(In ed 


{£o—£) ay 
5) 


5 
— “goin 2+ = 1019 mc. (23) 


§6. Discussion. 


Our results do not completely agree with the calculation of Fukuda, 
Miyamoto and Tomonaga, who used the cananical transformation method, 
‘One might doubt that the origin of this discrepancy lies in the ambiguity 
of the subtraction prescription and the non-relativistic character of the cal- 
culation. In fact, if we actually calculate the part (E), we see that it is 
not completely compensated by the self energy term CE 


op pe: ui ’ 3 i] 
(E)= gq n2k+—, (E)=—7 Inox (24) 
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Moreover, tracing back the calculation, we find a difference already existing 
in the starting expressions (A) to (D) The corresponding expression 
derived by the canonical transformation has the part (D) smaller by a factor 
1/2, and contains unfamiliar terms which have no equivalent in our case: 


eI 1 A (p)(axk)dt (p—4) (aX Kk) (P) op oy 
kR 


piers n,q-+ CON). 


2) 2F ~(£,—£,.—4) (2,-4.4) 


Lf 1, EO V@xk) GB xD ge 17,400 (28) 


~S) QF (B,—£5-q—*) (— 4p — 4-1 *) 


This situation may be explained as follows. Hitherto we have been doing 
with the static perturbation. This is sufficient for the calculation of the 
diagonal part of an observable, e.g. the self energy in the ordinary sence. 
But in such cases as ours in which the transition due: to the self energy 
and its elimination is concerned, the time dependent perturbation is requir- 
ed for a more careful definition of the self energy. The perturbed wave 
function is then given by 


a (al + tp a (exp i(Ew— Fa)!/A—-1) 


ys Pe Pe @® [= KL. nt /k— 1 LAY i(Ey —En)t/h =| (26) 
no Eno 0 gi bron — Jets, ' 


+>) 


nt 1 ee nt 


We divide it in two parts: 


2s (=| a + Haat (CxD i Erm Fa) 1/4 W) | Lae Eo) 


gh Mer Mamtito __— (exp i( Ey — En)t/A-1) 
2m (Eno— Ens) (Ly — Fn) 


- (exp i(Enq-—Ew)/4-1) | 


1 Fb alae [2a 4 E -. ; 1 
+73 (En, —Enr) (Enr— Ln) ype (exp i (Eno— En) t/4—V) 


— (exp i( Eq —Ex)t/4— exp i( Eng —En)t/#) _ QT) 


The first is the renormalized wave function while the second is defined to 
be the perturbation due to the self energy term. This procedure, however, 
is different from that of the static perturbation in which the renormalized 


wave function -would be 
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tf, HHigllp | 
46?) —] 7(0) » £4 nno (® os : = Ro 7 
Un [as fe: hag— En an as ESB) (£,,— Fn) 


x | 33(ai? + iam, al + Ae) |” 8) 


Val i sn f5°= rn! 


This means a non-linear hence non-unitary, correspondence between the 
perturbed and unperturbed wave function. 

If we make necessary modifications according to the above circumstance, 
the level shift formulae become 


Von peldiany {( rite Ht NEL nT Ties 
Oo eae <_)2R, eae er In2+—2) a lo 


oe 


1 P20 t) A PL aa ee 
+(gln245 #1141) 2041) u of 4 


0L25%,—3E2 Py =1087 me.* (30) 


The auther expresses cordial thanks to Professor Tomonaga who sug- 
gested this work and to Messrs Fukuda, Miyamoto and Tani for kind helps 
and valuable discussions. 
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Reaction of Meson Field 
on Nucleon. 


K. Baba and D. Ité. 
Physics Institute, Tokyo 
Bunvrika Dacgaku. 
Jan. 4, 1949 


In this letter we describe briefly the 
results obtained by applying Tomonaga’s 
so called ‘“ Self-Consistent ” subtraction” 
method for the case when scalar meson 
field and nucleon field are interacting. 

The mass-correction effect for the nuc- 
leon and the vacuum polarization of the 
scalar meson field due to their interaction 
with each other are calculated using the 
“ super-many-time” formalism and the 
method of canonical transformation intro- 
duced by Tomonaga™ and Schwinger. 
The order of approximation is the square 
of the interaction constant, and nucleon 
is of course treated in the manner of 
“‘hole theory ”. 

The terms containing the scalar mesonic 
self-energy of the nucleon was unified in 
the type of neutron and proton mass as 
had been expected. The mass-correction 
term of the nucleon in Hamilton density 
which must be subtracted according to 
the idea of “‘ Self-Consistent ” subtraction 
is as follows: 

BMadnt X)bnCX) +O My bp TX) by (X), 

where 

gnCX), dp (X): wave function describ- 
ing the neutron state and the proton 
state of nucleon. 


—1 ii d ? TPIAA;: 
ie PR Pay oe 
Ss. a eP aoep } 
TP +V KB +kn 
+(4){ sat = | 
eT 
1 1 
He oar yE rs). 
PY E+(ssaEo 


eer emma e 


VP HV p' +x" > VR=V pte) 
Me _ Ale Mue 
Xp = k > rn = i , x= + Pu 


M,: proton mass, JM, : neutron mass, 
M, : meson mass, 

f, 7: scalar and vector interaction const- 
ant, 
The expression for the diverging part 


of the integral is as follows: 
—1 p (dp. 
B Muon Ge Lf (Oty + xm) |“S } 
+(£) -4x,( p dp] 


The expression for dM, is obtained simp- 
ly by substituting »-> 0 and p> in 
the expression for the 6 Mn. 

The terms corresponding tu the vacu- 
um polarization of scalar meson field 


‘owing to the vacuum nucleons was found : 


0 Hpa= gahe ae {f? Ud*¢ 
“(@ V(Grad ¢* Grad )} 
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where 
¢*, @: wave function of meson, 
Grad: four dimensional gradient. 

a (Xp Xn— (+f Pap + xn?) Lal 
al eyes 3 cs a 

= ‘ Xp Xn t UP ety Frm) 4 Ddl 
lo= j VE + ee YE + ent ( 

1 
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1 
O/B ep FV PRES 
The expression for the diverging part of 
the integral is : 


1a ay 
OHram gag (fU'¢ ) 
—(4)'¥' Grad ¢* Grad $)} 


where 


o 


U'= —8n (0 dl—2n(e4—x, ¢{ AE 


(al 

yr 

It is remarkable that in the case of the 
meson field the vacuum polarization term 
can be calculated without any difficulty, 
as has appeared in the case of quantum 
electro-dynamics. The reason is that the 
meson has a non-vanishing mass and so 
there exists always a Lorentz system 
in which meson is at rest and we may 
Carry Out the integration over the nucle- 
onic moment assuming the spherical 
symmetry in this system, 

Detail of the calculation together with 
the discussions about the nuclear forces 
will be published in this journal. 

In conclusion we wish to express our 
cordial thanks to Professor S. Tomonaga 
for his many useful guidance throughout 


V’= —2r(tn— xp)? 


this work. 


(1) T. Tati and S, Tomonaga, Lecture at the 
symposium on the theory of elementary par- 
ticles, Nov. 1947, Prog. Theor. Phys. 3 (1948) 
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(2) Y. Miyamoto, Prog. Theor. Phys. 3 (1948) 
124. 


Second Configuration Space and 
Third Quantization. 


Y. Nambu. 


Department of Physies, 
Tokyo University. 


Feb. 7, 1949 


Various divergence diff.culties in quan- 
tized field theory are closely connected 
with the zero point fluctuation of the field. 
Formally, it is due to the fact that a 
quantity composed of q numbers has some- 
times a non-vanishing expectation value 
even in the Jowest state considered. To 
dispose of this zero point fluctuations, we 
may decompose field gnantities into crea- 
tion and annihilation Operators, and rear- 
range products of these operators in such 
a way that creation operators (with aste- 
risks) stand always to the left of annihi- 
lation operators (without asterisks), there- 
by separating pure fluctuation terms from 
the rest. This idea, or essentially the 
same as this, was applied with brilliant 
Success to quantum electrodynamics by 
Schwinger™ and Tomonaga.™ If we make 
the convention that every quantity com- 
posed of quantized fields should be well 
ordered in the manner above mentioned, 
multiplication of two such quantities will 
require in general a rearrangement. 

Now let us regard a product of quan- 
tized fermion fields Di" e™...dn*hy"ho’.. 
$n’, where the suffixes denote space-time 


Letters to the Editor 97 


as well as spin coordinates, as a state or 
a wave funetion specified by these coor- 
dinates, and write for short 
D1 *ho*...dn "by be! --. Gr’ = 
lit eee eae a, ce hy CL) 
Multiplication by ¢,* or ¢, either from 
the left or from the right will yield, af- 
ter rearrangement, the following result : 


g,* Gio Bon aed 2’) 
es a Sule Y, peer ( 
poG)s 2,- - 2; A"; rF 0’) 


=3(- 1 Ln, aa, AL FE Thy. 


fens : 1 oe ee ’)+¢—1)"Ci, 2,... 
ns; 7, ne , apt ar em B=, ds" |, 
Bn6 ds 2 duase yea’ 52" Me a) 


ieee pe Ped! 4 
oC, Ah Oe ae 
= Biles ek a tS cecaue de 2 
‘ie n’)+(—1)” CA, 2, 


er) Fre 


’—1, ’+1,... 
Mn AD ewe). 


If we introduce such operators that create 
(+) or annihilate (—) the fields ¢* and 


@, and denote them by o*, o*, d and ¢, 
Eqs. (2) may be written as 


b.* = dn, ?,.= dy ay dtr, a} o,* 


ee < oa = 

d=, b= $8 + Dwi, rv} (8) 
We have included in the above defined 
operators the sign functions, which neces- 


gitates the distinction between @ and ¢. 
They are connected by simple relations : 


a 8] 


Py CLICHY Pes Z 
“/ Ce 
¢ht= a ( ae até AE aie . 
ott! rae 
bibs =—(EME IGS". (4) 


Further defining new operators by 

Dit, thd", 

+ + - - 

Y=, ¥,=U¢di 7}, (5) 


which obey the same commutation §rela- 
tions as the original wave field : 


+ & = 
+‘ * c—— 
Y,. = Y, ’ y oo 


{¥.5, ¥V=LP,, VA=Lr, 9}, (8) 


Eqs. @) become 


> + = 
ig v,*, ¢,= Per Pade 
ke ¥ pe ve Ti ¥,. (7) 


Similar operators can be defined: for a 
boson field, g* and ¢, provided that we 


ecard I %, % Shee , 
J aS Soatons. 20 Yo +1 Pn Y; Yo -1Pn 
as a state, where 12, 22, etc. are the 
number of times it contains ¢,*, ¢., etc. 
respectively, Corresponding to Eqs. (2) 
to si we get 
+ 
. ee sub 
=x + ot, ips sy +0,*, 
< 4 + 
P= P= o,,, 
+ B - r + * - 
= ¢,* +d¢li, r| = 0. s + O,,, (8) 


= és So 
[0,*, 0."]=[0,, O.J=[r, sJ=[¢., #5". 
Now an equation of motion for’ the 
transformation matrix U[C,C,] defined 
by YC]=ULC, CYC] is of the form 
if U=HU, ~iU*=U'H ©) 
in Tomonaga’s super-many time formal- 
ism. ‘This may be regarded as an equa- 
tion of motion for the wave function U if 
the operator H is expressed in terms of 
the above mentioned aes 


if e a 


In re same manner, an equation of Hei- 


—HU*. (10) 
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senberg type 


ig ATH, A] (11) 


goes over into an equation of Schrdédin- 
ger type 


. O ree 

—tyqA=(CA- BDA. (12) 

> < 
Moreover, it is possible to make H or H 
Hermitian by a simple transformation, 
and the form of the resulting Hamilton- 
ian very much resembles the original one 
IT, On these grounds we should Jike to 
call the present formalism the method 
of the third quantization. A quantity 
composed of the operators of the second 
quantization (for short, q?-numbers) may 
be interpreted as a wave function in the 
second configuration space on which, when 
transformed to the third quantization re- 
presentation, the q*-numbers can operate. 
Application of this method to the theory 
of Schwinger and Tomonaga enables one 
to carry out the canonical transformations 
involved in a quick way and gives a clear 
Perspective of the whole theory. It also 
enables one to solve the generalized wave 
equation proposed by Snyder® and Yu- 
kawa. 

A paper dealing with mathematical re- 
finement and various applications is now 
being worked out. 

(1) J. Schwinger, Phys, Rev. 73 (1948), 415. 
(2) S. Tomonaga, Phys. Rev. 74 (1948), 224. 
(3) H. Snyder, Phys. Rev. 72 (1947), 68. 


(4) H. Yukawa, Prog. Theor, Phys. 2 (1947), 
209; ibid. 3 (1948), 205. 


Semi-Classical Derivation of the 
Anomalous Magnetic Moment 
of the Electron. 


Z. Koba. 
Institute of Physics, Fagulty of 
Science, Tokyo University. 


Feb, 28, 1949, 


Resently Welton“ has given an intui- 
tive explanation to the electromagnetic 
shift of energy levels by calculating the 
mean square amplitude of an electron 
coupled to the zero point fluctuations of 
the electromagnetic field. His method, 
however, failed in the treatment of the 
anomalous magnetic moment of the elec- 
tron, his result of the relative correction 
being —e?/27 (we use the unit 4=c=1 
throughout), i.e. of the right order of 
magnitude but with the opposite sign. 
So we propose here a new classical model, 
which being a natural extension of Wel- 
ton’s idea takes into account the effect 
of virtual pair creation and annihilation 
and gives a correct result also for the 
radiative correction of the magnetic mo- 
ment. 

According to the old work of Schré- 
dinger™the behavior of Dirac electron is 
best characterised by its Zitterbewegung ; 
in other words the velocity and coordinate 
operators can be divided into two Parts, 
one which commutes with the Hamilton- 
ian H (we denote this part by —), and 
the other which anticommutes with 
(we denote this part by ~) 


Gj=Q;+4,;, THUzt+2x; 5 
where 


a= H-'p,, j= 20,3+ Hy "pe¥ ; 
and 
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@j=ao,; exp (—2iHt) =exp (2iHt)ao y, 
= i 
z= —-9;0,5H-' exp (—2:Ht) 
1 ~ 1 ~ 
= — 9H => gH ‘as. 
The magnitude of these anticommutable 
parts are given by 


af =1—H-“p}, 
3 1 h 
af = HO 1 Hp) 
It may be noticed that for a rest electron 


| 2; |\~1/2m, i.e. the magnetic moment of 
the electron. (This fact can be proved ea- 
sily,) 

Now Welton assumes that 2, is coupled 
to vacuum fluctuation of the electric field 
DIEx exp (kt) : 

d- ew —E;, exp (tht 
Here we have used a first order differen- 
tial equation because it corresponds to 
the quantum theory better. To this we 
add a further assumption that a similar 


relation holds for x too. 

Satz Qim) = tye) esp Et) (2) 
The second term on the left-hand side 
assures that when the external force is 


absent performs an oscillation with 
freyuency 2m. 

The solution of (1) and (2) with the 
boundary condition z=0, x=1/2mexp 
(2imt) for e+0 can easily be obtained 
and by means of a reasoning quite analo- 
gous to that of Welton, the corrected 


value of | g| turns out 


om 
=3,{!+ hat, ae 


) 

4 

Thus this effect, when added to the value 

obtained by Welton, yields the result: 

e*/27, that agrees with the experiment. 
Details will appear in a later issue. 

Further applications are now being deve- 

loped. 


(1) T. A. Welton, Phys. Rev. 74 (1948), 1157. 
(2) E. Schrédinger, Sitzber. d. preuss. Akad, 
Berlin (1936) 415. 


Effect of the C-Meson Field on the 
Anomalous Magnetic Moment 
of the Electron. 


7. Koba, Y. Nambu and S. Tati. 


Institute of Physies, Faculty of 
Science, Tokyo University. 
Mar, 15, 1949. 


The cohesive force field introduced by 
Nagoya group and Pais“ has proved use- 
ful in eliminating the so-called mass-ty pe 
divergence in the quantum clectromagne- 
tics, but up to the present one has found 
no definite case where this hypothesis 
leads to appreciable deviation from or«i- 
nary quantum theory of interaction he- 
tween electron and radiation and thus 
enables one really to detect such a heavy 
quantum. 

This time we have investigated the 
modifications of the electromagnetic pro- 
perties of the electron due to the reac- 
tion of this C-meson field and have again 
verified that these corrections are quite 
negligible compared with the radiative 
corrections. It may be noted that we 
have subtracted the finite self-energy 
which can be obtained by this hypothesis, 
because it brings about a mass correction 
and this renormalized mass is to be iden- 
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tified with the experimental one, so that 
no observable effect can be expected so 
far as we have no neutral clectron for 
comparison. 

The anomalous magnetic moment of 
the electron caused by the C-meson field 
has been calculated in two different ways : 
Schwinger’s formalism and Luttinger’s 
method. ‘The result is, in the unit Z= 
é=1s 

Se ‘log af 

JOR Torre -2- See | 
where 6 is the ratio of the electron mass 
to that of the C-meson.- Since we are 
to put ff’ =2e?, we have for d=1/100 


Ap ~(c?/27) x 1.6x 10=% 
and for d=1/200 
Aplu~(e/22) xX 4.7.x 10-4, 


In the course of calculation it has be- 
come clear that the positive sign of the 
correction is due to the scalar type cou- 
pling and the small absolute magnitude 
is duc to the large mass of the C-meson. 

On the basis of this and sintilar consi- 
dcration recently carried out by our group 
we should like to conclude in general : 
C-meson has hardly any detectable effect 
in the region where quantum electrody- 
namics has proved valid, because its range 
is far smaller than the Compton wave 
length of the electron; to seek for its 
experimental evidence one has to turn to 
problems of the heavy particles. 

Detailed accounts on related problems 
will appear later. 

(1) O. Hara, Prog. Theor, Phys. 3 (1948), 188. 

A. Pais, Phys. Rev. 68 (1945), 227. 

(2) J. Schwinger, unpublished. We are very 
much obliged to Prof. Schwinger for having 
sent his manuscript to Prof. Tomonaga. 


(3) J. M. Luttinger, Mely. Pays. Acta 21 (1948) 
483. We wish to €xpress our sincere thanks 


( +0(6*), 


to Dr, Luttinger for laying sent us a copy of 
his paper. 

(4) Cf. e.g, S. Endo, I. Kinoshita and Z. Koba, 
letter to the editor of this journa! to be pub- 
lished in this issue. 


Errata: ‘‘ Reactive Corrections for 
the Elastic Scattering of 
an Electron.”’ 


S. Endo, ‘T. Kinoshita and Z. Koba. 


Institute of Physics, Faculty of 
Science, Vokyo University. 
Mar. 22, 1949. 


In the previous letter,” we gave a 
faulty conclusion with regard to the cor- 
rection for elastic scattering cross-section 
in the case when interaction both with 
electromagnetic field and C-meson field 
were considered. The result (2) given 
there was namely obtained by merely ad- 
ding the diverging radiative correction to 
the C-mesonic correction which contains 
a divergence of the same magnitude and 
Opposite sign. It is a well-established 
fact, however, that interaction with a sur- 
rounding self-field modifies the mechani- 
cal mass of an electron and that the 


observed mass must be identified with - 


this modified one. In the case above 
mentioned we overlooked the finite mass 
correction which has to be taken into 
account in order to compare the result 
with experiments. 

The relative correction duc to the 
change of mass is 

a £40 $n rad) + 8m(C-meson)) 
. (1) 
where dm (rad) and dm (O-meson) are 
rest mass modifications of an electron by 
respective ficlds. Now, it is shown that 


2 oe, er yey 
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the C-mesonic part of correction to the 
elastic scattering cross-section is almost 
exactly cancelled by 1/o)+doo/dm-dm(C- 
meson). Thus, subtracting (1) from 
(da/a,) C-meson of the previous letter, 
we get a result which is nearly the same 
the one obtained considering radiation 
field alone and subtracting the infinite 
mass correction. ‘Therefore, we can con- 
clude that the C-meson field has hardly 
any detectable effect on the correction 
for the scattering cross-section, contrary 
to the conclusion formerly stated. The 
detailed calculation will be published in 
a later issue. 


(1) S. Endo, T. Kinoshita and Z. Koba, Prog. 
Theor. Phys. 3 (1948), 32: 


Interprefation of Bursts in 
Thin-Walled Chambers. 


Y. Fujimoto and Y. Yamaguchi. 
Physical Institute, Tokyo 
University. 


Mar. 28, 1949. 


Recently Carmichael“ has published 
his experimental data on cosmic-ray bursts, 
and clarified the-nature of bursts in un- 
shielded ionization chambers. According 
to his conclusion. bursts with smaller size 
are mainly due to stars, and bursts with 
larger size are due to air showers. Al- 
flothy this conclusion may be valid in 
most, it seems to be better to improve 
his treatments of smaller bursts in the 
following points. 

1) He interpreted that most of small 
bursts are caused by single a-particles, 
which are produced in stars from wall. 
This interpretation is based on the as- 
sumption, that the shape of the energy 


spectrum of such single a-particles is 
equal to that of single protons, which 
was theoretically derived by Bagge. As 
is well known, Bagge’s proton spectrum 
is composed. of two parts, i.e. low energy 
part of evaporated protons and high 
energy part of directly ejected protons. 
From experiments of photographic pla- 
tes, it is no doubt that 1/3~1/4 of star 
particles are a-particles. These a-particles 
are perhaps evaporated from excited 
nuclei, and not directly ejected. So, the 
energy spectrum of a-particles will ‘be 
cut down at 20~30 Mev. which is of 
the order of the temperature of excited 
nuclei, and will essentially differ from 
the proton spectrum at higher energies. 
From ‘this point of view, we cannot ac- 
cept his opinion that single a-particles 
are main agents of small bursts. 

2) In his large ionization chamber, 
gas pressure is rather low, and a single 
proton loses at most 10~12 Mev. in gas 
by ionization. From considerations of 1), 
we think a group of several protons is 
the main agent of a burst. Of course, 
evaporated -particles also contribute, but 
they will play a little role because of their 
rather small energy and short range. To 
fit the experimental data, Gracie es- 
timated ; 

Single Paes intensity from wall 

~1.77-10-? per em*, day. (1) 
Considering the mean proton energy as 
15~20 Mev. estimated intensity (1) may 
be consistent with the star frequency in 
emulsion. 

3) In his small ionization chamber, 
gas pressure is so high that most of 
bursts will be caused by stars in gas ra- 
ther than in wall against his opinion, 
He estimated from his experiment ; 
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Single proton intensity from wall 
~0.67 per em?, day. (2) 
This should be interpreted as the fre- 
quency of small stars produced in gas 
and wall. Simple calculations show that 
this is also consistent with the photogra- 
phic data. 

4) Carmichael considered that a burst 
with size 50~200 Mev. in his small 
chamber was caused mainly by a single 
a-particle. As we mentioned in 1), we 
can hardly understand that such a high 
energy a-particle is ejected from a nuc- 


leus. It may be suspected to be contri- 


buted by a double star.©’ If a high energy 
nucleon enters into the chamber, it will 
sometimes produce two or more stars in 
gas and wall and make a very large 
burst. This interpretation gives the cor- 
rect frequency of large fragmentation 
bursts in the order of magnitude. 

We wish to thank Mr. Hayakawa for 
his kind interests taken in this work. 
(1) H. Carmichael, Phys. Rev. 74 (1948), 1667. 
(2) E.-Bagge, Ann. d. Phys. 8? (1941), 512. 
(3) D. H. Perkins. Nature 169 (1947), 229. 


(4) B. Rossi, Rev. Mod. Phys. 20 (1948), 537. 
(5) This was suggested by Mr. Hayakawa. 


Errata: (Volume 3, 1948) 


On theyA-Spectray ofthe Cat. Fnyay terete « « vlelvie S. Got6é, E. Kanai and M. Kobayasi 
Exp. ——,_ Theor. 
p- 449 a -— Theor. ro --— Fermi in Fig. I, II. 
. Fermi, seee Exp. 
Possible) Types) of Nonlozalizable Fields... 0... 0scesccesscscceecsssercs H. Yukawa 
p- 453 L. (left) 23, for exp (i4yx#/A), read exp (*kyX#/A), 


for exp (—ikyx#/d), read exp (—tkyX#/A) 
in equation (11). 

I.. (lef.) 31, for (11), read (12), 

L. (right) 9, for (10), read, (11). 

L. (” ) 13, for (14), read (15), 

L. ( ” ) 41, for in press, read 1864, 

I. (” ) bottom, for 435, read 450. 
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On the Energy Level Shifts of Atoms due to the Interaction 
between the Electron and the Electromagnetic Field.* 


Osamu Hara and Takasi TOKANO. 


Institute of Theoretical Physics, 
Nagoya University. 


(Received Aug. 11, 1948) 


§1. Introduction. 


It was ascertained, by the experiment of Lamb and Retherford,™ that 
the 2S4 and 2P3 levels of hydrogen, which are necessarily expected, from 
Dirac’s theory, to coincide, are actually. separated by about 1000 Jf cycles ; 
and it has ever since been attempted by Bethe® and many other authors 
to interprete this as being due to the’ interaction between the electron and 
the electromagnetic field. Bethe’s attack leaves a questionable point in that 
he calculated non-relativistically, limiting the energy of the photons con- 
cerned below mc? (a: the electron mass) under the anticipation that a 
relativistic caleulation would reveal that processes involving photons above 
me did not count in the final result. Dyson’s caleulation® uses the Pauli- 
Weisskopf electron and is consequently not in conformity with fact. We 
have, therefore, attempted a relativistic calculation with the Dirac electron. 

The level shift is to be obtained by subtracting the term correspond- 
ing to the additional-mass from the electromagnetic self-energy of a bound 
electron, .but; contrary to Bethe’s expectation, the remainder after separat- 
ing the mass-term by means of a canonical transformation diverges logari- 
Pesnicatty even when a relativistic calculation is made, and the subtraction 
done positron-theoretically. 

But it can be shown that this diverging term is proportional to the 
external potential and is ignored if we renormalize the electronic charge 
in a suitable way. Therefore process involving a photon of energy € > mc" 
bears no effect on level shift, which explains why Bethe’s calculation had 
succeeded. Thus the observable level. shift becomes finite and on carrying 


* This is one of the series of the theory of the interaction of elementary particles which 
are worked by the Elemeutary Particle Theory Group of the Nagoya University. 


104 O. Hara and T. Toxano 


out the calculation neglecting recoil and retardation in the intermediate 
state a result identically coinciding with that of Bethe’is obtained. 


§2. The Fundamental Equation and 
the Canonical Transformation. 


In order to perform calculations positron-theoretically, we describe the 
electron system* in terms of quantized field variables, introduce the electro- 
magnetic fields, and start from. the following Schrédinger equation : 


> ee 2 0h (ae) dar) b*(a0!)b(a0! 
(7 ut Het (o if Ydee el pra dute + . (? ane a | at \faedac! 


oe ee eo 
+23 )p=0 (2-1) 


zZ 
where 
Hy =| 9 (cap+ Pu) dx p=me 


ae =e |e +H?) dx (2.2) 


and ¢, A are the field variables of the electron- and electromagnetic fields 
respectively, a@ Dirac’s matrix, and V’ the external potential (Coulomb field 
of the nucleus). The energy of interaction between a bound electron and 
a radiation field consists of two parts, one observed as the additional mass 
of the electron, and the other as the level shift. In order to make this 
identification clear, it is convenient to separate the interaction Hamiltonian 
beforehand, by means of a suitable canonical transformation**, into two parts 
corresponding respectively to these. For this purpose, we first define a 
unitary operator UV as follows: 


a = = 7¢ ~ ~ Z oe as 
ae ae 0 f een n tage * hdaedt <. : 
Uae eet tat | |S orad edoe tg (Aart Haye (2-3) 


where 


SS SS 8 
* We treat, the electron system as a many-body. problem from the outset, using the method 
of Iwanenko and Sokoloy.() 


** This canonical transformation was first proposed by S. Tomonaga. (Lecture at the sym- 
posium on the theory of elementary particles. Noy. 1947.) 
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= Qe= I ee 

b=eu Hye | beck fut 

sa is : _i— 

Aan Ae (2-4) 


Transforming (2-1) with.this UV as transformation function, we obtain, to 
the approximations of ¢°, the folléwing equation 


2 


Se = Tonk 5a se . es 4 aie pen 
[Hut Herd +5210| pad gde|—A[ A= sp) 


Ve oh* (ac oh ac )ob* (ac") hae! ; 7 
e _ |e dada! — ai é=0 (2-5) 
with 

g=Ug 
and 


pee ane 7 
pe pag at tant iE 
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~ ~~ z mir are 
[Gradgate die % Hat Hat 


A= | Vide : (2:6) 


As may be scen from the definition (2-3) and (2-4) this U can be 
rewritten in a form which does not involve the time, and consequently the 
Hamiltonian is not altered by this transformation. 

In the expression (2-5) describing the interaction between an electron 
and a radiation field, the fourth term is closely similar in form to the self- 
energy of a free electron, and can be shown to be interpretable as the 
additional mass. Thus, the mass-term and level shift term have been 
separated by the transformation (2-3). 


§3. The Additional-mass Term Sell [p adda] 


We shall show that the interaction energy due to this term can 
actually be regarded as the additional mass. Since # and A are both 
operators not involving ¢ in the Schrédinger representation, we expand each 
of these in terms of the wave functions of its free state, thus : 


$= Si (akottko + bkp*vkp)okr (a,0=1.2) 
K-o'p 


ae * > — UP 4. lr @ 
A= Varese T+ Cine" )Cla = 1,2) (3-1) 
Up 


Vi 
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where ke, Vkp are two ground states of the electron and positron of mo- 
mentum 4A and —AK respectively, ez, the unit vector in the direction of 
polarization, and ake, aho*, Okp, Oke, Clu ¢ly* are respectively the opera- 
tors which decrease or increase by one the number of electrons, positrons 
and photons. 

Substituting this expansion and using the relation 


fd 


; ; 
\ CM AITO _ (4) =70(2) —— 


derived by Heisenberg, 7’ can be rewritten as 


a 
T= ——- VOT he Act Sy 
hit eorppliv. WA 


. | anetan (tho *ulh/a) {oe ee SN aan - 


eae ae, See eiay 
: Cink (k—k! 41) Cap (kk —1) 
hea Ok’ ot ul ays pee Ssh J cictbtah FAs EL | 
+ aha bhp (theo*alvna) ay oa" aS —K—A'+/ 
Pi, 308 Cip*8 (KW VD Cyd k—-W 1) 
Oh hits @hep O71 hes {ee E | 
DATES eer ame ee: Ai Tae 
me eta e (Gtk: *d (h— ke! a is C1 O (hk—hk’ Cyd (kK 1) 
+ bhp Oh! (Ok pt a vk of | £ ia 
pUERA UNG COREY LAr are pots hag Ce ha 
(3-3) 
with 
SKE)= VE 4 Gne/hy KR =KM) ol =(a-ety) 


Taking the diagonal elements of Siig aA dix} the self-energy 
Zh a 


due to this interaction is obtained up to the approximation of ¢’, but first 
calculating the first term in the brackets, we cet 


I" | ita Age= 2ahi{ >: Nol T a Nive Sit Uk —lo!) (tk —la!*u! uke ) 
—A(4) 4+ K-01) 4D/ 
4 3 Nhe Ni = ohea* 4! 19) (Ve—lp*o! tke) 
(=K(4)— KEV 4D 
+ ss Nie) 1 Ne lo) @hea* ol uhe—ta) (the —Lo* ul via) 
(K(A) +4 KQ—DI4¢D I 
yy Gs Niko) Viele vkp* ol vt: —Wp’) (vie —Upr*u! vk) 3.4 
(AA) —KR-D 401 See 


On the Energy Level Shifts of Atoms. 107 


' where ko, Vik are respectively the numbers of electrons and_ positrons 
in states denoted by ho, ko. 

The eigenfunction ¢” of (2:5) can be written, in the zeroth approxima- 
tion. disregarding ‘the interaction with the electromagnetic field, as 


Tyee (7 pea Pe fr 
m3 an Oke 7E yt /% : (3 -6) 
v 


where a is the Fourier coefficient ofthe expansion of the eigenfunction 
denoted by a of the Coulomb field in terms of the eigenfunction of the free 
states, 0, the wave functions of a free electron (or positron) when the 
number of the latter in a given state is: represented by a diagonal matrix, 
and have the forms 
Og = OOM p00 NM eg+ + OLM yee een eis oh (3-6) 

while £,, is the energy eigenvalue of the state considered. 

(3-4) has a non-vanishing value even for a state in which not a single 
electron nor position exists. This is the vacuum energy, and in order to 
obtain the interaction energy due to this in a given state the effect of the 
former must be subtracted. Thus, calculating the self-energy due to (3-4) 
for the case when an electron exist in the state 7, we obtain 


‘ *y! Ie — 2) (uk —lo*u! Uk) ; 
ray | (tko*u! uk —lo ! 
73) TK E—b) +I-K()) : 


lua i 
(uko*ul vke—lp) (vk —Up* otha) \ | ml 9, 
ol Sen Gy aint SON Hae soate 


lou 
Exactly the same expression results from the second term of the commutator, 
: CT 
and we finally have, as the self-energy due to jg ll Spa pda] 
wka*o! uke —lo’) (Uk —lo ko) 
Qe | ( 
OR 2 (Keb +1 Ke) 
—— (vkoXol vk —lp) oe | lag’ 


in (K(A—1) +/+ K(4)) k 


2 


(3-8) 


Each of these terms correspond exactly to the result to be obtained by the 


_customary second order perturbation in computing for the electrodynamic self- 


energy, of a free electron:and position of momentum +k. The static self- 
: : ; * oclifee) 
energy in this case can be obtained by a slight extension of Weisskuopf's 


method of calculation, and the result is as follows : 
te with momentum 


>) | a& |’ x (static self-energy of the free sta 
(3-9) 


ik (—tk)) 
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2 Lae 
From (3-8) and (3.9), the self-energy due to == z [lf p*uApde] is, includ- 


ing the static part, reduced to the form 


>3| az” [x (electromagnetic self-energy of a free electron (positron) 
i with momentum 4kh(~2k)) 


ao 
44 e anc al eS ero 
Po (mn) ]2 Paes A sree ain) Filey LE k — Ae he. 8-10 

ail ie oe a Ry)? BG vate + (3-10) 
Fach of these terms is to be regarded as the additional mass of a free 
electron or positron due to interaction with radiation, so that (8-10) is 
clearly interpretable as the radiative mass of a bound electron. 


§4. Level Shift. 


Since, as seen in the previous section, the fourth term in the Hamil- 
tonian (2-5) can be regarded as.the additional mass due to interaction with 
the ‘radiation field, the subsequent terms involving [ZA] are necessarily the 
ones that contribute to the level shift. 

These can, up to the approximation of ¢/4c, be obtained by starting 
from gy and performing perturbation calculations, of the second order for 
the term involving e linearly, and the first for that quadratic in ¢. But as 
these contain terms diverging in the infra-red region, it is convenient 
previously to rewrite them in such forms that have the diverging parts 


already casicelled. For this purpose, we introduce an operator 4 defined 
as follows: 


d=[U,(0* (cap + Bu) fda] (4-1) 


Using this we have 


(B4J=[U5[9* (cap + Ret V)gdej—A (4-2) 


Employing this 4, and calculating position-theoretically for the case when 
a single electron exists in the state 1 the respective terms become as 
follows . 
(i) The term 1i ine: ora 
a linear in ¢: = Thay 
yy LATA Laer 


Ions S77. 
». 


2) 3 = Rol 
he uy L— mt Ez 2 ls L,+£, +6; sé: ~ 
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2h lus Lt “ie ER “ts £; 


(4-3) 


here the first summation is extended to all the eigenstates:of a bound elect- 
ron in Coulomb field and the second that of the positron. Here [7% 
etc. denotes the matrix element composed of the wave function for the case 
when there exist an electron in the state 7 anda photon of momentum 4/, 
and the wave function of an electron in the state #, and has che follow- 
ing form: 


ny eee (ttyp*@'UTe —1’) On) yr) 4.4 
De= DY tthe! TCRBV) 41K) Bd Cae} 


The first term in (4-3) corresponds to the emission or absorption of one 
photon, and the second implies that pair cannot be created in a state m 
already occupied by an electron. 


° 
cn 


(ii) The term quadratic in ¢: —3 pLOLt At] 


Taking the diagonal elements of this’ matrix, those counting in the final 


result are seen to ‘be 
— 5 SVM) EA —(ealers) 45) 
2h rsby 
This, too, has a non-vanishing value for vacuum, so the energy due to it 
must be discounted and the resulting interaction energy for the same case 
as above is as follows. 
Ef xy CEL PAMS [Udi et) (Z— Fin 6) 
BEM Le Ley, +e 
, ? rf ]lp wee ple (je fe 
+ ee (I het ALY —[ AED sm) Ee a (4-6) 


rh 


ge Ext Ey tes 
If (4-3) and (4-6) are added, the terms involving [/°,A]-I’ which are 


‘responsible for the. infra-red catastrophe, just cancel each other out, and the 


following result is obtained for the level shift, 


2 Des (E,— Eg) +2 i — Pai N= ite oa) En Fen 8) 
3 mr ‘2 m™ neste e 


fh re i E daakel 
2 De TIM (Biz Ey) + 2A A CL din — Ants dom) (Z, + Em — £0) 
le SEE ee 
Qh tn Lt £m + &: 


= (4-7) 
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Applying the expansion (3-1) to 4, an expression similar to that. for. I” 
given in (3-3) is obtained. As these are comparatively simple operators, 
(4-7) readily be calculated. The calculation is conviniently carricd out if 
we treat the two cases e > mec* and ¢ < mec separatcly. 

ti) ihe case 6 Sc 

Using Casimir’s annihilation operator and Born approximation in the in- 
termediate state, (4-7) is calculated as follows. 

First summation 


area —# cos’ 6+4l cos 64+ K(k) K(k—L) cs 
24 EE, +6, K(k) RKO) (K(k) —K(K -b) 12 


(Ac) x {(K,— Kgl =(K e+) — K(2))? 


(KR —1)— Kh) Kha aE 


Re sourge (py Ke fic a 
ad See (m) |2 m. as 
ona 10K TX \ yp lone ae | fpr inse aD 


(@ is the angle between & and U, K,,=E£,,/hc) 
In the same manner the second summation is calculated to be 


oO 


hie r al , 
Dre i an | (4-8 ) 
Therefore 
I Vig er a 
Level Shift =— J <—-Van| (4.9) 


Here Vm iS the potential energy in the state #2. 

Thus contrary to Bethe’s prediction, the level shift cannot obtain a 
finite value even if the calculations are performed in accordance with the 
positron theory. But as is seen from (4-8’), this diverging term is propor- 
tional to J” and we can resort to the method of charge renormalization to 
cope with it, that is, the contribution of the processes involving photons 
with energy larger than mc’ to the energy level is to muliply a constant 
V0 . Bes , . = . \ (vel » = yy] : 
factor to the whole energy level scheme thus bearing no effect on the level 
shift considered here. Therefore in the calculation of the level shift, we 

. . 9 . ; : 
can limit ¢< mc* and correspoadingly confine the energy of the electrons 
to be taken in the intermediate states below mc’. This js thought to be 
the reason why Bethe's calculation had succeeded. 
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(ii) The case e< mec’. 

Under the restriction noted above, the terms other than the first become 
all small and (4-7) is reduced to the form 

ec Dwrtom Li. Le, 
L. Sites ye eee La) (4-10) 

rh Lf — f+, 
Making. the Pauli approximation here for the electron by taking ca=v and 
neglecting the retardation and recoil, we integrate (4-10) for the directions 
of the virtual photon, whereupon it becomes 


ee ae ae ae | 
ae ed a ae (4-11) 


0 
This is none other than the expression used by Bethe as his startingpoint, 
obtained by subtracting the self-energy of a free electron from that of the 
bound. From here on therefore, his results can be used, and for the S-level 
of the hydrogenlike atoms we have the following result : 


UR 7 a eee, ue” 
ae ( ) R,— log ————-———_ “12 
Sec ges er * (E,.— Lim) ay i te) 


which agrees well with experiment.* 


§ 5. Conclusion. 

In the final analysis, if a renormalization of the charge is performed, 
and relativistic calculations made, it is seen that processes involving photons 
of energy above mc? do not count in the level shift, just as Bethe predicts. 
Current quantum theory thus does give, in this problem, a result agreeing 
well with cxperiment. 

However, as made evident in §4, the self-energy of a bound electron 
possesses, besides a divergence of the mass type, a term proportional to 
the binding energy due to the polarization of vacuum, and which diverges 
logarithmically. Though these divergences can, at least tentative be 
eliminated by appropriate renormalizations of the electronic mass and charge, 
this seems far from being an essential solution. 


* Levek shifts due to other causes, such as the polarization of vacuum due-to the external 
potential J”, hyperfine structure, etc., are all small compared to this, so we ignore them. The 
polarization of vacuuin in this sense also involves a logarithmically diverging term and necessitate 
the renormalization of the potential which is of different kind than that considered in this sec- 


tion. 
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The former. can be made to converge, as in the case of a free elect- 
ron, by introducing the C-meson and setting the condition f°=2e’*, but this 
procedure is of no avail against the latter, and it seems that a fundamental 
revision of current quantum electrodynamics, apart from the introduction of 
the C-meson, is required in order to find an essential solution against this 
divergence problem. 

In conclusion we wish to express our sincere gratitude to Prof. Sakata 
and Dr. Tanikawa who continually guided us throughout this work. 
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§4. Compton Scattering. 


In order to see whether the existence of Fermi particles and scalar or 
pseudoscalar mesons with a relative abundance of 1:2 is effective also 
against divergences due to vacuum polarizations appearing in problems in- 
volving collision processes, we took as a first simple example, the Compton 
scattering, and made the fourth order perturbation calculations of it. The 
transition probability zw for Compton scattering in fourth order perturbation 
is 


w= | EH, +e'TL, F py 


where py is the number of final states per cnergy interval diy, and 7h, 
e'H, are the contributions of the second and fourth order perturbations re- 
spectively. Hereunder we shall treat only the diverging term in "2%, We 
first calculate for the case in which only the photon-electron interaction is 
considered. 

The processes contributing to the fourth order perturbation of Compton 
scattering are: (a) those which can be divided into classes corresponding 


(Remark) ‘The unbroken linc in the middle denotes the state 
free from charged particles, the lines above ,and below it respec- 


Vee VRE VAI tively states with negatively and positively charged particles ; 
PO See operant rake aay the processes occur in sequence from the left to the right, each 

ci ending at the head of the arrow. Further, charged (pseudo-) 
ae EES eG scalar particles are involyéd only in processes shown in brokei’ 


Vac. LIDIA ATL LIL LA lines in Fig. 4. ( 


sjon and absorption of a photon. 


) and (......)‘respectively denote the emis- 


Fig. 2 One of the four processes of second order Compton scattering. 
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to the four processes in second order perturbation ; and (b) those which 
find no counterpart in second order perturbation. As an example of the 
former type, we study the divergence corresponding to the following pro- 


cessa (Higs 2); 


ek -_-- ae 
Rees ae > 
ee ! 

Pos pe ae WTP Ld (PTE. 


vacuum 7 


(i) fay um 


Fig. 8 The seven representative processes (al) of Compton scattering. The unbroken 
lines denote those corresponding to proce.ses of the second order perturbation 
(Fig. 2), while the double lines those due to the Coulomb force. 


t, ly, 
Po Pott, Pot l,—lr (1) 


where @, 2, Up are the momenta of photon in the initial, virtual, and final 
states respectively while 7%, P, Pr, are those of the electron correspondingly, 
and 7 is taken to be zero. 

The processes of this group can be subdivided into two types accord- 
ing as the divergence arises from: (i) the photon produced in the inter- 
mediate state, or (ii) the electron pair produced in the intermediate state. 
Furthermore, there are, in this calculation, processes for which the energies 
in the initial and virtual states ‘are equal, in which case the following for- 
mula must be used instead of the usual formula for e*7/,: 


GLE a) i 7 2) al Bl Gal AD 
2(£;— £y,)"(Ei— £55) 


(¢| A"| a) (| A! a) (o2| A" 25) @s| AA) 
2(Z,—£,,) (4i:—£,,)? 


(20) 


Throughout the whole work, calculations are performed positron- 
theoretically, and as in Weisskopf's calculation of self-energy, they are 
generalized by cancelling out the vacuum effect (in which vacuum particles 
causedivergences) in the following way : 


[processes involving vacuum particles] 
—[processes caused by vacuum particles in vacuum | 


For example, the process 
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(DP, t)— (Cos L, Pou Poth, —p,—t-=l,) > 
(4, Poth Poth, —pPo—'—l) aoe (Pu 9) a (1; P;) 
is forbidden by Pauli’s principle, so that it does not enter into the first 
term in (21) but as a process in vacua, it is merely the ordinary electron- 
pair creation, and must therefore be included in the second teri of (21). 

(al) Processes of this type can again be divided into those the carses 
of whose divergences line in the differences from vacuum caused by the 
creation of the photon .in the intermediate state due respectively to the 
existence of the electron, Pu Pott, or Pot Uu—ly=py, in the above process 
1. We give here seven processes among those corresponding to 9,, though 
st must be remarked that the last two, (vi) and (vii) each imply four other 
processes of the same type besides those explicitly written ; 

(Gi) (20) > th) = Py) > Gb Di—D > Gr Py) 

(ii) (Uy Dp.) > +m) > U Py) 2 Gb Dy Dy —l) >(4 p,) 

(ii) (Up) > tr) > (G Py) = Gs Pd) 

Here the arrow in bold type indicates a transition due to Coulomb force. 
(ii) results from the difference from vacuum due to Pauli’s principle, and is 
included in the second term in (1). 

These processes are those whose parts contributing to the divergence 
correspond to the self-energy of the electron, and if we obtain the difference 
from vacuum in accordance with (2L), the contribution of the second term 
in (20) becomes finite, while the first term becomes, using the interaction 
H’, for instance in the case of (i), as follow: 

we (Co. Do | HZ’ [ U-+ Po) lo + Po! HI’ | 1; Py) 

2(fo+ f— Ly)” 
(py | Sel eg Bout | P;) (p,=9) 

Likewise for the other two, and the final -result is that the divergence 


is of the same type as the caused by the presence of a tern 
Dele Ob ag 2: 
_ h* Bud 22 
Mh= xf re Bus (22) 


within the Hamiltonian function. 
(iv) (4) 20) > (1+ po.) > L+Q—D) > (yb p,—Y) > (Uy). 
(v) (h, Pv) Fe (t, +p) 37 (4, )+Po, Poth, —p,—l—l) 
> (61, Py Pott —p—l—l) = (Y, YP;) 
(v): appears because of the difference from vacuum due to Pauli’s prin- 


ciple, and is included in the second term in (21). 
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(vi) (Uy 0) > (LoD) > Us Prtl, —Do-H+6, p;-l) 
= (Int py-D > Uy By) 
(vit) Uy 0) > LoD) > Ly Doth, —D—-H+h BY > | Py) 
Processes falling under these types are characterized by an interchange 
of positive energy electrons. The process (iv), as seen below, diverges in 
itself, 
(1,;0| Abb) (Ue| A G—-DG—U A’ | b—-l-Yyh—l—- | | Py) 
U,, O| A’ |e és FT! Ag. A! Aj" a } 
Sea ate camara Ta ere ree 
Where 7, is the wave function of the electron of momentum P, and is 
Casimir’s operator selecting positive states out from 7,. Reducing the ex- 
pression in brackets’into a’single operator ‘and integrating, the diverging 
term becomes as follows: 


& tidl. 
(2, 0172-75 eo)| | 7 24 | Dy) 
Margi NTE oF 


Thus, the processes of the types (iv), (v) and (vii) processes: of the 
produce various divergences in themselves, but they concel each other on 
being added, giving a finite result. Also, it is easy to see that.in type (vi), 
the contributions from the two mutually perpendicular -directions of polari- 
zation of the photon in the intermediate state cancel each other and pro- 
duce no divergence. 

a2) Processes of this type can be divided into those whose differences 
from vacuum lie in the existence of the photon % or JU, respectively. in 
process (ii) in second order perturbation. Hcereunder we give only those 


corresponding to ¢; (Fig. 4), However, type (v) embraces other of similar 
nature, 


G) (CD) > +20) > C;, Py) > (Dp D+ Vy, —D) > (G, P;) 
(ii) (by Po) > (Lp +2) > (YD) > ln Uy Py, P-l;,, —p) > (P+) 
These are processes in which the self-energy arises in a manner cor- 
responding to the origin of the self-energy of a photon, and when (20) is 
applied after adding these two contributions they can be combined into the 
following expression : 
Gp lT b+) (o+p) A" Ly Pi) cy Oe 
20+ 4—Ly) “ 
pil Z| , +) (Co +o | 77’ | U, Dr) 
2 +4—Ly) 


Sq |ede|7) 
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«| (GLb, b, P-GP) Un ly, P—L—PI|A\b) 
(—14,—£,—£p-t) 
Go lt pth, =p) prt, a. (23) 
(4;-4,—fp+ty) 
The first term here is a divergence identical with that caused by the pre- 
sence of a term 


ae 


Td o ' . 
I=, =| pdp A | (24) 


4 


with the Hamiltonian function: 
(ii) yD.) > G+) > UY G+, P—h,—P) 
) > Unt, Pp P-L, —P) > Py) 
(iv) (0, Po) > (0, U,, Po P—l, —p)—> G L+p, p—l,, —P) 
ag (U,, L,, Pp p—, —p) ze (l; P;) 
From process (iii) . 
(Uj pl Ho + D+ DI Lys lot Pun p-ly Plot PIA" Un PMUp Uy Py WA ty) 


(A+ p— Ey ht p— fn — 1 —£,— Ep) (—4,— 4 — 4-1) 


~ Ch Pi H’ IZ, + plo +p FT’ C;, DNUp 1a Ie; L,, i Diss ly, —pyt, Uj, p— l,, —p F'\U,) 
(+ p— Ly) (—45—- 4 — Ep 


(lo, PAA lo + Plo + DIA ly, PNG, Hy ty p—ly, ~My ly Pop —DEL) 
(—1,— £,—Fp-yy 
(25) 


The third term of this expression differs only in sign from the diverg- 
ing term of process (iv), so. that when these two contributions are added, 
only the first term of (25) remains, which, added to the second term of 


(23), gives 


Oy Po| A b+) +P 7'|4, Py) Ke [A |p+l, —p\(ptl, —PRA Wy) 
2(1,—L,— Ep+yy 


GA bn tn pol, —P) Up tn PIU, = PI yh] (26) 


Substituting (2) for //’, the expression in the brackets becomes o/3t\dp/p 
and (26) reduces to 

: GT ee 

(Uy, Dy | [2 +2) (Oo+Pdl — 3 oe | 2; py) 


_ 27 
ly + L how Uy ( ) 


This expression also arises from another similar process, and can be 


identified with the divergence due to the presence of a term 
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Hiya — 5 \ Lyrae (28) 


in the Hamiltonian function. 
(v) (by a) > (Lo, Fy; Po, D-- Uys —p) > (b, 4, —Y, Po) 
— (¢;, —t,, 1+ po) cae (C;, Ps) 

This is characterized by-the appearance of —l, or —Gy in the inter- 
mediate state, but when the many terms of this type are added after sui- 
table transformations, divergences of the orders of {dp and (dp/p cancel 
one another out irrespective of the explicit form of the Hamiltonian, and 
here again the divergence produced by (24), namely that corresponding to 
the sort caused by the operator cy, c_z in A’ is the only one to remains. 

b) Representative among the processes finding no counterpart in second 
order perturbation is, for ecample, something like the follwing 


(1,70) > (Gy U,—ly, Dy) > (h, pt+l,—b, —p, —Pp;) 
— (pth, —p, Pj) > G Py) 

This process is characterized by the presence of a photon of momentum 
U,—l, or &—d, in the intermediate state, and though each term of it 
diverges separately, their contributicns when added after performing ‘calcula- 
tion introducing the explicit form of H’, are found to cancel one another 
and give rise to no divergence. 

We thus arrive at. the conclusion that the diverging term appearing 
when only the photon-electron interaction is considered is equivalent to 
that. deducible from an interaction of the following form*: 


igs. ran Bee osetves, amide 


—fa| Pyrasg (29) 


Nextly, if the existence of a C-meson is considered this particle plays 
the role of appearing instead of the photon @ in the intermediate state in 
processes of type (al). Among those, the processes (i), (ii), (iii) give rise, 


throgh interaction (14), to a divergence identical with that ascribable to a 
term, 


2 . 2 oe ” 9 
B= SF paup fade (22) 


* Koba and Takada“) have also calculated the Compton scattering by fourth order pertur- 

bation, and obtained the same result as (29). They used the method of self-consistent 
subtraction, making the 2nd and 3rd terms conyerge by the renormalization of mass and 
charge respectively, while the 1st term was still being investigated. We wish to ‘thank 
them for their many useful’ advices given us during our calculations. 
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corresponding to (22), in the Hamiltonian. 

Further, the divergences of types (iv), (vii) cancel cach other and be- 
come finite, so that the only divergence due to a C-meson is that of (22’). 
This (22’) exactly cancels (22) so we see that in this case too, the C-meson 
performs the function of making the electronic mass term converge, 

Further, if two charged scalar or pseudoscalar fields are also introduc- 
ed, these give rise to the pair creation of the corresponding particles instead 
of electrons in the above processes a2) and b); and from types (i) to (iv) 
of the former, calculations on exactly similar lines with (25), (26), (27) 
using interaction (5), lead to the following, divergences, 


eto [dpa (24") 
i= ——\ BP yraay) (28) 


The divergence involved by process (v) of a2) becomes, as before, 
‘only that due to (24’), while the processes of b) cause no divergence. 

The divergence of (24’) cancels that of (24), while those of (28) and 
(28’) are equal, so that when the whole system 


[electromagnetic field+ C-meson field] 
+[electron+2 scalar (or pseudoscalar) mesons | 


is taken into account, the resultant divergence is 


i| “Pyraae (30) 


OF 


Further, we should also consider the existence of a proton, or, more 
generally » Fermi particles and 2 n (pseudo) scalar mesons corresponding 
to them, in which case the divergence becomes, instead of (30), 


ne? (ee (aA) fh (31) 


Myo Ae 


This is characterized by the fact that it is proportional to ¢, so we tenta- 
tively rewrite interaction (2) as follows : 


grradg— FEL Pyr(ad)yt ne" ge(ad)y 


Qi 2; 


=(1- 


ys (2 
= iniftadg+ of Dyas (32) 


3 g 
Jegrad +o | Oya dd 


4 
ne 
on 


Qa 


“where ¢, denotes the observable charge, Thus it is possible to cancel the 
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divergence of (31) by the second term appearing in (32) through perform- 
ing the charge renormalization implied in it, regarding the actually observ- 
ed charge as aiready including (3.1L). 

This is the method of self-consistent subtraction already proposed by 
Tomonaga and Koba, and Lewis, and it is being used also against the 
divergence of (22), in which case it is adapted to a renormalization of mass 
to take the place of introducing the C-meson in order to remedy the dif- 
ficulty. However, the concept of mass renormalization presents, as indicat- 
ed by Pais, certain difficulties against the particle aspect of the electron, 
while the expression in (24), too, has the drawback that it necessitates a 
radical change of the Maxwell field. On our part, we are looking forward 
to a more substantial means of coping with the expression (31), but have 
tentatively used the method of charge renormalization, as it does not seem 
to present any particular difficulty just now. 

Incidentally, we would remark that the divergence which had appear- 
ed on using the damping theory of Heitler and Wilson“ correspond to the 
self-energies of the initial and final states, and can be eliminated by intro- 
ducing the C-meson and a charged scalar (or pseudoscalar) meson. 

In concluding, we express our sincere gratitude to Prof. Sakata, Dr. 
Taketani and Dr. Tanikawa for their guidance throughout this work. 
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§5. Appoximate Treatment for the Electron 
with Non-Relativistic Velocity.* 


We now enter into the second stage of the non-relativistic approxima- 
tion assuming that ~,/W pi+x <1, fo/W p42 <1. We thus expand 
the integrands in (V’) in power series of ~,/~ gj+x° and fof V P+ 


and retain terms up to the second order. We put namely 


Pe=a ida, P{P=¢ +426 (16) 
with 
a&=K2+PZ, a=(kp.), b=(kp,) (16") 
and expand various pian tics in wes of ca and ae) for instance 
in ae 
pecans eee one | Soe 
K,+ PJ F Pas EY P,) tee amt 


thereby noticing that in this approximation we may put 
\ps|=|p21=2 (16"") 

because the difference between |p,| and |g,| occurs only in the higher 
approximation. Now, if we carry out the integration over d|K| in (V) 
‘with (V’), we find immediately that the integral of (A), (B), (C), (E) 
and (F) diverge logarithmically on the ultra-violet side, and the integrals 
of (A), (D), (E) and (F) on the infra-red side. So we first avoid the 
divergency assuming an upper limit 


has GV PER +x (17) 


and a lower limit 


Prev P+e (iin) 


for the integration over d|A|. Putting 


* 22 1, 2, 3 and 4 of this appeared in Prog. Theor. Phys. 4 (1949), 47. 
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C=. = — (eP») ae a ~suaeas b —_— (epi) _ 
[ki] V pte aie [R[V pee Vv poe (18) 
(G\ ie = =n G; 7) 
‘we find, after the integration over 7 |/| 
(A) deter) In (G+ Vv G cer) = + + \ 


+ (oP ta's +5°)| $7) PPP, 22V PE OWN / VY poe 


WE ae ied Fr, i. 
lin Boer ee Lag Sa et: 5 F a. sing 
(P, +e) (Poe) sin 9 6 (a?+ad'b' +6 )3 


iy, (P+ Pe) 0— (PtP) et 20, Feat / Vp x 

‘ {14+ S—-(a’ +0’) +a’ +a'' +o" | 
f(a) Atel =H in,(Pt Py bY Fae HHO al 0) /V Pape 

49(—16p-e—jy— 7c ein (44+V G41 )—1 
+ 5 (a? fall’ +") } a (VI’) 
Fa HP ppelagenen » a pita BE aR 
{© i Bel 30 (G+ ae es ee: 

—a —b' +a"? +a'b' +0" 


i doth oe (lia Dewees CO Te: 
(1D) Ale |=x0, ame rl a a + livR : 
Vo Grae e) 3 ee 


on 
\@ d\Ie| las frra {+ Reahncepaese ren yo pel 


cer xa’ 9. » (Inde. Kg? e ib. sti. 
ee Rays gee eee Ok ee Lgere | 
14) ABE x2 +2 | PF +a “m 5 eae: | 


jay alk\= 3 nr: Pie {+t incot re 


man a el oe es IV Pe ne y 
w/e x 4 lite. SGP. 2) same etl VV Pee: / 


Collecting together the terms diverging on the ultra-violet side we have 


G . a ee ( 3 5 
tInjG+t+vVG@at} es ey 02007 6 Qi eey 


(ryt 287) — = ie 7} (19) 
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which, integrated over the direction of e, gives 

220 In (G+VG+1)(1—27,4+7) =0 for vix4 

22m In (G4+V G41 )(—3714444+ 471-6747, =0 for v=4 a, oe 
This fact shows that, although separately the terms (A), G2, os, CD 
and (F) diverge, the energy density (A)+(B) +...... +(F) as a whole 


converges on the ultra-violet side. Collecting together the terms diverging 
on the infra-red side we obtain, on the other hand. 


~ 2 P) 2 
_ 7 In 2e- { aoe ai F (20) 
It is to be noticed that the expression (20) has the same form with the 
expression for the difference between the self-fields of an electron with the 
momentum 9; and pp, respectively ; the expression found by Bloch and 
Nordsieck® as well as by Pauli and Fierz® in the non-relativistic approxi- 


mation. This term diverges logarithmically when we go over to the limit 
e—0. 

Although our expression for the effective interaction energy contains 
thus a divergency on the infra-red side, this makes no difficulty. In ap- 
plying our result to the scattering problem, for instance, this divergency 
can be eliminated if one takes into account the scattering process with the 
emission of a photon. In the calculation of the energy-level shift it is 
eliminated by the contribution from the second order effect caused by the 
term (III) “because the latter effect has the same divergency with the 
opposite sign. This situation will be discussed in the next section. 

Now the integration of (VI’) over the direction of @ and the further 
use of the relation (14) gives 


gees e h oy ios 2 ae i7 ets, In De. (i= P:)" 
~~ gat ral A Od 3 pre 
(Pi +2 »)y “ly for v > 4 
ee ee Le oe ae 
arty | 


B10 79, |G {= L 53 (pity) , Gp:) | 
— gates Ne Ta Poe 36 +2) 
ee oy (Ds) ee (5 1 _ Pit Dip) +P) Vee, fouiveed 
3 Pre Te Lex 3) 
(21) 


which are correct up to the order of pif (P+) and ps/ (p+) Returning 
back from the momentum representation to the FepresCHEAHON in the 
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coordinate space using the relations 


\ ta 2 he joey vrs exp {f(r — Ps Jarl ap, aps 


= lying axe 
x 


[ater] 1.°9%n, i(P,+ Po) hr, exp {8(Di— Py) dpa: 


| 
ayt.° \ 


' “2? 
= er a rydet+ > pa: 2 | i VTi aX, fred (oe, 
oO ' ( 9A | 2 
= — 2494, STi. mse int io rot A —v Fae tue 
sy) Pas. < ea xp }2 —paidp dps 
ax \ Dpst' array ra} py EXP TAG Ly Pye DiD: 
of pi de sxe, ao oly 
== hr esa a RY wt ¥ — TZ Y - A es 
=|; Woe a =) + Pp a5 grad, ha 
and further returning to the ordinary unit system by putting &— eet . 


we can express the required effective energy density in the form 


qp2 tk 
19} =A, \thect (A)+ B)+-- +O) Prnge 


exp}? (Qi Ps) Bi pps 


z)° 


NT oH)! ¢. (VID 
nuc 
Since we have 
Ye x _{[P,-B+iolpmp ll , PPPS Ly +e 
Pps (; = aol Ee + feat, ofan 


in the Pauli approximation, we can express it also in the form 


* : 1 AWS TY 36 “ 
HY = ie | ¥eai| ( 5 a= +2 Tp.pRte |e 


exp {i(p,—p.)x\dpdp, for v=4. (VI I’) 
As was mentioned above it is necessary to take into account alse the 
processes involving the emission of a photon in order to’ eliminate the di- 
vergency on the infra-red side. For such processes the energy density UID 


was responsible. The evaluation of (III) is carried out quite easily because 
it contains no divergency. The result is found to be 


HS z=|. @X'[|H"', H° |erens= - | 4 odes 3] Tae ee Mapas 


=e _" 
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if ts = nas a 7 / 


In this way we have obtained the energy deiisitics necessary cio the 
calculation of the field reaction wpon electron. We shall now go: over to 
the application our result to some field-reaction problems, 

§5. Application. 


(a) Anomalous Magnetic Moment of an Electron. 


The last term of (VIL) expresses that the-electron interacts with the 
magnetic field ‘as if it had’ an extra magnetic moment of.the magnitude 
a a ‘ Jie i ; 
ju=— ——~) ead. 23 
27 ( he Be. C ) 


This anomaly in the magnetic moment will be a cause of the deviation of 
the hyperfine structure of line spectfa from the prediction of the ordinary 
theory. In this problem also the term+(1/6)o.04 (VII) may play a role: 
This effect will be accounted for as a reinterpretation of the nuclear’ mo. 
ment,.but its appearance is somewhat problematic as will be mentioned in 
the next section.* 

(b) Energy-Level Shift of a Hydrogen-like Atom. 

The interaction energy (VI) causes a part of the level shift of the 
bound electron as the first order. effect, which together with the second 
order effect due to the interaction energy (HI’) contributes to the total. pe 
shift. This part of the level shift can. be calculated jn the following way 

Transforming back. from the momentum representation to the represen- 
tation in the coordinate space and integrating over the space, the interac 
tion energy corresponding to the second term of (VII’) becomes 


j py We = — Ebest iL Pals) 92 Sp, exp {21 —p,)x\dxdp dp: 
TAC = : 


c ater taior.e 70 grad ¢ oy 
= Eaitl grad te 


fe 


Provided that 2{,° has a ae he symmetiy, it’ is 


rr ae 1 dle ge ol G+ DLE +1) — 5681) jhe (24) 


SOs Be ao 


Thus the energy aot to (VII’) can be expressed ‘as. 
AX? 
HS} = — V4 ore In 2e—s 2.) 


open ene Lay, (Vill) 


pA es ae 
*Sec note 2 added. at the end of this paper. 
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LE 


or, in case of 2,° =2— 
% 


ly A ZG hpi 5 ylnighny, 2 it 1 h, 
eae wl (F In 2e— Pd (ar) + a3 IV4 1)¢¢4+1)—s(s+ yi |v 
(VI) 


The part of the level shift under consideration is now calculated as the 
mean value of this energy. For the 2S,.-level the second term gives no 
contribution and the shift is given by 


LO vedas A (ee 2 ies ot tne = O5 
JE (2S 179) the «\ 3 ln 22 ae De oT an (25) 


For the 2P,,.-level, on the other hand, it is contributed from the second term 
only. It is 


Re ak eZ 1 ak ore | 
VASO Oy a en eee ee ey, ettines 26 
Fp) TH PNP Pa the 2x” D4a’ (26) 

As mentioned above the divergency In2e in (25) can be climinated 
by the second part of the level shift arising from the interaction energy 
(IIl’). Neglecting the small contribution from the second term in (IIT’) and 
neglecting the retardation too, the calculation for this part can be carried 
out in a similar manner as was done by Bethe.” It is found that only 
2S,.term undergoes the shift and the eftect diverges on the infra-red side 
in the same way as in the first part, and, if we assume the same lower 
limit e for the integration over the momentum & of the virtual photon, we 
obtain the level shift of the magnitude 

1 ay iy eas cl x 1 
AME (2S. p = hn | =F aie §5 
(2Sip) RA edi aks es de In € ar y) 
Combining the two effects the total energy-level shift for 2.S,.-term is found 
to be 


AE (2Sy2) = dE © (25,2) + dE (2S. )2) 


ers a x F255 1 oe 
= eid aps doa aE Head aa Ind+—7-} ag 29 


If we use Bethe’s value: 
x : 
In Seeger ae real AE (2S\)9) —= {0-40 Mcycles, (28) * 
the total level shift for the 2S\. term is 
4 5/6—I1n2 . 
AE(2S,)=1040 252 1040=1059 Meycles. (27/) 
For the 2/,,. term, on the other hand, (26) gives 


*See note 1 added at the end of this paper. 
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AE(2Py2)=—17 Mcycles. (26’) 
From (27) and (25’) the observable line shift is: found to be 
4E(2E pn) —4E OP, =§ I OES OER 
(221 ,) CP) =a beat Rai ey (25) 
=1076 Mcycle (297) 


(c) e-Correction to the Rutherford Formula.” 

A correction to the cross section for the elastic scattering of an elec- 
tron is caused by the first term of (VII’). The. relative correction due to 
this term is found to be 


One un yeti ste 2 x 5 5 
Ft iG Se LE ys mar (38) 


As mentioned in the preceding section, the divergency on the infra-red side 


is eliminated if we add to this. correction a. further one arising from the 
possibilitv of inelastic collisiots. The correction to the Rutherford scatter- 
ing due to this possibility was calculated by Mott who found the relative 
correction of the magnitude 


Bain ot, © (Po Ds)” (+ aise Snip VP sph Bey ot ) 30/) ©) 
nie ee : 3 ase 3 In +5 In2—1) (30’) 


Adding the contributions from both elastic and inelastic collisions, we »find 
the total correction 


90.1 + 96 in pp __ e pak tae ( 4 q ‘2p ‘ 
Gag sy: hen P DX al? Gpinn9 Pl) 


§6. Concluding Remarks. 


In concluding the paper: we shall add the following remarks. In our 
calculation we have dropped off altogether the term (f) in (IV,) + (IV2) 
which represents the effect of the vacuum polarization due to the external 
field %,°. But it is still problematic’ whether this procedure corresponds 
to the correct prescription. It is possible that only the diverging part in 
this expression is to be subtracted, thereby the separation of the diverging 
part from the converging remainder being performed by some suitable pre- 
scription. For instance, it is possible to set up a prescription in such a 
way that the converging part separated has the same form as that obtain- 
ed by Serber™ on the ordinary positron ‘theory. Then the effect of this 
converging remainder will be that which was calculated by Uehling,® who 
found the level shift of —27 Mcycle for the S-level. When we take ac- 


count of this effect, the total shift for the 2S\2-level becomes 1032 Mcycles, 
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- 
and the observable line shift becomes 1049 Mcycles.* a 
‘The second fact we must emphasize is again about the provisionary 
character of our calculation because of its imperfectness in view of the re- 
lativistic invariance. In evaluating the improper expression of the form 
co—co it is necessary to carry through the calculation in obedience to some 
definite _prescription which must be, of course, relativistic invariant and fine 
from any ambiguity arising from the pathological nature of the D-functions 
occurring in our formalism. As a matter of fact, our method of sstges 
ing the integral over dX’, first expanding the D-functicns in Fougier in- 
tegrals and then use the formula (7) of I, gives often results depending on 
the order of integration, on the choice of the integration variables, on the 
reference system in which the integrations are performed and so on. Thus, 
for instance, in the calculation of the electromagnetic mass correction des- 
cribed in I we had to evaluate the integral according to the following 
disposition : we first transform the reference: system into such one in which 
the electron is at rest and perform the integral in this system then we go 
back to the original system making usc of the relativistically invariant 
character of the formula. If one carried out here the calculation in a dif- 
ferent way, one could not obtain the correct answer. So it may possibly 
occur that also the calculation in this paper would not give the correct 
answer because the. calculation was carried out in a non-relativistic appro- 
ximation from the beginning. In fact, our result has a singular property 
that it has quite a different form for space and time component, and this 
seems to show the incorrectness of our way of calculation. As one sees 
in (21), for instance, the expression for the energy has diferent form for 
vs 4 and for »=4. The appearance of the term —(1/6)o.0A4 in (VID 
seems also to show the inadequateness of our calculation,** because this term 
requires that the electron charge must .be interpreted when it interacts with 
a magnetic field whereas no such reinterpretation is reqired when it in- 
teracts with an electric field. In the latest issue of the Physical Review we 
found that the unpublished result of Bethe and Schwinger of the same problem 
was cited by Fowler. Comparing our result (29) with theirs, we find that 
in their formula 1/2 stands in the place where 93/24 stands in ours. This 
difference will probably be due to the difference of their treatment from 
ours.* It is desirable to develop a scheme of calculation which fits better 
f \ a? 

*See the note 1 added at the end of this paper. Y 
Boer the note 2 aaaee. pi the end of this paser. 
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ioe the wks of the D-function than the imperfect scheme used by us, which 
perhaps will be done along the line suggested lately by Nambu.“ 
It will be of much interest to compare our results with those obtained 


on the cohesive force-field hypothesis. Such a calculation is undertaken by 
the group of Nagoya University. 
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Note added in proof. . Séveral papers of American authors treating the same problem appeared 
meanwhile in the Physical Review (W. M. Kroll and W. E. Lamb, Phys. 75 (1949), 388, J. 3}. 
French and V. F. Weisskopf, ibid. 1240; J. Schwinger, ibid, 651.), so we should like to add 
some remarks in order to relate our results to theirs. 

Note 1. Corresponding to our value 1049 Mcycles for the line shift mentioned in the first line 
of page 128, they obtained 1051 Mcycles. This difference is ‘due to the different. values of 


In ~~ e-—— used. If we use instead of 7.63 Bethe’s new value 7.6876 we obtain the 
<Ln Lom Dav. 
same-yalue as theirs. In fact, the analytical expression for this line shift is 


9c Wate en Ze fy TMs pg: 230 1 
AE(2S3)—AE (OPI) =— gah |!" Sh Em aw 2b 94 — 5} 
which is obtained: by adding Uehling’s result to our (29) agrees with the corresponding expres- 


sion of the cited authors. 
Note 2. ‘The problematic term was occurring also in the work of American authors, which 


could be eliminated by using Pauli’s “ regulator ”’ 
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$5. Divergence of Mass Type. 


It is sufficient to investigate the case N=1 as long as ‘we restric: 
ourselves to the first radiative corrections ; the case N=2 does not bring 
any new aspect. We denote as before the emission and the absorption of 
the virtual photon by j* and J respectively. Those connections which could 
contribute to divergence are the following : 


@) 


asd 7 Jabs Pa cee Se PBgpete fo eect ) (5-1) 

one Bag IST: ate cake Coulomb...... ) (5-2) 

(. ETP Y ae jeans lgavog hatt R ) (5-3) 

(Seah Sia Cause Ph he Coulomb.....- ) (5.4) 
(i) 

(@heos: EOF G9. at Pee... heh eee) (5-5) 

(5K, FG: ds bo le Coulomb...... ) (5-6) 

(Ste Ki DAE DCs ee Que Pe axe ) (5-7) 

eee Kegeeds BS eon, wes Coulomb...... ) (5 -8) 
dil) 

CRG: eee {erates ware Fags Boca ) (5-9) 

Come |, Pe Bind Jas i ls Salt Bs! ie" bs ) (5-10) 
(IV) 

(sci) J Ge Fi bee (eg* GF BED) (5-11) 

Cia RS BIRO TS Oe Ae: Rha! ae fore ) (5-12) 


Here k, U and g are certain elememts of the process considered (emission 
or absorption of real photons); “Coulomb” in the latter sequence means 


* 3¢1, 2, 3 and 4 appeared in Prog. Theor, Phys. 4 (1949), 60. 
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that 7*, J are. tobe replaced by “ longitudinal photons”. Other connec- 
tions do not contribute to divergence because a virtual photon or so stays 
too long and the energy-denominator includes a high power in {7}. 

In (), which would yield the worst divergence, we are to distinguish 
between two cases according as }/(Fe)—£(9) 3 44(2) —2(4) | ZO, if we denote 
by /(A’) the position of the element / in the sequence of the field titus 

(a) th) <7G@*) < 2G) <7). 

In this case (+1), (-2), (5-3) and @-4) are represented by the dia- 
grams of Fig. 8 One will at once notice that this is the very figure of 
self-energy (Fig. 2). Indeed this process is to be interpreted as the self- 
energy or the mass increase of the intermediate electron. Denoting by p 
the height of the electron-line: just after the element # in the proper time, 
and by £; the total energy of the intermediate state just before 2(7*) (in 

Fig. § 
(i)} (11) (iii) (iv) 


ee Ser 


: pe 


field time) we obtain as correction the following factor to be multiplied into 
the matrix. element of the corresponding uncorrected connection (which can 
be derived out of the above sequence by striking off J and j*) > 


4n*)* § gL tl yg TI (40 —- Fi) F (fo—4i) 
lak (i oes y K = 2) 
i «ie eee LONE YC ery 
}Lo— 5, — Ly—L-5J | (Ln — £1) J (L.—4:) 
the diverging part of which turns out 
301 { dj ) &(p) Bap) (5.14) 
aby JZ, Ly Ls 


In (5-13) and (5-14) @, means the component of « in the direction of the 
polarization unit vector of the photon j; otherwise the.same notations are 
used as in II. 

(a’) tL) <1(9*) < HS) < (). 

This case is similar to (a); only the direction of the flow of proper 
time is inverted, corresponding to the self-energy of an. intermediate posi- 
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tron (—p)*. The diverging part of the correction factor is 


( 3e° ent dj ECPM Py) o* 2 PEP» (5-15) 


(b) ¢(k), t(D) < 4(9*) < M4): 
The corresponding diagrams are given in the Fig. 2: 
The correction factor with its diverging part is found to be 


% 4) 2a" (> Ohno no (P) af b*(=p)4y. P—3 j(P) 
iz) “al (E,— E,—28,) (Lo— E,— £,— Ep-3-I em —,—2L,)j 
y13*(—p) Oph iD) lt (=p) 4-4 ey) 
Eg Ey 2) Aha ee IM conker = NAY 


fee a G eS pier (5-16) 


ye ny 
This form is what we have called the A cathe part of the mass- 
correction. 


Pigs 95 
(i) (ii) (iii) (iv) 


(b’) GI") < 1) < 4), 0. 


This case is related to (b) as (a’) is to (a). The diverging part of 
the correction factor is 
( ae a*(p) aa (5-17) 
aa J 7 / (4—4,—-26,) 
It is clear that the diverging corrections (5-14), (5-15), (5-16) and 
(5-17) are equivalent to those caused by a single perturbation term 


HE 


On il, (5-18) 
with 
bao TD (5-19) 
a) 7 


therefor é bat : : 
: e all of them can be climinated by introducing the counter-mass- 
erm. ; 


— dmiu*Bu (5-20) 
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into the interaction Hamiltonian. 

When j and j* stand in both sequences~at the (left or right) end, we 
have a ‘ renormalization correction” with factor 1/2; but inthis case also 
it is cancelled by the corresponding correction of the counter-term. 

Having disposed of (1), we now go oyer-to-the discussion. of (II), (III) 
and GV). Each connection (5-5)—(5-12) yields a matrix element that-di- 
verges logarithmically, but when we combine (5-5) and (5-7), (5-6) and 
(5-8), (5-9) and ©-10), @-11) and (5-12) respectively, the leading terms 
are cancelled out in every pair because of the opposite sign which originates 
from the one inversion (J, j*<—>7J*, J), and we are left with convergent 
correctio s. 

Summing up we can state that. the counter-self-energy term in the 
self-consistent. subtraction method 

— dmu* Bu 
is sufficient to get rid of the mass-type divergence, though it has its 
counter part. only for (I). The hypothesis of the cohesive force field,® on 
the other hand introduces also the counterparts for (ID), (ID, (IV) and for 
other converging connections, too. The difference of the both methods 
will thus be found in the finite part of the mass-type correction. 


: §6. Divergence of Polarization Type. 


First we shall treat [P, 7] corrections for the case V=1 in some detail. 
Take an arbitary connection of the original (uncorrected) process and fix 
your eyes upon its certain step, the emission of a photon #&, say. By vir- 
tue of the diagram method we can easily construct [P, 7] corrections with 
regard to this element in the following manner. O 

(a) Put an island-like connection consisting of two elements k* and 
(—k)* into any position before the original aU *) and at the same time 

Fig. 10 (i) replace the element k* on the main electron-line by 
(—k), which of course does not alter the configura- 
tion of the original diagram for the uncorrected 
connection. There are two ways of building the 

ae closed ilne according to the direction ofthe proper 
time, as will be seen from Fig. 10 (ii) and (iii). 

(b) A similar island-connection is put into such 
a. position that its left element lies béfore the original 
i) Uncorrected t(k*) but its right element after the latter (Fig. 

connection 11). When the proper time of the island-connection 
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ii) Corrected Connection No. 1 


flows counter-clockwise in t 
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Fig. 10 (iii) 
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iii) Corrected Connection No. 2 


his figure its elements are different from those 
of (a) (Fig. 11 (@). In this case it 1s the effect of induced emission of 


ke that makes the distinction from the pure vacuum. 


Fig. 11 
i 
| 
| 
he oN jp (=n)* & 
| 
| 
I 
| 
= V—* 
! 
I 
| 
energy of a photon. i) 


It is also possible that 
in some cases the emission 
and reabsorption of the vir- 
tual photon is replaced by 
Coulomb But 
such a process does not 
contribute 


interaction. 


at ,all since) its 
matrix element vanishes. 
In the above mentioned 


(c) A similar island- 
like connection is put 
into a position entirely 
after the original ¢(A*). 
Two cases are possible 
as before, 
with induced emission 
of the 

(Fig. 
These processes 


beginning 


or absorption 
emitted photon 
12). 
are identical with those 


cinsidered in the cal- 


culation of the self- 
Fig. 12 
ii) 
| 
| 
| 
4: 
| 
j 
i 
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i 
island-like figures, the vertical distance of the two horizontal segments are 
fixed, to be sure, but the figure as a whole canbe removed in a vertical 
direction into any position since 9° is arbitrary; and so the total effect is 
obtained by integrating with respect to 2. 

The configurations of the [?, /] corrections having been thus clarified, 
the next task is to decide where to put these two elements of the island- 
connection into the sequence in ficld time. The worst. divergence will ap- 
pear when we put the two elements close together in the sequence. Then 
the virtual pair stays during only one intermediate state, and the energy: 
denominator of the transition matrix element contains || linearly and the 
integration with respect to 2 yields a quadratic divergence or, if we ex- 
pand the integrand into the descending powers of |2°|"', quadratic, linear 
and logarithmic divergence successively. These we may denote by [S], 
§S¢ and (S) respectively, when the island-connection is situated between 
the (S—1)-th and the S-th elements of the uncorrected field-time-sequence, 
that is to say, when the polarization process begins at the Sth intermediate 
state of the original connection and is immediately over at the same stage. 


So we have Q+1 quadratic divergences [0], [1]...... [Q] and Q+1 linear 
divergences {0{, { , ...fQ} and Q+1 logarithmic divergences (0), (1), 


Next we consider the cases where one element of the original process 
intervenes between those of the island-connection in the sequence in field 
time. For example, the polarization process (island-connection) starts at 
the S-th intermediate state of the original connection, but is not completed 
before the main system goes over to its (original) (S+1)-th intermediate 
state, where the pair annihilation is carred through. Such a correction 
affords a linear and a logarithmic divergsnce when the integrand is ex- 
panded into the power scrics of 17 |-', which we denote by {S, S+1{ and 
(S, S41) respectively. 

Further the case is to be considered when the polartzation process 
starts at the S-th intermediate state and finishes at the (S+2)-th. This 
will yield a logarithmic divergence, denoted by (5S, St, S42). 

When the polarizatipn process is extended over more than three 1n- 
termediate states, the integral gives only a converging correction and for 
the present purpose we may disregard all these cases. . 

“Now we shall investigate the explicit forms of these diverging correc- 


tions. 


*As is suggested also by the closed configuration, the: polarization cor- 
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rection makes up a separate “ Spur’’ in the. numerator of Ge . TiaisittOw 
matrix clement and this is common to all the connections above described. 
The only difference between them lies in the enerey-denominator to which 
the Bieee in the field time is essential. 
With reeard to the quadratic divergence, elemrentary calculation yields 
the following results. oe 7 
: A? TT, 
prs ae (SE, Lh). (Ei Ey 2h By Eo Be) 
4¢? Fly : 
LL cal rar or TENE, — Eo). (Ey En 2h Ea — En). Eg Eg) 


fT lt bk aot ' 
be CS i EN CI I RPS 7 VE OR RT SE 


|x] =— 4 = \rdr) 


e 


svdaity. sievlvereed (a0) bdto Ot. bY 
(Ban Eh, \snck lige Laan) (Eg 2d) gece) skola ea 


(o-=— (saz | 7a") 
ce 


a 


[Q|j=— (=| rdv) 


el 
(Liy— £,)... Lo— En-1) (Ao —£n) -- C= Boe) 
NE eee ee eet aD 
vo Kane Lage jaa oie (6 ) 


ITere the emission of real photon At under consideration is assumed to take 
place at the #-th step. in the uncorrected connection ; /7g in the numerator 
means the same expression as in the numerator of the uncorrected case. 
[Q] has a particular form, because it belongs to a case of so-called renor- 
malization, (When absorption, not emission, of a real photon is concerned, 
the correction [0] belongs to renormalization, while [Q] has an oridinary 


from.) Anyhow, these terms are just cancelled out if we add to the inter- 
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~J 


action Hamiltonian a new term of the form 
|r| ey dV 
e) 


because the latter implies processes, just equivalent to the above mentioned 
ones. 


There are two kinds of linear divergences as we have seen. They are 
given respectively by 


Vee “ar aon LTo ee Btn BS See eee ee ES 
or (—24) (4)— ee — QR)... (Ay Fn 24 Lg — Fn)» (Eg— gs), 


aha a St jA— (44=£,) ‘ Fg bh 
{j= a (A,— £1) Aq— 2, — 24)... (A\— E122) By — &) ... (Eg— Bos), 


fot—f lary bee ee 
i= (= : BS AEE NC TON | OI TS (LE a2 2) 4-4). (Broa) 
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“i u=Ge\a) Ej f,) oe eg ee Le 
2c Hy 1 
So, lt — = = = 2 2 - 6 
My \ 3 (oar) (Ly— £,) «= (49—£n~-1) (Z— Fn)» (Fo Baus) # > 


fe lie{aH2} =.= {Q— dj f72} 


ji c 4 dr) fg : ; 
(155 Gel ESE EEO eBay os 

and 

1 ve f De" (dr) ze, SSS pe 

Us + tals 37 7 k(Ly— Ly 2H). »(Lo—Fn- 1— 2k) (£)— Bien (Zp — fig ae 

5 >) as dar ae = : 
Ld ee (=| Nogz EME — Ly 2h). (Eo Ena — 24) Lo En)» (Eo-Bie-1)s 


- fg 
{z—2 ees otro Mi) ae (A— —fy- a £,,) .»-(Eo— 49-1) 


ae o1=(|¢)az ey ae Ee. 
Betwéen fhese terms we find the following relations : 

{0} +3 {0,1} =0 

3{0, 1} + {1} +4{1, 2}=0 


eeeee yprveeee 
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Lae n\ nnn” 2+1}=0 
14§0—1,,0\ +4 O\= 
Therefore, the linear divergences ee disappear when summed up. 
Finally we turn to the logarithmic divergences. By the origin they 


a 


can be classified into three groups as stated before. 


(i) (0)=0 
“op eta H 
= (El pa EE Ba) Eo) Ee) 
eet ne dr Hi, 
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TEA E,— Bo 2h) Ey En — 22 Eon) Br £e-1) 
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A ee ees 
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(0-2,0-1,0)=-(£{*) Zs 7 
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In summing up these terms we can make use of the following rela- 
tions. 
(0) =0 
(1) +0, 1) =0 
(2)+(1,2)+(@, 1, 2) = 


er 


(n—1) + (n—2, n—1)+(2—3, u—2, un—1) =0 
(x) +(v—-1, x) + (7-2, n—-1, 2) 


es ( 2 | es Fly 
Ber (By ie) ene es (By Ee) 
(4+ 1) 4+(a, w+1) 4+ (2-1, 4 2+1) =0 
(Q) +(Q—1, Q)+ (Q—-2, O-—1,Q) =0 


The logarithmic divergence owing to the polarization effect with respect to 
the element A&* can be in this way reduced to the correction factor 


e \ ar 

Baird 

When the process under consideration includes Q photons —the case 
tite an analogous way — we have for each 


of absorption can be treated in qu 
of them the above derived correction factor, so that the total logarithmic 


divergence can be expressed in the factor 
’O \4 


SReg) 7 


? 
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Consequently the cross section 4 is 
9 Krad @) 


corrected by an amount do; 


“Oy 


The same correction will be obtained if we vary the coupling constant 


by an amount pow (eyan)\ Carr), since gy~e. But this is just what 


we have to prove: effect of the charge renormalization. 


Fig. 13 


> 


The general case V = 2 can 
be treated along the same line. 
The only difference from the case 
N=1 consists in the polarization 
correction with regard to the 
original Coulomb — interaction. 
Here the polarization — effect 
through a virtual transverse photon 
vanishes while the same effect 
through Coulomb interaction be- 
comes effective (Fig. 13). This 


results in a logarithmic divergence, 


too, which°can be cancelled by the counter term to the modified Coulomb 


interaction. 

Now that we have fully 
discussed [P, /] corrections, we 
proceed to the investigation of 
[P, Ty's. As an example of 
the latter a correction to the 


Compton scattering: p, k— q, 
@ is illustrated in Fig. 14. (The 
uncorrected connection is given 
in Fig. 2). 

In the cases of [P, S] with 


S>>2 a corrected connection 4 


Fig. 14 
(e-* 4 oS 

| Pes i 

| 

NG 

\ 

pees EN 

| (7—/) 


no longer resembles the uncorrected one, the path of the original electron- 


line is entirely changed. From this diagram one will at once recognize 


that the island-connection represents a process of splitting up of a photon 


ke into two, € and Ere Any: connection of [?, //]: implics a process of 
this kind or its inverse. But such a transition is entirely forbidden as can 
be shown by Furry’s symmetry theorem.“ Strictly speaking the matrix 
element is not exactly zero in our case, because the presence of other 
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electrons and positrons -with certain momenta impairs the symmetry between 
virtual electron and virtual position on account of exclusion principle. At 
all events, however, this kind of correction does not diverge and can be 
neglected for our present purpose. 

As for the [P, Z//] corrections some of them have logarithmically di- 
vergent form, but when all possible connections are taken into account the 
leading terms drop off and one is left with. a finite correction. We may 
remark by the way that [P, 7/7] corrections, when separately considered, 
should not only converge but also vanish; otherwise a photon could spon- 
taneously split up into three photons. But here we shall not ‘entre into 
this problem. 

It is from the outset obvious that all further corrections [P, JV], [Z, 
8 Wap Wes Q] cannot contribute to divergence’ since the energy-denominator 
will contain. more than 4'|r’s. (d¥,.~|0| is the energy of a virtual electron, 
and one has to integrate with respect to |7)). Moreover all [P, S] correc- 
tions with even S do vanish, if ‘the presence of other electrons is not taken 
into account, because of symmetry property. 

After all we can state that the- polarization corrections for an arbitrary 
process yield quadratic and logarithmic divergence, which are just set off 
by our counter-terms prescribed in (1-1), (1-2). 

Concluding, we wish to express our heartiest thanks to Protas. 
Tomonaga and Dr. T. Miyazima for their interest takens in our’ work and | 


for their discussions and encouragement. 
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Synopsis. 


An extension and an atmost generalization of the collective electron 
theory of ferromagnetism is developed on the basis of Slater’s theory. 
From this we can get general relations between magnetism and tempera- 
ture. The relations obtained naturally depend on the form of the state 
density function. The conditions for the appearance of Langevin-function 
are also considered and the case of iron is specially discussed. 


§1, Enkonduko. 


La teorio de feromagnetismo estas konstruita el du fame konataj tipoj: 
‘tipo de Heisenberg (au de atomo-funkcio) ‘kaj tio de Slater (au de latiso- 
funkcio), tiuj Ci teorioj havas specialajn fortajojn; sed oni volas konstrul 
pli superan kaj sintezigitan teorion. Tiu ci volo montras sin multfoje de 
kelkaj studadoj.© Tamen la provadoj estas ankoratt ne sufice sukcesintaj. 

Mi pensas, ke sintezo de ambatiaj teorioj necesas la sufican ekzamenon 
de la teorioj kaj klarigoa de rilato inter ili. De tiu ci vidpunkto la rilaton 
inter la teorio de Heisenberg kaj la alojteorimaniera mi ekzamenis kaj tie 
montris la ‘unua estas esence ne malsama de la alia. 

Generaligita transformigo de teorio de Slater estas unue per Stoner 
publigita kiel la teorio de kolektivaj elektronoj. El lia teorio la potenciala 
energio de elektrono en molekulkampo de Weiss estas enkonduita kun gia 
nivela energio en Fermi-statistikon, kie la formo de energizono estas supo- 
zita kiel parabolo. Pli generalan rilaton derivis Hirone kaj Miyahara, kaj 
aplikis tion al arbitra formo de energizono precipe senlargeca zono (ati niveloj) 
de dton-kondukilo. 


ea sekvanto mi volas provi sufiéan gencraligon de Ja teorio de kolek- 
tivaj elektronoj, por ke oni obtenu. la finofaran formon de la teorio de tipo 
de Slater (at generale la teorio de latiso-funkcio). 
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§2. Generala teorio. 


' : 4 “ : ; 5; 
Per duakvantumigo la energio de tuta sistemo de elektronoj estas ge- 

nerale esprimata per la nombroj de elektronoj kaj la variantoj kanonike 
konjugaj al la nombroj. Nun ni supozas, ke la energiesprimo enhavas nur 
la nombrojn. Sekve oni povas skribi 

T=, + U (ty, tr, 0.15), (1) 

iP 

o= DEM, (2) 

a 

kie VU signifas la linian parton de energio rilate al la nombroj 7; de elek- 


tronoj de z-a sfereto de stato-spaco kaj U, estas la nelinia parto. Tiam la 
tuta nombro de elektronoj 4 estas 


N= i. (3) 
La nombro W de komplekso de disdonoj de 7,, 7, ...... elektronoj res- 
pektive al unua, dua, ...... Bie ee sferetoj estas evidente 
We IIz,/0,(3;—1), (4) 
i 
au 
log W= 31s; log s;—,; log n;— (¢;—,) log (¢:— 4) §, (5) 


a 
kie 2, signifas la nombron de permesitaj statoj de la z-a sfereto. Esprimojn 
(2) kaj (3) povas oni transskribi en integralan formon, 


Oy={E@) ea y 


Nise fa (Cy; 


kie a estas la, varianto kiu difinas sfereton. Tiuj Ci esprimoj superas kom- 
pare kun (2) kaj (3), @ar ili povas esprimi ne nur la kazon de nekontinua 
energispektro sed ankatt la kazon de kontinua. Ankorau ni transskribas 
ilin en 


T= {Eas (2) de (2), (6) 
N=|s(2)de(2), (7) 

kie f estas la okupadogrado ,/z, ati du/dz. Simile de (5) 
log W=—{}(1—log(1—/) +f log fi4e(2). (8) 


Do ni volas decidi de funkcian formon de f(¥) por ke log W farigu 
maksimumo, De esprimo (8) 
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3 log w=\ Hog (1 —f) —log f}4¢dz(#) =0 (9) 
kaj de (1), (6) kaj (7) 

on= | fae ce (10) 

au =| Bis (4) +\ poe) i (11) 
kie 0U,/0f estas funkcionala derivajo, kies konkretan formon ni donos poste. 
De (9), (10) kaj (11) kun multiplikantoj 4 kaj x de Lagrange 


{ilog( = floes phaabe es fos) = 


Pro arbitreco de funkcio df oni obtenas 
peas ~logf +1428 +H '=0 
au 
f=) ft +exp(2 +xE+ 2) : (12) 
kaj per termodinamika konsidero A= —2/4T kaj x=1/kT, kie T, & kaj ¢ 
signifas respektive la temperaturon, konstanton de Boltzmann kaj Fermi- 


energion. De tiu Ci funkcionala ekvacio oni povas decidi funkcion wp 


Do log IV farigas 


log W=|log {1 4+exp (CB aT dz (x) 
y] 


iA 
+ (L/bT) (—-tN4Uot "5 fds(x)} 


La libera energio / estas 


FeU—kP log W=CN +24 u,- |" ey (13) 
kie 
ae — #7 log (Ltexp ((-E- eT dex), 4) 
0 


Do de la rilatoj 


OF 8 Oe are a2 ” 
arom P Re a 

ni povas obteni transcendajn ekvaciojn rilate al ¢ kaj M, de kiu) oni povas 
decidi magnetismon. 


M= 
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Me . oper > 4 ving 

Por antatienpuSi Ja teorion, mi devas asigni la konkretan formon de 
funkcionalo (7, de funkcio f. Koncerne -al problemo de feromagnetismo, 
nun interesas la interSangintegralo de du elektronoj kiel C,. 

Se UV; povas esti esprimata en kvadrata formo rilate al 7, au We) Ce. 


M=\ Fe NSW dele) = (es s¥@VOree()ae), (16) 


z>y 
kaj 7(4, y) estas simetra, te. 
IC N=IM *). 


Tiam 


BU =| 7% PY DE O)S A) dz(2). 


v 


Kunkonsiderante kun (11) 
oU. ; 
i= I I) 40), 
sekve 
\¥ I (4) dz(x#) =2U, (etendita Euler’a teoremo), 
kaj 
F=CN+2-U, (17) 
§3. Proksimuma solvo. 


Car ni ne povas solvi la integralan ekvacion (12) praktike, ni ne ko- 
nas la konkretan formon de funkcio f; tial mi devas uzi konvenan proksi- 
mumon. Unue mi kalkulos U,;, kiu aperas en (13). 

En la esprimo (16) x kaj y enhavas kune spino-variantojn, sekve la 
signo de integro kunsignifas la sumon pri spino-variantoj ¢ kaj o’, Kiam 
j(“% Jy) signifas la interSangintegralon, evidente 

J(% v3 9, 0)=0 por aa’ 
TaH753 % 0) Oz 
Do, transskribante 7 en —7, (16) farigas 


T= -4 DI [ 7 DAYo ae @)E(). 
Se oni uzas mesvaloron de 7(%, 7) 
[J 1@ reas) de) = Nebo 


kie 
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j= [fie rVoleyfol eet O/[[FeYVeE@)EO) 


kaj 
Ne= He (x) d7(*). 


Do 
Ui Ne 4 pa Je (N.) 4 


o 


Kiam oni enkondukas la magnetokvaitumnombron 5 
N,=3iN+eS; kie gtl 
(ee | 
U,=—-%t St o(ZN24+ S?+0NS). 
Se oni hipotezas Ji=/-1 do 
U,=-5 GN +S?). (1s) 

Simile | 

(ie, DHE FON IO) GNA) (19) 
Kiam oni skribas Z=Z,+pH kaj Sovas konvene fa nulpunkton de energio, 
de (14) kaj (19) mi obtenas 


9 =—a1log{t+exp C— Le nj) S/AT)\ de) 
fe £T\Iog} Ly exp(@-—Hat mE eie) S/kT)\de(@)- 20) 


Se 7(%) ne dependas de + (kaj egalas al //L, kie J kaj L signifas respek- 
tive interSangintegralo. Ce atomo kaj tutan nombron de atomceloj), tiu ci 
esprimo koincidas perfekte kun Hirone kaj Miyahara antaue obtenis. Se 
oni hipotezus ankorau 

dz [dink (21) 


gi koincidas kun tio de Stoner: 
$4. ‘Temperaturo-dependado de feromagnetigo, spontanea. 


La feromagnetigo spontanea estas kalkulita. Senerale per 
oo ree 
lin W= +lim > 22 
0, H+0 OH ( ) 
kun (20). Kiel Stoner montris, sub la hipotezo (21) la temperaturo-depen- 
dado de feromagnetigo spontanea estas simila al tio de Weiss-Heisenberg. 
Tamen generale dirante, la temperaturo-dependado el (22) estas neciam 
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simila al Weiss-Heisenberg. En fakto, kiam oni supozas, ke dz/dl: estas 

nedependa de £, la temperaturo-dependado rimarkinde diferencas de la formo 

fame konata. ; 
Aliflanke el teorio de Weiss-Heisenberg temperatuio-dependado de 

spontanea magnetigo estas ésprimita de tipa Langevin-funkcio,* t.e. 

MoO 

Lo co he 

Do mi montras Ja konditon, por ke la esprimon (22) farigu Langevin- 

funkcio. Se oni skribas 

y=M/Lp, x= (E-Ey)/(E,-En) 4 = (C— Bo) /(Ex— £0), =k T/ EF) 

h=pH](E,—E,), Lye) =a (2) [dx, wH=hS/(L,—Ey), w= N/L; 


kie Z, kaj Zy estas konvenaj energioj. La tie difinita x estas nensio alia 


M=M,, tanh 


ol unu specialigo de kion mi antate uzis. Por simpligo ankorau ni enkon 


dukas u=(x—y)/z, v=wy/t, kaj 4=0, sekve de: (15). 
va \ sinh v(z)dx (23) 


cosh z+ cosh v 


kaj 


n=\ 65 hk OSE! u(x)dx. (24) 


cosh #+coshv 


(A) Kiam 7 estas nedependa de 4, t.e. g(a) en (20) nedependa dent: 


La esprimon (23) oni povas transformigi en sekvantan : 


y=tanh pol »—| go bik Chepye/sinh 7y, (4x) di | ; my K20)) 


cosh #+cosh v 


kie p estas ia konstanto. Se la integralo* de (25) estus nilo, povos ni 
skribi y=7 tanh fv, kiu perfekte koincidas tion de Weiss-Heisenberg. Sed 
generale oni ne povas clelekti tian konstanton #, ke la integrato malaperu 
en iu ajn temperaturo. 

iy) En la kazo kiam v(~) estas tre mallarga ati senlargeca, fe. gt di- 
ferencas nulon nur Cirkau +=%, kun Ja natura rilato 7,=7, oni obtenas’ 


Sanh L— »/sinh pu 
y=tanh fo| 1 — : sinh ec luenea|- 


Metu p=1/2, tiam 


y=n tanh Zu, (26) 
oy i . « “ i? . i 
*& Per “ Langevin-funkcio”” oni signifas generale L(x) =$(2/+1) tj. coth $(2/+1)4/ 7-1) 
-coth ¥x/7, sed por elektronspino jah te. L(x)=tamh x 
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kaj la Curie-punkto estas 
To=knw au T= Jn/4k 


"ec 
ii) En la kazo de duon-kondukilo, kie la energizono v(x) konsistas 
el du au pli multaj niveloj, la integro farigas nura adicio. Sed tie ci la 
: : . Sees : 
Fermienergio € ne ciam koincidas kun unu de niveloj, t.e. u(x;) *= 0, sekve 
; 7 Bet a e F Aeris 
oni ne povas skribi’ kiel (26) a y=n'tanh py kun iuj ajn konstantay 2 
kaj 2. 
Kiel la plej simola, mi konsideros duon-kondukilon kun du niveloj, nur 
unu de tiuj rilatas al magnetigo. Do de (23) 
ye sinh v 
cosh 2, -+ cosh v 
e-“'4- cosh v 
74= ————_____— |» (4) az, 


cosh m+ cosh v ) 


steam en a 
19 cosh to-+ J Ag. 


> 


\ 
je@)aa, kie 1 signifas +=, 


1 


Ge tanh pol mi c~™ —sinh(1—/) v/sinh py » (x) ax| 


cosh 2#,-++ cosh v 
1 


En supra esprimo la dua termo en angulaj klampoj generale diferencas de 
nulo kaj dependas de v (at 7). Tial oni ne povas skribi y=2, tanh pivy/-. 
Sed, kiam la radiko de ekvacio pri 2: 
yee sinh (1—p)v a 
sinh pv 

estas Cirkau 1/2 at 1, la termoj ‘en angulaj klampoj estas preskat nede- 
penda de v (at 7). Gi signifas la ekstremiajn kazojn, kie la nivelo en de- 
mando estas koincidanta kun, ati tre apartega de Fermi-energio. 

iii) Nun ni konsideros la kazon de metalo}. 

En la kazo de nikelo, kiel Slater klarigis, v(v) estas mallarga kaj 
altega, kaj la Fermi-energio. estas proksima al la rando de energizono,. la 
proksimumo de Stoner ati la hipotezo (21) estas trafa, kaj la proksimumo, 
ke v(x) estas senlargeca, estas ankati uzebla. Tial la temperaturo-depen- 
dado de magnetigo spontanea el teorio de kolektivaj elektronoj preskati 
koincidas kun tio de Weiss-Heisenberg. 

Konsideri la kazon de fero ekstreme interesas min. Tiun Ci kazon, 
kiel Manning kaj Greene montris, Fermi-energio estas ne proksima al la 
rando de energizono, tiu ¢i mem estas ne mallarga, Tial nenju kondito, 


Pri ta Theorie de Kolektivay Elektronopf de Feromagnetisino 149 


kun kiu la temperaturo-dependado povas esprimi sin per Langevin-funkcio, 
estas kontenta. : 

Tamen la temperaturo-dependado de magnetigo spontanea de fero estas 
eksperimente tre bone esprimita per Langevin-fankcio. Tial ni devas els- 
zameni alian kazon. 

rs, e mo aae of tn ttard wed 
(B) Kiam ws) au 7(4) estas d-fukcio-simila kun malgrandega largeco 
Zi Ginkate at 


Do 


sinh wv 
v= : iad, 
cosh #,+ cosh v, 


kaj 
é~“+-cosh vy, 
cosh #,+ cosh », 


2) =" 
n=| 34 Caja + Y(y)dr=ntn", 


e+] 


krom Ac 
Se oni skribas y=~' tanhv, 2’ estas klare pli malgranda ol 7”, kiu ci mem 
estas tre malgranda kompare al 7, krom ke v(v) estas ankati 0-funkcio-simila. 


Sekve oni ne povas obteni grandan magnetigon spontanean. 


$5. Konkludo. 


De supre obtenitaj rezultoj la temperaturo-dependado de magnetigo 
spontanea diferencas generale de tio de Weiss-Heisenberg. [recipe en la 
kazo de fero el Gia energizono oni ne povas trovi teorie neniun bazon por 
apero de Langevin-funkcio kontrau eksperimenta fakto. Tiu ci estas fatala 
por la teorio de kolektivaj elektronoj, Car la obtenitaj estas finofaraj kiel la 
teorio de tiu Ci tipo. La kontraudiro, ke gi alprenas nur la mesvaloron 
por la interSangenergio sub donata S, estas ne esenca. Car la Langevin- 
funkcio jam aperis en teorio de Heisenberg sub la sama proksimumo (prok- 
simumo de Weiss). Kunkonsideri la largigon de la energio sub donata S 
donas, kiel Heisenberg montris, malgranda devio de Langevin-funkcio. 
Ankat, kiel ni montris antate,® precizigo. de proksimumo per alojteorio ne 
ciam estas signifa. ial, krom negravaj punktoj (ekz. specifa varmo super 
Curie-punkto), proksimumo de Weiss, t.e. la alpreno de mesvaloro, estas 
trafa. 

Cu ni devas reveni al la teorio de Weiss-Heisenberg ? Antau respondi 
tiun ¢i demandon, ni devas klarigi la rilaton inter ambatiaj) per sama mo- 


delo, Tiu Gi estas intcresa sed malfacila problemo, 
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§1. Yniroduction. 


Ferromagnetism arises from the fact that pairs of electrons with parallel 
spins have an extra energy of the exchange integral —/ besides the energy 
of the Coulomb integral, while pairs with antiparallel spins do not. Thus 
a system with more electrons having parallel spins has an energy lower 
than that with less such electrons. 

Generally, the interaction energy of a system of electrons consists of 
the Coulomb energy ¢°/r;, between two elections. According to quantum 
mechanics this energy must be averaged over the positions of electrons. 

Such an average value is 
where P(r; 7,) is the probability that the electron z exists in the range 
ris r,+dr,; and the electron #4 in the range 7, 7,+a7r;. Then the total 
energy is: given by nl, k). If the probability with. which one electron 
exists at the Roation ¢ is independent of the positions of other electrons, 
P(r 7) has the form ?(7%;)-P(@%x)» where P(r) is the probability with 
which an electron is in the position 7: If the electron 7. is in the state ¢,, 
P(r) is equal. to [g;(77)|?. Thus if two electrons are in the states ¢; and 
Pr iespectively and there exists no correlation between them, the interac- 


“= P(r, 1) dr,dr7,=1G, &); (1) 
tk 


tion energy between them becomes. - 


\ “le ol lena ered 


Vik 


which is the usual Coulomb integral. 

In the case that there exists, however, some correlation between two 
electrons, P(r, 7.) cannot be expressed in the form PG) Ou It is 
couvenient in such a case to express P(7, 7%) in the form Po) er Gs) 
— Or 7), where: Os 7.) is regarded as.a correction term due to the 
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: , Me ee 
correlation between two electrons, Then we have as the interaction energy, 
2 
i a e ye : 
jo) Pz) irr | —OC ,_) ai 4OT fn (2) 
Vt a ake 


In this expression the first term ts the Coulemb integral and the second 


the correction integral. - 

\ Since, according to quantum statistics, electrons obey Fermi-Dirac 
statistics, we must adopt, as the wave function of the system of electrons, 
a function antisymmetrical for the exchange of coordinates and spin varia- 
ples of electrons, i.e. the determinantal form 


Qyi(r1)  Gi(F2) vere Gn) 
$2(71) Yi( 72) covees es 


where 7; represents: coordinate and spin variable of the electron Fog LG 
WN is the nuimber of electrons. With this determinantal form we have the 
following results ; 


Pra r=le COP Gi)? if two electrons have antiparallel spins, 


=F -lerd enn) —22@9) y;(7,)|* two electrons have sores ma 

Hence, there exists: no correlation between electrons with antiparallel 
spins but this is not the case for electrons with parallel spins. For the 
latter we obtain from (4) 

OC in Vx) = Ei (2) GE) Gas) Pi x) (5) 
The integral with this Q expressing the correction “for parallel spins is 
précisely the exchange intégral. 

Thus the interaction energy for an electron-pair with parallel spins be- 
comés smaller by the value of the exchange integral than that for a pair 
with antiparallel spins: This results frota the antisymmetricity of the wave 
function of the system of electrons. 

Slater's theory shows that the theoretical value of the exchange in- 
tegral is larger than the experimental value as obtained from the Curie 
temperature of ferromagnetic substances. But the correlation between anti-~ 
parallel spins existing in a higher approximation-would probably lower the 
effective value of the exchange. integral. 


§2. General Considerations. . 


Ferromagnetism is, as mentioned above, based on the fact that an an- 
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tisymmetrical wave function is adopted for the system of electrons. Hence, 
the two. typical.theories of ferromrgnetism, that of Heisenberg@and that of 


Slater,™both start from a determinantal forny as the wave function. of the 
total system of electrons. 


J 


The difference between the two theories consists in the point that 
Heisenberg’s theory adopts an atomic function as the wave function of an 
electron, while Slater’s theory a lattice. function. That is to say, in the 
former, one of the wave functions of the total system’ of electrons in the 
zero-th order approximation. has the form. 


CV 74) yh 9a) PA's) 3» 5803 
v7) Yost H4).> nee (5) 
v (7) 


where v;(7) is an atomic function for the 7-th lattice point and one lattice 
point does not appear more than twice in one column, ‘while in the latter 


CV" 4 x, Y 5 alii 5 (ie eae 
Ay 
ve ‘(”) ae (fo) asch a2 (6) 
0%) Sea ie | 


where. 7,,,(7:) is the lattice function with the wave number vector J... 

Having once established the basic functions in the zero-th approxima- 
tion in both theories, we must solve the eigenvalue problem of the pertur- 
bation energy consisting of’ the interactions between all the electrons. Tn 
either theory since, this problem can not be. completely solved on account 
of mathematical difficulties, we must be content with the mean value of 
the cigenvalues under the condition that the total spin magnetic quantum 
number vz is constant. 

The perturbation energy consists of the interaction energy between all 
the electrons and between electrons and ions in Heisenberg’s theory, ‘but 
in Slater’s the interaction between electrons alone, because it is cOnsicietict 
that the lattice functions have already been perturbed by the interaction 
between electrons and ions. : | 

In Slater’s theory one of the basic functions '¢ (K,, Ms, ...) is expres- 
sed as 


O(Rey hy...) = (WAS opPty, Ca) aC), (72) (92) +p, (7) BO). 1) 


Where P is the substitution operator: of electrons, dp.is +1 if P is even 
and —1 if odd, and «(¢) and A(a) are positive and negative spin eigen- 
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factions respectively. In the ticht binding approximation 77,. is expressed 
as follows; 

1, (aN EE Taryl), (8) 
where R,, represents..the position of a lattice point #2 and_v, is the atomic 
function at ‘the lattice point 7. By using (8) for w#z,(%) in (7), PRs 
Ro, <a) is given by . 

O (Key, Bo, +.) = (M1) 74 (N-2)*S\opP 
Pp 
St ciky: Bin 2y, (7) 0 (6) cha Bing, (72) 0( G2). «+ (9) 


N1,N2..% 


Since coordinates of electrons are not included in ¢#: Ri etc., by exchang- 
ing the order of summations (9) becomes 


O (Ky, Ky) = (WI -B(W-%)® 3 exp iA Ba, + Be: Bayt +) 
8p Porn, (11) Una 2) «+++ (01) (G2). 10) 
Pp 


In (10) the last factor has the determinantal form, because of which it 
vanishes if there are any equal functio s among Up,°4, 2° 4, Die pemdeleon 
if there are more than- three electrons in one atom or there are two elec- 
trons with parallel spins: The terms remaining are the basic functions in 
Heisenberg’s theory géneralized so as to include not only states which 
have only one electron. on one lattice point, but also states which have 
two electrons on one lattice point with antiparallel spins. If these basic 
functions are designated by ¥(, 7.,....), Eq. (10) is expressed in the 
following form, 


O (Ky, By, :.) =(N—1/2)* Sh.exp i(k, R,,+ RyRy to) F (My, Ms, ---). C1) 


2.6 


It is seen from this equation that the basic functions in Slater’s theory 
are expressed by ‘a linear combination: of the basic functions in the gene- 
ralized Heisenberg theory, with the IPnear form of the type V~*” exp7(k,- 
R,, +...) as the coefficients as Slater frequently emphasized. From this 
fact, the conclusion can be derived that Heisenberg’s theory must be 
generalized in order to correspond equivalently to Slater’s theory. : 

In Slater’s theory the «mean value Zs of the perturbation energy with 
respect to constant mm satisfies the following relation 


G (mm) -#s3=Trace (= : (12) 


t>k Vax 
where G(m) is the number of states with the same m. Since the number 
of states with the same 2 in the generalized Heisenberg theory is obvi- 
ously equal to that in Slater’s theory, and.the basic fanctions of the two 
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theories are transformed by a linear transformation between each other, 
- 1 * s < . - $ . . . 

which makes the trace invariant, the mean value in Heisenberg’s theory 

&y must be equal to £3. 


§3. Energy in Slater’s Theory: 

As a concrete example, we. try to calculate the mean energy of the 
interactions between electrons with constant m in each, theory.. For the 
sake of simplicity, let us adopt such a model that the crystal contains 
atoms and /V electrons, and in Slater’s theory the considered energy, band 
includes 4 states, and corresponding to. this in the generalized Heisenberg . 
theory there exists only one state: per atom except for two different spins. 

Firstly we consider the case of Slater’s theory. The Coulomb integral 
‘¢, between two electrons which are in the states iby, and UK; respectively 
is given by 


m4 K 
where 7 and 72 represént- the coordinates of two electrons. If we divide 
the voliime into iV polyhedral cells and integrate separately over‘each- pair 
of cells, the integral: becomes the sum of the integrals in which ar, ranges 
over the interior of-the pth cell and ‘a7, over the g-th cell. According to 
-Bloch’s theory, the valties of the wave functions. wy, (71) and tye, (v1) in 
the f-th cell are equal to the values %(7%1) and %* (71) at the correspond- 
ing point in the central cell; multipled by the. factor exp Gk, Rp) and exp 
—(ik,-Rp) respectively. Since the two exponential factors give 1, the in- 


Es ={ {x Jo te (v2 a, (7) ty (72) dare, (18) 


tegral ¢, becomes 


2 
Ea >} [fin (7) to* (%2) M0 (11) 5 (42) ar dro, 


pi 
pg 
= 53 frat (44) 2ty* (v2) - Uy (14) to (12) 02 (14) 
p 12 
pp 


+ Sa] feo" CALs (7) uy) (i) ty (rs) dr ar. 
r¥g Bs 732 


Here tlie first integral is equal to the Coulomb: integral 4, between two 


divided by V?-on aecount of the normalization, 


electrons in the same atom, 
mic function in the central cell and 


because ‘7% is very much like the ato | 
the second equal to the Coulomb integral between two electrons which are 


in the.atom / and in the atom ¢ respectively, divided by V*. If we ne- 
clect all the other terms except the ones Ty between nearest neighbors, 
> s : 
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we: obtain 


if Is 
plac ragasl 15 
=Hsat aed sar dag (15) 


where Jy is the Coulomb ayttion between nearest neighbors and = the 
number of nearest neighbors. 

Next, we calculate the exchange integral between two elections which 
are in the states Kh, and Ay in the same way .as the above calculations. 
Then.the exchange integral e. is given by 


ee= pal iy (171) to* (72) — Uy (74) Uo (72) dryers 
pide asec 


pp 


+33 exp Ge.) (Be) h(n" )Lnlrdialrddrdrs. (16) 
72 


v¥q 

Pq 
Again considering only nearest neighbors we obtain 
In 
INV 
where the lattice is assumed to be-a simple cubic and @ is the distance 


between atoms. By averaging over all the 4; and Ie;, €. becomes 


ee a ae (17) 


&.= 


Fi 9 cos (ley Ir) «14-4008 (Ite) 0+ 08 (Tey Be), 


N 


The mean value of the energy: of the system of electrons arising from 
the Coulomb integral is immediately obtained, since all the pairs of electrons 
have.this energy irtespective of their spins. 


Wi GVA IN 


~! 


Le= 


On the. other hand, the mean value of the energy arising from the ex- 
change integral is obtained by summing over all the energies of the states 
with the same 7 and dividing by the number G(#z) of such states. 

_ To get the sum of the energies of all the states with same 7, we 
have only to select any pair of electroris with parallel positive spins, mul- 
tiply the energy —e, of this pair by the number of all the configurations 
of other electrons, and further by the number ‘of all possible ways of select- 
ing the pairs and add to this the same quantity arising from the negative 


parallel: spins. Since the number of positive spins is (Wf2) +2, the sum 
we seck for is given by 


G(m)E = 23 NV } 


ima (V/ x res Wm — b eavay /2)— Jt +(wpay 2)+ er /2)-—m—2, ey 
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ao ‘N—2 NV Ny ‘ 

= — Ey 2 =" ¢ Pee 2M Nee 5 

2 (WV/2)+ Ao) ( N/2) oad) + rus 2)+ uM v2) ~ Ii eal 
NT NV sa 

wee ree. . eet (is moe | v 

ibggelgre by dividing by G (772) hea gee , the mean ener- 

ey relating to the exchange integral becomes 


ws VE 


{ E.=- Eo] A + wi 2 (20) 


4 


Adding (20) and (18) and considering (19) and (17) we obtain as the final 
form of the mean energy with respect to the same w 


Ne Lut ‘ 


$4. Energy in the Generalized Heisenberg Theory. 


Ilere, we try to calculate the mean energy with the same arising 


from the interaction energy of all the electrons A in the gcneralized 
isk 7; 

Heisenberg theory as in the case of Slater's theory. As the model for 

calculations we adopt; as mentioned before, one in which the crystal con- 

tains WV atoms and WV electrons and one atom has only one atomic function 

z. In this case+tdo, we neglect all terms except those representing the 

actions between electrons in the same atom and in, the nearest-neighboring 


atoms. 

Firstly, we culculate the mean energy arising from the Coulomb integral 
Jy, between ‘electrons in the same atom. For this value, selecting one atom 
out of V atoms, multiplying the energy Jp (since there exist two electrons 


with spins antiparallel to each other. in this atom) by the number of con- 


oe ; 7 N—I1 \( Ne T ) HUTS: ©. 
figurations of other ae ons ( (97/2) Ew. bri Stee a _ and by the 
number of ways /V of selecting one atom and dividing by G(w), we obtain 


Ey=hN ( (WP) - Ha ews aha )| (w/2) 5) ( wy) — rm) 


= N*— Sint 7p ; ~ (22) 
4 . : es 
Similarly w 
Coulomb integral J and th 
nearest neighboring atom. 
summing over the energies of all the 
this. sum by the number G(x) of such states. 


e try again to calculate the mean energy relating to the 
e exchange integral 7 between clectrons in the 
In this case too, we calculate this value. by 
states with the same # and dividing 
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Here we have five cases because of the configurations of electrons in 
the atom-pair’ selected out of Nz /2 pairs, which are shown in the follow- 
ing table. 


I I . I 
configurations energy number of configurations 
of electrons of other electrons m, 
om ae : N-2 \( N-2 
I eae Ly—J (v2) +im—2 He N/2) — w) 
NESS iW ) 
+((, N/ 2) + Mov 2) ae, 
¢ N—2 LV: a_i ; 
3 ees fy 2 ca7/32) + itl wp ee ae, ) 
5 ae QT ay 2f N-2 )( N-2 ) 
—2 su tas 7 ee (WV/2) —m—2 
an aye. N-2 
# > ea ef ss (W/2 5 aaapela o)( cya mat) 
! . . N—2 N—2 
5 paaee Ahy—2/ ino, +11—2 teers —m—2 oles 


Irom this table, the mean energy relating to /, and / is obtained by 
summing the products of IT and III from l toot, multiplying this sum by 
the number of ways of selecting pairs Vs/2 and dividing by GG). Thus 
the mean values relating to /y and _/ respectively are given by . 


ot Shiny 
fig ae Ix, (23) 
a 4 
E3=— 3). 24 
h(a (24) 
Summing over (22), (23), and rhe Ey is given as the final result by 
= WG Ve \ 
Ey= ae ae = (Is—-L)— “a (jasJ2),, (25) 


Neglecting J against Z, and Jy the result is obtained that Zy is equal 
to Zs, which is naturally expected from the general considerations. 
§5. On the Condition under which Ferromagnetisin appears. 


-\ccording to (21) and (25), the more electrons there are with parallel 


spins, the lower becomes the energy of the system of electrons arising from 


the interactions between electrons. In Slater’s theory, -in order that the 


number of electrons with parallel spins can increase, the Fermi energy must 
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increase because of the breadth of the energy band. Hence, if the decrease 
‘of the interaction energy exceeds the increase of the Fermi energy, we can 
expect ferromagnetism. 

On the order hand, in Heisenberg’s theory we must consider the 
energy arising from interactions between electrons and ions besides inter- 
actions of electrons between each other. The interaction energy between 


ae 
electrons and ions is expressed by 21 , Which is negative in sign, 
where & and x represent electrons and oie ercorectvely: The mean value 
of this energy would also take a form like (2) owing to the non-orthogo- 
nality of the wave functions of nearest-neighboring atoms. In thiscase,therefore, 
if the part of the mean energy of this interaction dependent on a which 
is opposite in sign to that of (2%) and hence positive, is exceeded by. the 
interaction energy between electrons >} s dependent on m, then ferro- 


Var 
magnetism takes place. 


= 


5 ° ° é€ » z 
Since the interactions —>}—— between electrons and ions cause a 
ene T 


broadening of the energy level, this energy in Heisenberg’s theory can be 
considered as corresponding to the Fermi energy in Slater's theory. 


Finally, in the generalized Heisenberg theory, as is seen from. the 
equation (25), it is not the exchange integral, but the Coulomb integral 
between two electrons in the same atom, i.e. 4, that is important for ferro- 
magnetism. 


In more general cases, however, where one atom has more eigenfunc- 
tions than two, also exchange integrals in the same atom comes to play 
an appreciable role. 


In conclusion the author would like to express his deep thanks to 
Professor Dr. K. Ariyama and Assistant Professor Dr. S. Miyahara for their 
valuable discussion and kind encouragements during this work. 
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. , : pul Lies 
Two typical theories of ferromagnetism, one of Slater and the other 
of Heisenberg; are compared, by using simple wave functions ; and a 


method to obtain a better approximation to express ferromagnetism 1s con- 


sidered in a rather rough way. 


The exchange integral, which plays an essential role in Heisenberg s 


theory of ferromagnetism, is 
1 
2 * 7 = 
Ju= ety D@ (—— 
42, 


where ¢,(1) is the wave function of electron 1 belonging to the isolated 


i = : Vn (1)$,(2)deydre , 


¥ fo Fire 


atom f. This is also written, 


Fame |g? U9" irs. hal gi (2) ery ta 
Bb 


u J Fes 


ales - [as (1 ) gh ) ( | Yale, (44, + (€ ) oe ly (2) Cet 


ey (2) (2) deal ie? U) gig Ves. a) 
& £ Fy : 


The first term (which we denote by /;) is dite to potential between electrons 
belonging respectively to two nearest neighbouring atoms. ‘The second and 
third terms are the products of two integrals, and if we denote them by 4 
and 7, jz is simply 

Fa=h- 2M - (2) 

Slater's exchange integral is 

Js=Ecf J $ (3) 
where Vis the number of atoms, and Ze¢ is the Coulomb integral between 
electrons within the same atom and is expressed by 


Be ‘ { ae 
oe ely, A) oF @) tik hy Wty 2) dea ay (4) 
2 
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Nextly, we consider the energy increase at the absolute zero of 
temperature when one spin charges its sign at a state in which all spins 
are parallel. According to Heisenberg’s theory, this is 


afq=2(h—2d7).: (5) 
Here we considered simply the mean value. of energy change (departing 
from the idea of Bloch’s spin wave), which is not accurate in this case 
of low temperature, but convenient in treating ferromagnetism by the lattice 
model. 

In Slater’s theory the ‘spreding of the energy band must be taken into 
account. He considered the 3d band of Ni, but here for the sake of faci- 
litating comparison with Heisenberg’s theory, the one-electronic wave func- 
tions are expressed as linear combinations of the atomic functions, and the 
perturbation terms in +the Hamiltonian include all interactions between 
electrons and ions not considered in the unpertnrbed state. Then the wave 
functions and corresponding energies are 


by ds itive nae y ohh f f(r) ; 


Vv iN! a) 
E=E,—27 (cosh,at coshkya+ cos ha), (6) 
oe hie oP ae 
a a 


(simple cubic) 
~ is the same as that appearing in the case of Heisenberg. The energy 
increase corresponding to (#) is 
Eo— 227 (7) 
‘The second term is due to the fact that the electron which occupies the 
highest energy state of the singly occupicd band drops to ng lowest of 
unoccupied One by reversal of its spin. 
Then the necessary condition that all spins are parallel at the absolute 
zero of temperature is 
Heisenberg : Fir 2dy. 
Slater Ee 227. 
J, is very small compared with Eo and is neglected ie the calculation 
of Slater's exchange integral. 4 is small compared with 7, and vanishes 
if the atomic functions are orthogonal. That is to say, the necessary con- 
dition for all spins to be parallel is related to the difference of tye quatities 
each of which is much larger in the case of Slater than of Heisenberg. 


(8) 
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‘That Slater’s exchange integral /, is equal to E/N is concretely 
understood’ as follows. As the. one-electronic wave functions are spread 
over the whole crystal, the probability that a particular electron is found 
in a-particular cell is 1/N. The probability that two~electrons are found 
in a particular cell is 1/2V*, and. if the energy decreases by He because of 
the exchange effect when they meet within a cell, then as there are J cells, 
the exchange integral between electrons becomes LEc/N?x N=E¢/N. Obvi- 
ously, it compensates the energy due to the Coulomb integral which is 
gained when electrons meet within a cell. In other words, the probability 
of finding two electrons with parallel spins in the same cell is perfectly 
zeta; perfectly, of course, as the result of our approximation of tight bind- 
ing. Then we can picture a model in which all the electrons are running 
through the whole crystal with those of parallel spins keeping away from 
one another. And in fact, it is ascertained by actual calculations® that the 
interaction energy is identical with that given when the interaction energy 
between all electrons distributed in every crystal cell is averaged over all 
permissible configurations, viz. all except those which place two electrons 
with parallel spins in the same cell. 

These configurations do not belong’ to the same energy even when the 
number of positive spins is given, but this fact is overlooked in Slater's 
treatment, which amounts to assuming equal probabilities for the occurences 
of space-configurations with different energies. It is desirable to make 
calculations with the different probabilities taken into account, which, how- 
ever, would be extremely complicated in the exact quantum mechanical method. 
We therefore take a simple lattice model in which all the electrons are 
distributed in every cell in such a way that no two electrons with parallel 
spins appear in any single cell, though it has the drawback that the 
spreading of the energy band cannot be taken into account satisfactorily. 

Let. the number of lattice points be 2, the number: of positive and 
and negative spins, z-+7 and 2—m respectively, and the number of doubly 
occupided lattice points s. Then the total energy corresponding to certain 
values of # and s is given, in Bragg-Williams’ approximation, as 


we — 10 
a Su 5 (9) 


E=sEct 


where: the zero point of energy corresponds to the state with all spins 
parallel. The reason that the Coulomb energies between clectrons which 
belong respectively to nearest neighbouring lattices, next nearest .ncighbour- 
ing ones, and so on, do not: appear in (9) is that they do not change 
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with 7 and s. within Bragg-Williams’ approximation. 

The number of ways to distribute (#+7) positive spins on 2 lattice 
points is é sa) that to distribute s of the (v—#) negative spins: on 
the (z+) lattice points which-are already occupied by positive spins ‘is. 
fez), and the number of ways to distribute s holes on {22—(a-+-72) { 
lattice points is ianant 

Se 
Then the partition function of a whole. crystal is 


P Qi a+ m\(1n— 12 fot in et ics $3, 
Alm, 8) = x, =e ae We yer (10) 


The free energy, by using. Stirling’s formula, is 


fw, 8) =—kT log Z(m, 8) = (ste See ve oJ) ar | 2n log 22 


—(2+m—s)log (+m A 
—(u—m—s) log (2 —m—-s) —2s logs (11) 


The most probable values of mz and s ate determined from the two 
relations, 4f/das=0 and af/dm=0, i.e., 


9 o Fo 
(=a _ 2 oO 
2 
m==(1—s) tanh oa La, (13) 


where 7/2 and s/z are replaced by ™ and s respectively. 


From (12), us 
safe ( (1-» ns(1- +))-1}, F=eur. 14) 


Then from (13), 
iad he (15) 
This is identical with the result of ese theory, 

At high temperatures, 


m=tanh — 
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nae it crams | 2h aL eM 
wy (aR AD 2 
Inserting this in (13), 
m=(1— Phe) a e-v8) tanh ST : (16) 
SL 2 &T 
Then follows the next. equation to determine the Curie point. 
o Fu ae 
blast ol Re a) (17) 
ie 
If we consider Ao>/i » 
et 
ee 


This is also .the same result as obtained from Heisenberg’s theory. 
If all configurations. with the same 2 occur with equal probability 
(Slater), the partition function becomes 


ie) 2 9) NS 42-942 : H 

, ail alt -——_ } ) 

VAC Ey: és ) je Qakt ~~ C 18) 

(7) nt +270) \22— 41} ; ae 
m™m 

where J; is neglected against Ec. 

Then by the same produre, 


yh Stat fo” 
Ae (19) 
ee Eo 
Cn apS 


The Curie point is very high, and this is just to be expected from our 
approximation of neglecting the spreading of the energy band. In spite of 
this, the more accurate calculation described above again gives us results 
similar to those of the original Heisenberg theory. 


In conclusion the writer wishes to express his cordial thanks to Prof. 
K. Ariyama, Dr. S. Miyahara and other members of the Laboratory of 
Ferromagnetism for their kind discussions. 
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Summary. 


Electromagnetic interactions between matter can be described, for 
quantum-mechanical as well as for classical -phenomena, as caused by a 
neutral vector-meson field, if the mass of the mesons is assumed to be so 
small as to be negligible. 

One might perhaps think that such a description of an electromagnetic 
field would lead to difficulties with the derivation of Planck’s radiation law, 
as this law depends essentially on the number of degrees of freedom of 
the Seld, which seems to be 3 instead of 2 for each plane wave in a meson 
field. 

It is shown, howevér, that oné can and should.consider the longitudinal 
meson field in this case as a sum of a direct Coulomb field, which does not 
présent a degree of freedom of the meson field, and a field of longitudinal 
“surplis "-mesons. True enough, the latter corresponds to a_ longitudinal 
degree of freedom in the meson field, but the coupling between these 
surplus-mesons and matter disappears in the limit:of vanishing meson mass. 
The surplus-mesons therefore are not observable in this limit ; moreover, 
they will not be emitted and are not in thermal equilibrium with the 
surrounding. Thence only the transverse mesons are to ‘be taken into 
account in the detivation of a radiation law for mesons with vanishing 


mass, and Planck’s law results. 


Netitra vektormezon-kampo interaganta kun elektronoj estas priskribata 


de unua-orda Lagrangiana funkcio 
L=(/42)|5-F O Fy FM Ay Ay 8 A” Ay} 


4+ A, pot (mes = TheaY yf pvt Gh) 
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kie P=—ep¢po"s, kun mT, (= —ehib=p)r kaj nue ee eae 
konstanto, kaj x#/c=mezonmaso. IDS) vehue Lagrangiana funkcio eer 
kampaj ekvacioj per sendependa variado de la Oa aa aes P Tes 
de la kvar-vekto1io A, kaj de la undoroj (kvar-spinoroj) ¢f kaj ¢ ea nee) 
Ladvdy dz dt=0, De (1) ankau sekvas la Hamiltoniano 


§=H;+Gn4+s (2) 
kun 
S2H,= $j jde dy dz (EF +x-°(div EP +24 + (rot A), (2a) 
Sal Gdrd yds pt (mee —tea- Ve (2b) 
W= ([fdrdydz{ — jA—x%p div E+ Qrx"y". (2c) 


La kanonikaj variabloj de ci tiu kampo estas Ia paroj {A, —E/4zc} kaj 
‘oh, 2a}, dum ke A’=@ kaj 2y,=M1, ito. estas derivitaj variabloj donitaj 
de la ‘‘ identajoj ” 

2P=4ro—divE; H=rotA. 3) 

En la limito de nuliganta mezon-maso (t.e. por x > 0) Ja kampaj ekva- 
cioj sekvantaj de la variada principo kun £ donas la Maxwell’ajn ekvaciojn 
por E,W, A kaj 9, dum ke ¢/ obeas Dirac-ekvacion. Tial oni povas kon- 
jekti ke fizikaj fenomenoj, kalkulitaj jor elektronoj interagantaj per tia 
neutra mezonkampo, por ekstreme malgrandaj valoroj de x au en la limito 
x—0 donos simple la eketromaguetajn fenomenojn de tiuj elektronoj. 
Efektive eksplicita kalkulo de la matrica elemento por disjetado de libgraj 
elektronoj fare de liberaj elektronoj per Ci tiu metodo donas la JMMer’an 
esprimon. Ankau la perturbigo de plur-elektrona daureca stato de atomo 
sekve de tia elektrona interagado per Ci tiu metodo donas simple la Srezt’an 
esprimon por la perturba energio. Avantago de la uzado de mezon-kampo 
estas la fakto, ke por tia kampo la “ Zorenfz-kondico”’ ne estas altrudita 
“Tsondico’”’, sed sekvas de la kompaj ekvacioj kiel q-nombra rilato. 

Tamen en unu rilato la, mezon-kampo Sajnas esti tute diferenca de la 
elektromagneta kampo. En mezona kampo ciu ebena ondo havas tri eblajn 
polarizigojn: du transversajn kaj unu laulongan. En kvantum-elektro- 
dinamiko, la q-nombroj reprezentantaj la kampon principe povas esti polar- 
izitaj en kvar “ direltoj’”: Krom la tri polarizigoj supre menciitaj ankau 
“polarizigo en tempeca direkto”’ estas ebla, donanta ‘ skalaran ondon”, 
pro la fakto ke la Lorentz’a kondi¢o inter @ kaj A en kvantum-elekto- 
dinamiko ne estas q-nombra ekvacio kaj tial ne malpligrandigas la nombron 
da eblaj polarizigoj. 


Tamen la Lorentz’a kondito nun estas trudita al la 
stato de la sistemo, 


I] kanonika vidpunkto tio signifas @ kromajn kon- 
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dicojn, car por la nuligo de S= VA" tra Ciuj tempoj oni devas postuli ce ‘=0 
me nur Ja nuligon de S, sed ankat-de 0S/cd¢=4ap 7div E. Tio reduktas 
Ja nombfon de polarizeblecoj efektive ekzistantaj por elektromagneta 
ondokampo de kvar al nur dz por Ciu ebena ondo. 
Tial en Ja denombrado de Ja nombro de la gradoj de libereco de tia 
ondokampo envenas faktoro 2, kiu estas grava por la kalkulado de la 
energia denso en radiado de nigra korpo. Se oni anstatauus tiun faktoron 
2 en Ja nombro de gradoj de libereco per faktoro 3 (por mezonoj anstatau 
por fotonoj), Sajnas ke la Planck’a formulo por la radiada energidenso kaj 
por la konstanto de Stefan-Boltzmann estus multiplikata per faktoro 3/2 
kontratia al .la eksperimentaj fakto}. 
. Tamen mi nun montros, ke en la limito x0 tiu faktoro 3/2 mala- 
‘peras, e¢ kvankam neniu grado de libereco malaperas en tiu limito. Por 
-montri tion estas rekomendinde, unue apliki kanonikan transformadon de 
tipo tute simila al la /ermi-transformado uzata.en kvantum-elektrodinamiko 
por la separado de la laulonga kampo. Mi diskutis,.tiun transformadon 
autati kelkaj jaroj’. Efektive ni povas uzi sensange formulojn (42)-(52) de 
tiu artikolo!, nur ellasante la lastan membron de ekvacio (48). Tiamaniere 
ni difinas novajn gq-nombrojn g'(E’, A’, f’ ktp.), kiuj obeas la samajn 
komutajn rilatojn kiel la originaj q-nombroj (E, A, #ktp.), Post tio ni- 
esprimas la Hamiltonianon (2) per 1a novaj gq-nombyo} g, substituante la 
esprimojn de ekvacio' (52) por la originaj q-nombroj 9 aperantaj en (2). 
Tiamaniere ni trovas ( 
H=OH/ + Dn! + W. (4) 
‘iit / kaj ,' estas la samaj ‘funkcionaloj de.g’ kiel $, kaj Dm. 
estas de g (vidu formulojn (2a) kaj (2b)). Tamen QW’ tute ne estas donita 
de (2c). Anstatate ni nun trovas 
W=C+W/+ Wr, (5) 
kie 
as : We an ee, pCa) pCa’) Ba 
C= | (S$ {faved ded! dy' de Sr (53) 
estas Coulomb’a interagada energio inter la elektronoj ; 


8) —f fdr dy deo Bi) (5b) 


maniero') estas’ interagada energio inter Ia elektronoj kaj 
ondoj Ej post la Fermi-transformado ; kaj 


ag /—— fi fardyde(G-AL) (be) 


(en la kutima skrib 
la latilognaj mezonaj 
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estas la radiada interagado kun la transversaj ondoj, kiu ne nut kuplas la 
electronan spinon kun, magnetaj kampo}j, sed ankatt katizas absorbadon kaj 
elsendadon de transversaj kvantumoj fare de atomoj, kaj la kreadon (au 
neniigadon) de negaton-poziton-paro} dum samtempa ~neniigo (kreigo) de 
transversa kvantumo en ekstera kampo. 

Estas atentinde ke E’, en (5b) ne estas la tuta origina kampo E,, sed 
Jai! (52) oni havas a rilaton 


Ar 
pe EE ou 6 
ee (6) 


Ci tie la lasta termo evidente estas la senpera elektrostatika kampa intenso 


E,= fine 


(Coulomb'a kampo) katizata de la Sargdenso p. Tial E’, reprezentas nur la 
pliajon de la latlonga kampintenso krom tiu Coulomb'a kampo. Alivorte: 
stato kun elektrono, sed sen mezonoj en la origina reprezentajo estus stato 
sen Coulom’’a kampo Cirkat la elektronoj ; en la nova reprezentajo, stato 
kun elektronoj kaj sen “ kromaj ’” mezonoj priskribas elektronojn fun Cou-- 
Jomb'a kampo sed sen kroma radiada kampo. Evidente tio estas pli bona 
kiel proksimumo de nula ordo, ol stato kun elektronoj sea Coulomé'a} 
kampoj. 

Por utiligi ekvaciojn (5), (5a-c), oni devas esprimi la kampon E’, A’ 
en la kutima maniero per kreadaj kaj neniigaj operatoroj por la mezonoj 
(Jordan-Klein-matricoj). Oni trovas 


call ; ic x ieee : 
diode Poe pahe Pein. 7) 
= Ja FD] Ge ap ane + kon (7) 
eae 2 v/ B / ikex : 
eu iS Oe, * Cy Bp € : + kon). (8) 


Ci tie my, kaj my_ estas unuecaj vektoroj perpendiklaj al la onda vektoro 
k; g=4t(2+2)'?; 2 estas la volumo de la fundamenta kubo. La koefic- 
ientoj en la elvolvajoj cetere estas elektitaj en tia maniero, ke la q-nombroj 
dy (kun p=—1,0, +1) obeas komutajn rilatojn 

[eo rye 3 w=, [eat 5 Oy ]=Oy Owe (9) 
dank’al la kanonikaj komutaj rilatoj de A’ kaj E’, kaj tiel ke §/ estas 
esprimebla per 


1 ae ! 1 ‘ 
6/=3) 3 (Met) Be CN a'*4.). (10) 


Tiam atitomate Ayy=Ace,. Evidente Vy estas la nombro de mezonoj (krom 
la Coulomb’a kampo) kun movkvanto %#k kaj kun polarizigo yp (=0 por 
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latilonga kaj = +1 por transversa ondo). De (10) oni vidas ke la laulonga 
kampo tute ne estas eliminita kaj ke la kampo enhavas energion proporcian 
je la nombro de laulongaj mezonoj. 

La avantago de la nova reprezentajo de la kampo tamen tuj eviden- 
tigas, se oni komparas QW lati (5) kaj (7)-(8) kun BW lau (2c) kun elvol- 
vajo simila al (8) por A, (nur kun 4, anstata xp), kaj kun 


Ay= ih) AE » £8. ajamsae™* + kon). (11) 
k 
widivB=i3| Me. 2 -aget* + kon}. (12) 
k : 


kie nyy=k/#. Ni vidas ke por x0 la matricaj elementoj de % tute in- 
finitigas, tiel ke en stato kun elektronoj sen Couzlomd'a kampo ekzistus 
infinita probablo de elsendado de latlongaj kvantumoj. Aliflanke la matricaj 
elemento} de YW, kaj de © restas finitaj por x—>0, kaj /a matricay ele- 
mento} de XB, ec nuligas por x0, pro la faktoro x en la numeratoro, 

Tio signifas ke /a kuplo iter la lailongaj “ kromay” mezonoj kay la 
elektronoy malaperas en la limito de nuliganta, mezon-maso. La konsekvencoj 
estas multaj kaj gravaj, se ont vigardas fo‘onan kampon kiel kampon de 
mezono, kun neglektebla maso (x0) : . 

(1) La probablo de elsendado de latilongaj ‘“ kromaj” fotonoj estas 
(praktike) nulo. 

(2) La probablo de absorbigo de ekzistantaj latlongaj ‘“ kromaj ; 
fotonoj (praktike) estas nulo. Alivorte: nek la okulo nek la fotografa plako 
absorbus tiajn, kaj 2/2 me estas observeblaj, (Iom kiel la neutrinoj ! ) 

(3) La kampo de tiuj laulongaj “ krom’’-fotonoj kun energio (Mro 
+1/2)£,9 neniam estus en temperatura ekvilibro kun la ¢irkatanta materio, 
pro manko de sufica kupligo. Fakte gi estus tute ne-dependa de materio. 

(4) Tial la gradoj de libereco de la latlonga (krom)fotona kampo, 
kvankam ekzistantaj, pro tiu manko de kuplo kun la materio ne kontribuus 
al la Planck’a radiado de nigra korpo, kiu ja konsistas nur el la abservebla 
parto de la radiada kampo ‘femperature en ehvilibro kun la korpo. 

Ni konkludas ke ankau en i tiu rilato mezona kampo kun neglektebla 
mezon-maso povas komplete esprimi la proprecojn de fotona kampo. 

Estas aldoninde ke ankat en la limito de grandaj nombroj da kvan- 
tumoj, kiam oni povas konsideri kaj trakti la mezon-kampon kiel klasikan 
kampon, Ci tiu kampo pot ¥~™ 0 ekzakte prissribas la fenomenojn de elektro- 


dinamiko, ‘kie la kampaj intensoj estas donitaj de 


, t 
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E= —V Pata — 9A" /cO's | (13) 


H=rot A,, 
kun Pre (9, JSS Sax! dy! de! p(a', t)/|w—a |. Ci tie Page kaj A’, evidente 
respondas, kun ajSo de la potencialoj, kiu igas la vektor-potencialon sen- 
divergenta. 

Plej facile oni deduktas (13) de la Ehrenfest’a teoremo, ke ondopakajo 
movigas kiel korpusklo en la kampa intenso derivita de la potencialoj 
aperantaj en la ond-ekvacio por la elektrona ¢. Tiuj potencialoj sekvas de 
(5a)(5c). En (13) ni ellasis la parton de la potencialo devenantan de ( b), 
éar tiu parto nuligas por x->0 ankau kiam la kampo estas traktata kiel 
klasika kampo. 

Por demontri la nuligon de E’, ankat en Ci tiu kazo, ni unue rimarku 
ke @ estas solvo de la ond-ekvocio 

{C]—-2#}0=—A4np. (14) 
La solvoj de Gi tiu ckvacio restas finitaj por x0. Car lati (6)tkaj (8) ni 
trovas ke 
Ax ; 
EE apaarj) ~ @, (15) 


sekvas ke E’,— 0 por x0 ankat en la limito de klasikaj kampoj. 
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§4. Second order reactions. 
(A). The exchange reactions. 
We shall consider the, reactions of the exchange type ; 
A+B—>C+D 
and treat this reaction problem from the collisional standpoint. Here 4, 
B,C and D are atoms or molecules or radicals, but the cases where A and 
B are both atoms are excluded. 

At first, we make the wave equation of the system which contains all 
valence electrons and atomic cores concerned in the elementary reaction 
process (of course, the energy of the translational motion as a whole being 
put outside). 

Hf =W?. 
Y can be expanded as follows: 


P= DYurho() [1 
Mew fan (4 


fa 


where 
Lor =v Xr + 

y, is the real rotational eigenfunction which is characterized by the rotational 
; numbers’ Sof A, “si of B, their resultant A, the relative orbital 
quantum number lof A and B and /, ie. the resultant of A and 2 (the 
total angular momentum) and MM specifying an independent one among the 
states with the same /. y, is the real vibrational eigenfunction which is 
characterized by the vibrational quantum numbeis 4 and &. ¥,,'8 are all 
normalized to 1. Y's refer to the separation of the system to Py as 
like as 7,8 to A+2. In the limit of > © (7 being the relative distance 
of A and B). f/,,, satisfies the next equation : és 


qu antum 
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= 


Qu ar 
where p is the reduced mass and W,, is the energy of the state (v, 7) 


which is only dependent upon 7%, S and s. Therefore 


For(r) = exp +7h,,”) 


(-£4+0,,-W)p-=0 


where 
Vii iE ” 
— B= WW, pH Bae > 
Qu , 


We note that 4,,,. OF ty» 1s the function of v, S and s. 
Now let us determine ¥,,, by the following boundary conditions : 
, . th, / : ‘e Ag 
Sag) Bn 0H ap ati Wye eet 
The normal boundary condition that the plane wave of A collides with B 


under the inner condition (w, S, Sz, 5; s;) determine & which can be ex- 
pressed as a linear combination of ,,"s. Noting the relation 


he ivr 


Sy Se98,Sz Z,0 —ik 1,7 z +ik wt 
15,5,Asc¢° yaSySzy (e 2,7" aay em cae 


Sh4/ Dd hak pd dace” 
0 r 


1,77 ‘ i= 


where 7g is the inner eigenfunction of 4A molecule with the quantum 
number S and S., %,, refers to B molecule and T is the transformation 
9°% 


matrix from the base (S, S,, 5) Se 4,72) to the base (S,5, R, 4, /, M), we 
can easily obtain 


= 


l/r © ; 
; S59s,8 52500 
LVAD) ae il USS sz ayes ? a 
hes ps PPTs) LA Sh Rel, JM 


From the expansion of /,,,’s*by the eigenfunctions corresponding to C+D 
separation, the cross-section of the transition : 
incident wave A+B (u, S, S., 5 52) 
e-aeattered wave. CLO Iu, SS iste se eee 


becomes as follows, 


(4-1) 


<5 Suined Gaps: tke d ole ga Seyi Sey 0 pr : 
a+ elias ic avian Bvae1(-)I)'a F5Sut eh aa W)| 
0,7 ow | z 


Or, if We use the scattering matrix S defitied by 


V te pi] hag Birt W) SS ii1 TW) = SO ie ar WJ) 05a 


a can be written as follows: 


SVE (1D By (17)) - (4:2) 


TT 


ao” I, Sey5y Sz (W) is 


vir! 


Ur 
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It can be showed that § is symmetric and unitary. 
Already we saw in §3 that the boundary conditions 


+t Rytgt 7 
5 a Cp ar sat 
entailed the eigenvalue problem. We shall designate the eigenfunctions by 
ys and the cigenvalues by £"4s 


Erie rn tae tpt 
DY 


Since ¥™"* can also be expressed by. /,,,'s, @ or S should have the poles 
at each W=h*"™_~ ‘Therefore 


ig a ( W)= = GH : + iy 4 P WrE nd i 


WE" 
Naturally (v,7) and (v’,7’) have the same / and 4% From the symmetri- 
cal character of S, it can be proved that 
Keim 


n= =e n,J, MM 4 Spe n, J. M 


where 

Cpe Max [%u,, ye” ey ee eke 
and K"™7* is the undetermined constant Siieinalty contained in pre 
To ,decide this constant, the next eer cake of &"f is convenient, 


oe (4.3) 


[mt = 


wrt 


where the summation is taken over all oe of disintegration of the system. 
Thus | €7"|? can be interpreted as the so-called partial width refering to 
the disintegration into the state (v, rye 
Next we shall try to compute ¢ by using the knowledges about the 
activated complexes which are defined as a kind of the radio-active mole- 
cules. We consider the two limitting cases separately. 
(a). The case of I’<d. 
In this case | 
SM, CMS I 
nn oy. Cre Cry P Wr wa 
“0 W-E"™ 
for we can show that KM =h by (4-3) and the unitary character of S. 
If we substitute this expression of S into (4-2) and sum up over all possible 


final states, 


#0 a Ses »5S2()= 


72,7, ; 
f LHS Satie) Ty, Wa wer 
Pm hes, , (W— Wry? + (P"/2)° 
(4-4) 
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where 
wybiniod 2d tet g tid. 30 i 
pense t V2 z9"7 n,J,M 
PS, Se = ny +1 (—1) aTs Rb FM CuS8 Bi, M 


is the width for the-initial slate (% S, Si.s)s.) to make up the activated 
complex: (7,/; 42) and 


ne ae 1,S,0 2 
ff Fell = om | CRISIS, at th M | 
af, Sts, REF 


is the width for the activated complex (7, /; 47) to decay towards the final 
side C+D. (4-4) frequeatry appears in the theory of the nuclear reactions“ - 

(b). The case of [>d. 

cg in this case can also be seen in the theory of nuclear reaction 
and can be understood as follows: the collision crosssection due ‘to the 
relative translational motion is 2/22 .,, the relative probability of making up 
the activated complex (2, J; 42) is P%y 94, 0V)/E 7(W) and number of 
activated complexes concerned in the present process is given by JW/d7(W), 


any of which may be made up, where d7(IV) is the level spacing and 


because of the uncertainty principle 4 Wah =a!” (W). On the 


ad. 
Cc 


5 


other hand the relative probability with which the activated complexes 
decay to the final products is 177%(W)/I'7(W) and hence 
4 SerS80 773 on? D3 08,,9,5,.) (W) 7" (W) ‘ 
C HH? = Vz yz Ei at w>wW,. 
UP) ae 


(4-5) 

OF course, o practically vanishes for W<MN%. 

‘There remains the step in which we superpose the elementary ‘processes’ 
statistically and compute the specific reaction rate & Since we assume 
the thermal equilibrium amoug the initial systems, the number of the initial 
systems pet cm? specified by (w, S} S., 5,5.) and the relative momentum 
pre (the whole energy is HW) is given, at the absolute temperature 7, by 


N,N», [eta ae i [ 1 1 
Saale Jp, seexp| —| Weg t= + —— 
ue Lag t Do Ap,s; exp( as to 0 a Qu. fae?) 


NaN ox 7-377 1 
= - cera “ap. s0s0(—| Waart 5 Aas |[¢7) 
where V,, Vz are the numbers of moleculés A and # per cm’ respectively 
and Z;=Z Z, is the partition function of the initial states per cv and Z,* 
is the translational. partitional function per cm’, 
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—> 
Zt =| *dpsexp (—P3/2MET) =1-*(OAMRT y*. 


M being the sum of the masses. of 4 and #. With above weights we 
superpose the elementary reactions statistically and get finally 

— as hd : 7/7 Tuva S58 j 

nae > \4 Pus, exp (— W/KT tng sg, (CW). 
* FS S25 Se 
(4-6) 

(a). The case of I’<d, 

We ‘substitute (4-4) in (4-6) and perform the summations and integra- 
tions. The-computations are straightforward and we shall only write down 
the result. 


In,J,M JInJ,M 
Pere Pam 


ao )exp(—W™/K1) 


Z* 
+ fp n,JIM 


- where 
Witecypr~* 

Looelieins 1258 Suye) 
Vy Sy Sz95 Sz 

is the width for all possible states of the reactants to make up the activated 
complex (z,/, 7). Above £ can be written in another form. when we 
take only the practically effective activated complexes (with the appreciable. 
I’s) and neglect the contributions from the other complexes, if they existed. 
Namely, if we designate the energy of the lowest level of these. effective 
complexes by MM (measured from the lowest level of the initial energy 
spectrum) and take this energy state as the origin-of x and W™”, & becomes 


as follows: 


kay = exp (—W/KT) 


zt . 
where WW is interpreted as the (theoretical) activation energy and 
[ae [pt 
horas 6, ) 
arm au 
is the average frequency with which the systems accomplish the elementary 
reaction. pocesses:. the initial state —> the activated state > the final state. 


And 


v= 


PAS Zk D1 exp (= We (ET ) 


ig the partition function per cn? of the activated ‘states. 
({b).. The case of et, ' 
The caleylation is similar to ‘above one. And the -result is as follows. 
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W885 W- a 
_M ne ee ; 
EM C7) oe a el He ea (WW) 
0,5, Fe,558 ’ 
Up VrZePre 
& can be written in the next form 


kav exp(— W,/KT) 


“4 


where F 
ya (Le zie Uae 
; AD? (W) 


ays sagh 07 (W)dW exp(—W/KT). 


Thus above two limitting cases give us the same formula. Only dif- 
ference is that the summations: over the states in the former case are 
replaced by the integrations in the latter case. Therefore, it is reasonable 
to expect the same formula in the general case too, 


pov exp(—W/KT) oe 
Z; 
where 
i Bs Dhol Tf 
v=3( tier on) hn 
Z*=Z* Dd exp(+ WI" (KT ). 4:8) 
n,J,M 


It is the well-known fact that the experimental data of the exchange 

reactions of the second order.are expressed in the form: ' 

k= Fexp(—W.,/KT) (4-9) 
except some atom-reactions, where / aed W,, may be considered as con- 
stant within the small range of temperatures. And the theoretical formula 
(II) has also the simikar form. 

Asan example of the application of (II), we shall here treat the ex- 
change reactions between AH and /% and derive the values of the rate 
constant in the rough approximation. For that purpose, it is necessary to 
solve the Schrédinger’s equation of the system (/7+/.) : 


(9—Z)¥=0 
as thé eigenvalue problem already explained and under the allowable 
approximation that the reaction proceeds adiabatically. 
If we are contented with the order estimation of 4, the following 
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procedures may be used. For the present, we neglect the exchange of 
of energies among the various normal freedoms in the pseudo-stable “7; 
molecule and take as § the next approximate form, 


a ae! L | ae 5 1 as 
b=(5 23+ <usabas)+(5 2 43 Hawi xi) 
A 


1 18 2 1 2 1 he BY 
iMG ae i+ Mewts't) +( St De wnt) + Wy. 


where 17” is the classical activation energy corresponding to the 'rotational 


state with the total angular momentum /# Then it is easily proved that 
the eigenvalues in question are given as follows, 


je al 
2 
W(ngngnt) = (We + > heog-+hen,) + nghiog + (19+ 29!) beng 


T'=ho, . 


This result corresponds to the fact that three inner degrees of freedom 
of H perform the quantized vibrations respectively, while the remaining 
ene does the unstable vibration (decay motion) and the life of 7; is equal 
to the virtual period of this last vibration, provided that the transitions of 
energy from one degree of freedom to another were entirely neglected. 
Since the consideration of the energy exchange between the various inner 
degrees of freedom is inevitable, we take it into account roughly by the 
factor 1/4 multiplied to /, for there is only one among four degrees of free- 
dom of ; to have to do witha the decay motion. . Thus we obtain 


U 1 n n 1 ; i 
LMS gee (LT; Lge! sige 


On the other hand, W7(is, 1%) %) enables us to calculate Z* appro- 
ximately and in the present case, its value is nearly equal to Eyring’s 2* 
with the quantum corrections. Hence, finally 

prow, emer 
16 Li 
where 


Wo= Wo (2 tos then») hwy, + 


On the basis of the data given by Hirschfelder, Eyring and Topley™, 


the numerical values become as follows, 
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T=300°K, £=17-10" (Apps, =9-0+10') 
T=1000°K, £=1.1-10" (Aine = 2.2 - 10") sec? cm*® mol. 


In the general examples, it is difficult to decide the ratio [’/d un- 
ambiguously by the analogous procedure to the one in §3. But it is clear 
that the known examples rather belong to the class (i) than to the class 
(ii) in §2 that is, the non-adiabatic reactions are rare (the rough 
estimations show that ["/d< 1~10 order as a rule). 

These circumstances enable us to adopt the Eyring’s approximation as 


the practical method of calculating k. The approximate assumptions and 
the behaviors when going to his formula are altogether the same as in §3. 
Further, it is also unchanged that the two corrections are not only useful 


but also necessary. 
(B). The association reactions. 


Next we shall consider the reactions of the association type 
B+ G44 


which are the reverses of the decomposition reactions. At present, it is 
supposed that B and C collide with each other and once make up an un- 
stable molecule 4*, which becomes stabilized by the gas-kinematical colli- 
sions with other molecules because of its long life (7), so that the 
reactions proceed in the second order. Hence the rate-deterinining step is 
the one of the formation of A*. So the theoretical treatment is similar to 
the case-(A) and the detailed explanations ‘of deriving the final expression 
of & will be unnecessary. 


hay “ “exp(—Wy/KT) (II) 
where 
[Lien 
ph u . 
( 4 ) (4 ue) 
is = aa ak = Er) & fai Be . 
‘ Lda ed GES (4-11) 


Again the experimental formula are given by (4-9), which should 
enable us to estimate /'/d of the present reactions. However, the direct 
estimations are difficult and we are only able to expect that the reactions 
probably belong to the class (i) in §3. The discussions about the Eyring’s 
approximation are also the same as in §3 and in the above case (A). 
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§5. Conclusions. 


At present, we know two famous classes of collisions in the physics, 
namely, the collisions between the electron and the atom and the collisions 
between the nucleon and the nucleus. In the former collisions, the electron 
is acted by the average field of force due to the atom as a whole, so that 
the elastic collisions are more frequent compared with the inelastic colli- 
sions (including the exchange collisions). On the other hand, in the latter 
collisions, the incident nucleon is acted successively by each nucleon in the 
nucleus and at last loses its energetical individuality in the nucleus, or in 
other words, incident nucleon and the emitted nucleon are not directly 
correlated, so that the exchange collisions are generally more frequent than 
the elastic collisions. That is, the former are of the surface reaction type 
and the latter are of the compound reaction type. 

In the previous sections, we emphasized that the elementary collisions 
of the chemical reactions were rather of the compound reaction type. In 
fact, the frequency factors of the exchange reactions of the second order 
between simple molecules are of the same order with the frequencies of the 
gas-kinematical collisions. From the various reasons, we conclude that the 
elementary reactions in question are rather similar to the nuclear reactions. 
Of course, this parallelism must not be taken literally. First, the effactive 
inner degrees of freedom of the activated complexes concerned in the ele- 
mentary chemical reactions are of the order <10, while the corresponding 
numbers of the compound nuclei in the nuclear reactions are of the order 
100. Second, the nuclear reactions are commonly in the quantum mechanical 
region, while the chemical reactions lie halfway between the classical region 
and the purely quantum mechanical one. If these conclusions ars admitted, 
we can understand the situation where the chemical reactions should be put 
among the cllision problems. 

At last, we shall touch on the limit of the applicability of the present 
considerations in brief. The fundamental assumptions 1, 2 and 3 in §2 will 
be satisfied for the thermal reactions in gas phase except the rapid reactions 
and the reactions performed under the extremely high pressures. The fourth 
§2 excludes some atom-reactions, third order reactions and 


assumption in 
t, these reactions are not subjected to the 


the reactions between ions (in fac 
experimental formula of the Arrhenius type k= F exp(— W,,/KT )). Fur- 
‘ther, the reactions of the order between one and two are not treated in this 
paper, whose solutions have been sought since the works o. Rice, Ramsperger. 


and Kassel, 
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In conclusion, I should like to express my deep gratitude to Professors 
S. Tomonaga, H. Yukawa and M. Kobayasi for their kind interest in this 
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§1. Introduction. 


As is well-known, the various physical properties of semiconductors 
are essentially determined by the existence of the so-called quasi-atomic 
states in the forbidden region of energy band system characteristic for the 
body crystal. Since the lattice imperfections due to the inclusion of foreign 
atoms and stoichiometric excess-atoms, the internal cracks within the crystals 
or other mechanism may be considered to become possible origins which 
give rise to the mentioned quasi-atomic states, the consistent, theoretical 
attack of semiconductors will be necessarily confronted with a difficult 
problem of treating mathematically the imperfect crystals, while in the 
perfect crystals the method of solusion of Schrédinger wave equation is 
well known to be much simplified owing to the periodicity and symmetry 
valid within the perfect crystals. In addition to the mentioned theoretical 
difficulty in solving the wave equation of the imperfect crystal, the vast 
experimental investigations of the physical properties of semiconductors 
reveal that even the experimental data of the same kind of semiconductors 
are always at variance with each other, showing the sensitive dependencies 
of the materials upon the experimental method of preparations. Such .ex- 
perimental difficulties to get the precise reproduction of the materials with 
consistent physical properties will become serious obstacles for proceeding 
the reliable physical considerations of the semiconductors. 

In view of the ‘above situations ,both theoretical and experimental, 
therefore, it seems to be more enlightened at the present stage of the theory 
that the particularly simple semiconductors with reliable and systematic 
experimental data shall be thoroughly worked out theoretically in order to 
a eel ioe 

* Read in the annual meeting of Physical Society of Japan, held at Kyo o University, on 
May. 21, 1948, 
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find a suitable method of approximation for solving the quasi-atomic states 
characteristic for semiconductors and ‘then the theoretical method obtained 
shall be extended to those of the more complicated semiconductors acces- 
sible in both pure and applied fields of atomic physics: From the standpoint 
mentioned above, we shall ,here take the coloured alkali halide crystals 
which have been worked out experimentally by the systematic observations 
of Pohl and his.coworkers, von Hippel and others.” According to the ex- 
perimental investigations the colour-center, i.e., F-center responsible for the 
selective absorption ‘of light and the colouration of the crystals may be 
considered to be typical ones of the mentioned quasi-atomic states whithin 
semiconductors. In Part I we shall work theoretically the detailed structure 
of F-absorption ‘band peculiar to the alkali-halide crystals in connection with 
its temperature ‘effect, and in Part II the general theory of trapped electrons 
within the. quasi-atomic states of semiconductors shall be developed. The 
quantitative application of the general theory to the F-centers of NaCl 
crystal shall -be attempted to do in comparison with the experimental 
observations in Part III. 


§2. A Model for F-center. 


According to the detailed theoretical considerations of all the avail- 
able experimental results on coloured alkali halides, the F-centers, foimed 
by heat treatment in alkali vapour and X-rays or cathode rays bombard- 
ments, should be considered to be trapped electrons attached to negative 
ion vacancies within alkali halides: which model was first proposed by de 
Boer who suggested that when the alkali halides are heated in the pre- 
sence of alkali metal vapour, halogen ions diffuse to the surface of the 
crystal and combine with the atoms of the vapour to form new layers of 
lattice. The valence electron initially attached to the alkali metal atoms 
wander into the crystal and become attached to the negative ion vacancies, 
According to this picture, therefore, the F-’centers responsible for the longer 
wave length absorption of the crystal consist of vacancies to which two 


r electrons are attached. We shall re- 
Vr) present the essential features of the 
mentioned model schematically in 

\eldai, Fig. 1, in which one dimensional 


wy padi o variation of the potential energy is 
TOROS: :. WIE drawn in the neighbourhood. of 
negative ion missing point. Al-— 
Fig. 1 though such a model has been 
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theoretically worked by Tibbs, his method of approximation to the F-center 
seems to be oversimplified and disagreeable in comparison with the reliable 
experimental results, the criticism and improvement of which shall be carried 
out in Part IL and IIL of the present paper. 


§3. Stationary States of Trapped Electron System whithin 
F-center together with Thermal Vibrations of Lattice. 


In the following computation it has been. assumed that the F-cénters 
are dilutely distributed within the crystal, the mutual interactions between 
two or more F-centers being neglected approximately.* In such case each 
of the F-centers involved ‘may be considered to behave independently with 
each other. For simplicity, therefore, it will be permissible to take the 
system consisting of one F-center within the crystal and sum up the con- 
“tributions from F-center in order to get the total effect of the phenomena 
concerned. 

Now the wave equation of such a system representing the F-center is 


written as 


— 


® ny FB sy Ayers V(r) t+ 
Be M, x 


2m x WM 
NY yy —R,)v HEL (1) 
Aw 


in which m denotes the electron mass, M, the ion mass situated at a lattice 


point specified by radius vector R, % Planck’s constant divided by 27, A 
and A, represent Laplacian operators with respect to electronic and ionic 
coordinates respectively. The first and second terms express kinetic energy 
operators of electron and ions, the third the interaction energies between 
electron and ions and the forth the interaction energies between ions speci- 
fied by the suffices. The dash attached to the summation means the 
élimination of the contribution from the missing lattice point in the neigh- 
bourhood of the F-center involved. 


According to the adiabatic approximation in the theory of molecular 


structure, the wave equation (1) may be separated into the electronic wave 


Fak ee ol a 


more F-centers and lattice vacancies have been dis- 


* Complex centers consisted of two or : 
cussed theoretically by F. Seitz with a special reference to Molnar’s new absorption band in KCl 
coloured by X-ray illuraination, the. electronic structure’ of which has. been worked quantum- 


theoretically by the author from the modem view of solid, 
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+. 
equation with nuclear parameter J, and that of lattice vibration system as 


follows. 
Putting. © 
> > > > “En > > <a > 
(ig Coo i LOPE at gi aca fad als bili yr; Rye), 


(2) 


we obtain, after a conventional rearrangement, 


FB Ng 4S, Bar) p= (Eb) — SY Vig Fa dh)" 


2 ut 
and 
i af ap figs : i 5 <3 
Hos Ned Ee (Ry vs hut SI | bA, ddr-v (4) 
5 iva a ( ») ee A VA0$ 
for electronic and ionic motions respectively. The second term on the 


right hand side of (4) represents the direct coupling between the 
electronic motion and Iattice vibration which may be approximately neglected 
except for the high excitation of lattice vibrations, 

The equilibrium configuration of the lattice may be determined, as 
usual, by the following minimum conditions, 


AEE IV OE) toe ; ace 
ae Pt ne =() (LOE, aah fos (5) 


which may be considered to give rise to some distortion of lattice con- 


iy 


figuration in the neighbourhood of the vacancy. The expansion of the 


es 
electronic energy £°(R) near the -equilibrium configuration leads to 
~e( Je at i a3 
E*(R,) =F * Rao) + ao pe A eee ois (6) 
2 dAxpy 


> 
in which F,o specifies the equilibrium configuration of lattice, #, =R,,—Rya 


etc. the displacements of the lattice points from the equilibrium position and 


Seeus OE */ORj,0Ryy) ky=k 


be ee 

Neglecting the higher order term 0Z*° with respect to displacement 

> " 

vectors @, for low excitation of lattice vibration, the Hamiltonian of (4) 
leads to : 

n° 1 1 

Ais ee bese Dk 

5a! peg 


which may be writted as usual 


ab Tae Ux My + E* (Ht,0) : 7) 


* The theoretical discussion of the electronic motion near the vacancy shall be carried out 
in Part II. 


Theory of F-centers of Coloured Alkali Halide Crystals. 185 


He Moines ye 
lei ~ 9 ——? danse ob) +E (B50); Wily 


through the linear transformation to the nomal coordinates +. g specifies 
each mode of normal vibrations with a wave number vector said a polariza- 
tion, w, its circular frequency dependent upon the curvature near the equil- 
ibrium of hypersurface of energy E(B) in configurational space, J7 
represents approximately the total mass or reduced mass of ion pairs 
according to whether‘it belongs to elastic branch or optical one of lattice 
vibration. 

Thus, we have, for the approximate solutions of the total system (1), 


E=E (Ryo) + (Ny+ 1/2) hog OE" (8) 
and 
> > > > 
P (ir BR) = (7, B55) Tv, (4) + ov (9) 
Q 


respectively, where JV, expresses the number of lattice quanta, dZ° and dV 
the correction terms of. higher order, v,(a,) stands for the eigenfunction of 
linear oscillator, being expressed by Hermite polynomials. 


§4. Intensity Distribution of F-Absorption Bands. 


According tothe general theory in quantum mechanics,we get, for 
the intensity of light absorption due to dipole radiation, 


S@= s ( ‘ , ), (10) 


in which (X.|° =|[4y[?+] %yI? 
coordinate matrix element sistant swith ‘he transition z to 7, »v the fre- 
quency of radiation and: J,(v) the intensity of incident radiation. Using (9), 
the transition matrix element may be writted as 


KyPHlor Os By) XG (0; Blade? | Uo (eq IP ad aed? 
q gq 


— 12 
ea 
if 


the square-magnitude of the 


= (EXE) ox, Mo! (el aa) * (11) 
q q 


where the quantities with and without dashes belong to the final and initial 


states respectively. 
In accordance with the electronic excitation in the final state, the 


=e . - o,? . . 
energy surface E*(#,) and thus the equilibrium positions of lattice points 
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are generally changed into the new ones, which situation leads to the 
changes of normal vibration frequencies w, and the normal coordinates %q 
respectively. 
It, therefore, follows, 
od (frzpy) =0,(faxuy) + A, (12) 
and 
xq (m4) =44(%q) +A%» (13)* 
> > Cau See >) oe 

in which #/,=@)— AR), Byot AR, denoting the changed position vector 
of the lattice point 2. When A, are sufficiently small compared with 


Ryo, the following relations are easily shown to be valid approximately. 
) > > => 2 
Ad, ~ G7? AR): e,:c0s(q- 4); 
a 

in which G* expresses the total number of atoms involved in the crystal 

> 
and e, the polarization unit vector of g-th normal vibration. 

In the following computation it has been reasonably supposed that 
|A@,\/o, and Aa, are of small quantities, with respect to which the ex- 
pansion of the eigenfunctions of the normal modes of vibrations shall be 


carried out. 
Namely, we have, to a second order of approximation, 


; are pi V2 ; 
vy! es ) = Vo [tm ) i exp(—!4?/2) Hy (Val ¥7): l= Mo, 


28 IN! 
=[d,(47) a 2 AS: Uy. -aC 4%) + 
palin ers Dig penis Where: 
VN, (V/—1) ° AS? yy 2%) ]- (a —EAE aay (f—1) Am), 
(14) 


in which 


mit iY? afin ik . “a 
ON, (4,) = (ea Jew (—ax; (2) Hy (VY a Xq) a= Hee 


Ata adapt a (Dee— 1 Ae )) Ht VG A%y5 Og 


20,4 2, 2, W, 


(15) 


* ill: 
ng fers AxXq willbe dependent upon xg from the general point of view, it is tentatively 
supposed, simplicity, that Axg do not depend u ich’ ‘spect 
| do 1 pon xg but only upon g whicl 
normal mode of vibrations, ’ oe ene le 
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Thus, for the integral involved in the transition matrix elements, it follows 


fe@aye’ (4) az, =|1- —ulAx,)°(V,+ 1/2) — so AO ay (347 —10N,— 4) |x 
Wy 
Oe RE ONE 5 Ve 
Oy wt eds: A,’ VN, (set dack ae =1. eee wat 1 a A+, % 


Wy 


VN,+1 Clee act (10.V,—9)) ax. rn yt V (NES) ( om 
Og 


ta d4)' + (A spate 1 VN(W=1y(-A&e 


4" q Ca O, 
+(-4 Aer As), serermsy Oy qNGe 9 -— 4 Z ge Do. x 
Wg 
SMES) MBN, FI) “Papago Dt A2t x 
Wg 


= cf Aw, ¥ 
VON AB (MAT), Bapsypstys( A284) x 


/(D L 2 
V (WN, +4) (WN, +3) (NF 2)(N 7+ YD) * Oxon it (A ) x 
ee) p a 


oS (N83) (WN, —2)(N,—1) Ne Oxygen Oe 


Substituting (16) into (10) and (11), we obtain, for the intensity of 
the F-absorption band, 


SQ) = AE (Li) (ELEY Ua any OND 


(Y)/= *N,) 
% 4 BO) BNE —I0N,— —4)]- (ax) (M41) (l= Oe. x 
w 
Ve i # 
(01,9) WE | Ate tal avy) (AM) (Ny, -2)|(%, +1) x 
q 16 Wy 8 
(Wy! =N +2) 
y ; 9 \2 5 . a II AO, # 
(Wy +2) Moo Aay)No + 3) Net 2) Net Dll ald) 3 
(Wy! =Ngt5) (Wl HNgt) 
BRIA PD Sa dean 
(Ny! =Ng-) aime 
Il 1 -( AW 7: =a Aa)*) MCM-D) Mgt (Ax) (Ae Be) 
cp satan 


(Nl =Nq-2) Wy 5G =! ; 
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N,(N,—1(N,—2) Has (A®) NN,—-1)(N,-2)(-3) 7) 
q O2 Wy 7 
NN 2) 


and, for the corresponding absorbed frequencies, 


jv=(E" —E*) + (N+ 1 /2)h Ao, + Sito + S12ha] + S3hoy + Sidi! 
: (f= Net 1) (N,! N+ 2) (W,! ZN, +3) (N,! Zy,+ 4) 
— Sha, — {2ho/ — She! —- She, (18) 
Wf=¥,-) (My =n (f= N,-8) (N,/ ty-9 
in which each product factors in (17) are composed of each mode of vib- 
rations concerned with the specified transition processes denoted below the 
product notations, and the same is valid for the summations of (18) 

As seen in (17), the small quantities involving | Aw, |/o, or Ax, appeat 
always in the intensity formula of the light absorption accompanied by the 
emission or absorption of lattice quanta, on account of which the maximum 
intensity‘of F-absorption may de given by the electronic transition process 
without the change of lattice quanta. 

Thus, we have, for the maximum intensity and its corresponuing  fre- 


quency, 
Sn) oy, Ty(v,, )| (2|X|E") |? 7 Il {1 —a(A%)'(2N,+ 1) 
q 
——t_(A%)(3vj—10N,—4)], (19) 
16 Wy 
and 
hv, = (Ei'—E*) + DN, + 1/2 oy. (20) 
¢ 
In the transition processes mentioned above, only the direct interaction 


of the incident radiation with the trapped electrons within F-center has 
been taken into consideration, the interaction of the radiation with the ions 
situated near the lattice point being neglected in view of a small order of 
magnitude compared with the former according to the large mass of ions. 
The strong coupling between the trapped electrons and the lattice vibra- 
tions, therefore, may be considered to be responsible for the excitation of 
the lattice vibrations through the electronic interaction with the incident 
radiation. | 
For the band breadth, we have 


rar {.(ppa)as (v)dv 


[S(y)av ay 
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in which the integrations are to be cariied out in accordance with the 
frequency condition (18), although it is too complicated to be proceeded 
analytically at present. 


§5. Comparison with Experiments. 


Since the energy surface near F-center of the excited states may be 
considered generally to become flatter in comparison with that of the ground 
state, the frequency change Aw, dependent upon its curvature will be of 
negative sign (Aw, <0) and further, it will actually vanish for the normal 
modes of vibrations with relatively long wave lengthes compared with the 
lattice constant, since they are less sensitive for the lattice distortion due 
to the F-center. 

Now we shall consider the remarkable influence of temperatures upon 
the maximum intensity of F-absorption band and its corresponding frequency. 
‘As well-known in the theory of the specific heat of crystal, the average 
of the number of lattice quanta 4, in thermal equilibrium are given by 
Planck’s formula 

N,=(exp(ho,/kT)—1)7, (22) 

(£= Boltzmann constant, T=absolute temperature) 
which increases with temperature of the crystal. Taking into account (19) 
and (22), the maximum intensity of F-absorption band may be shown to 
decrease with increasing temperatures, although the simple relation between 
Sn(m) and T can not be derived yet on account of lacking of the accurate 
knowledge of Ax, and Aa, involved. Furthermore, it is to be expected 
theoretically from (20) that the frequency of maximum intensity displaces 
toward longer wave length side with temperatures on account of A@,~< 0. 
For the two limitting cases of temperatures the simple relations may be 
derived as follows. 

T>9 (Debye temperature), 

hy,,=a—PT, (23) 


(4=E" E+ Shey p= %3[Ae,|/o,) 
q 


jw, =a—#| Aw,| exp( —ho,/&T ). (24) 
9. 


As seen in Fig. 2, the theoretical results mentioned above are actually 
in good agreements with the experimental observations of Pohl and_ his 
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coworkers® According to (23) 
and (24), the frequency shift to 
the red side behaves linearly with 
temperatures in the relatively high 
temperature range while it does 
rather slowly in the lower tem- 
perature range, which theoretical 
conclusions are clearly reproduced 
in the experimental results shown 
in Fig. 2, although the quanti- 
tative computations of the coeffic- 
‘ents @ and # are not yet feasible 
to be carried through at present. 
In this connection, it should be 
pointed out that the photon quanta 
corresponding to the maximum 
absorption of band is not to be 
identified with the electronic 
energy difference alone when the 


band shows a difinite temperature effect, although such identification has 
been erroneously assumed in the literature” without careful consideration. 
The temperature-broadening of F-absorption band is easily understood, 
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though qualitatively, by the theoretical formula (17) and (18). Since the 
number of lattice quanta increases with temperatures according to (22), the 
intensity of the band corresponding to the transition processes accompanied 
by the emission or absorption of lattice quanta will become gradually pre- 
dominant with temperatures as shoivn by (17), which fact leads to the 
broadening of band with appreciable intensities in- accordance with (18). 
T‘urther, since the emission - probabilities of lattice quanta are larger than 
the absorption oes (refer to (17)), the asymmetrical intensity distribution 
of the broadened band is to be expected theoretically from (17) together 
with the contribution from the higher electronic excitations, which fact will 
be clearly confirmed by the experimental observations. (Fig. 2) 

Finally it will be worth while discussing theoretically whether the I- 
absorption band approaches a sharp line spectrum or not’ at 7=0. Accord- 
ing to (17) and (18), the absorption of lattice quanta by the crystal are 
made possible even at 7=O despite ‘of the condition V,(7=0)=0 and 
then the absorption band may be considered to have the tail part to the 
violet side of v,, having the asymmetrical band form of relatively narrow 
breadth. 

It should be remarked that the effect of thermal expansion of the cry- 
stal on the absorption band has not been taken into account in the present 
computation. In reality we have to consider both effects. due to the ther- 
mal expansion and the excitation of lattice vibrations in order to obtain a 
full knowledge of the phenomena concerned, the computation of the former 
shall be worked out in later occasion. 

The author is indebted to Special Research Committee of Theoretical 
Physics, National Research Council of Education Ministry for financial aid 


throughout the preparation of the work. 
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Introduction. 


It has generally been believed that the vector, pseudovector, and 
pseudoscalar meson theories of nuclear: forces involve a r™ difficulty. 
Mixtures of two fields were considered first by Méller and Rosenfeld!” and 
later by Schwinger® in order to eliminate such a term. Further it was 
noticed: by the present author™ that they involve also a divergence difficulty, 
andanother mixture was suggested by him. This mixture could also 
eliminate a divergent part from the magnetic moment of nucleons. : 

However, if we examine the procedure of deriving the nuclear force 
we can find that the above mentioned difficulties are due to the inadequacy 
of the method of the derivation, and that they have no direct connection 
with the general defect of the contemporary field theory. For example, 
the pscudoscalar mesons interact with nucleons by the pscudovector and 
pseudoscalar couplings. A's we shall see later on, the pseudovector coupling 
is equivalent, except for a factor 2//p, to the pseudoscalar one in a non- 
relativistic approximation. If we make use of this relation we can get a 
non-relativistic nuclear force which is free from the above mentioned 
difficulties. 

It was first suggested by Nelson® that the pseudovector coupling 
includes a term of a pseudoscalar-coupling type. Later, using a unitary 
transformation, the latter was derived from the former by Dyson. 

One may imagine that this relation. can not be applied to the cases 
of vector and pseudovector meson theories because the couplings are different 
in these cases. But the term in question comes from the matrix element 
of the same type in all cases of these three theories. And we can find 
that the above mentioned result still holds in the vector and pseudovector 


theories. 


Se ee 
* The brief account of the present paper was given in Phys. Rev., 75 (1949), 1101, 1262. 
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The purpose of the present paper is to show how we can get such a 
satisfactory two-nucleon petential. It will also be shown that such potentials 
are the same as-the hitherto well-known ones in case of a large distance 
between two nucleons. 

The following calculation will be carried. out exclusively in the non- 
relativistic and static limit. On a theoretical point of view it may be 
necessary to calculate a non-static and complete expression in order to gain 
a more cutting insight into the interaction betwecn two nucleons through 
a meson field. But such an expression, if we could obtain it, can not be 
used in the relativistic case. In this case it is necessary to consider a two- 
nucleon system taking into account the meson field around them. The 
static potential may be sufficient for practical purpose such as a ground 
state of deuteron. However, if we consider a problem including higher 
energy of nucleons, for example a collision of a 100 Mev neutron with a 
proton, the approximation of a static force may become insufficient. In 
such a case the next approximation, namely the term of the first degree 


in 1/1, may be necessary. 


§1. On the Principle of Calculation. 


We shall derive a two-nucleon potential, W, according to the method 
of transition because this fits in with our purpose of eliminating the defect 
in question. In this method the matrix element of W is given by 


2m nm 
Wig = Hogs (1-1) 
leita 

where H™ is a direct interaction between nucleons, 7” is an interaction 
between mesons:and nucleons, and A and B are two states of the whole 
system including no meson. The whole system consists of two nucleons 
and mesons. Since we want to get W in a non-relativistic and_ static 
approximation it is sufficient to consider only non-relativistic states of two 
nucleons in A and B. 

Let p, and gy, be the momenta of the two nucleons in the state A 
and p,’ and p,’ be those in B where we adopt the eigenstates of energies 
and momenta of the two nucleons as states of them in A or B. The 
momentum of the whole system is conserved in 4, J and 4. Therfore, if 
ak or —t’k is the momentum of a meson in the intermediate state dj. we 
have 
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pi! —p,=ik= —(Pi— Pr) (1-2) 


The relation between IV and Wp, is given by the Fourier theorem 
as follows: 


W,, expt (P,%; + P2%o)/4=2,{0,! expi( play + ps Ho) /k}Wrq (1:3) 


where #%, is a spin function with four components, 2, and a, are the position 
vectors of the two nucleons, and z and w’ are the spin states of nucleons 
in A and B respectively. Since: W includes no differential operator we 
can find JV itself, using (1-2), as follows : 


W=2,,W(k) exp? kat (1-4) 


where #=a,—a, is a relative position vector hetween the two nucleons 
and Wk) is defined by 


WK) 8n= Zn! On! Wra eres) 


It should be noted here that, according to the principle of the present 
method, A and B of (1-1) are non-relativistic states whereas, in the actual 
calculation, B of (1-3) is extended over all states including a relativistic 
region. Therefore the non-relativistic form of W,4 should be so determined 
that the contribution from a relativistic region in the sum of (1-3) does 
not play an important role. The customary theories did not satisfy this. 
requirement. It is obvious that the divergent term in the hithero well-. 
known result is due to this inadequate method. We shall see that the so- 
called +~* difficulty also comes from the same cause. The following method 
of calculation will satisfy the above mentioned requirement, 


§2. Non-relativistic Matrix Elements of o grad U. 


We shall calculate non-relativistic matrix elements of a grad U for the 
later use. Let y* and x be normalized eigenfunctions. of ps; belonging to 
its eigenvalues +1 and —1 respectively. The wave function ¥ of a 
nucleon can be represented by a linear combination of them as follows : 


Dizey to Hynge (2-1) 
Py Px and p; transform 7° and’ y~ as follows: 
at =x panty ps =ee | (2.2) 
ong ee” Pry SOLO PK = 


Tf ¥ is a normalized eigenfunction of the energy. and momentum of 
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a free nucleon belonging to an eigenvalue / of the energy, a relation between 


y+ and ¢ is given by 


go =—V(E+ Me) keo grad f* (2-3) 


which can be obtained.by substituting (2-1) into Dirac’s equation. In this 
equation JZ denotes the mass of a nucleon. If we replace ¢~ in (2-1) by 


(2-3) we have 
T=yigt— Tees Me’) ica grad f* (2-4) 


If ¥, and ¥', represent two non-relativistic states of the nucleon we 
can calculate the matrix element of U(a) by making use of (2-4) and 
(2-2) where UV is a point function, Expanding the result in powers of 
1/Mc we have 


2M. ae A POs Man 
2H Oy, U pee) asad U)$ue) {L—( Fe) Fs} 
fi ar ; Paty o: 
+(¢,*, Vagrad te’) oma foe (2-5) 


In quite the same way we have 


f ae P NAS aD a ey 
¥.. (aorad /) 2,)=(¢,", (cotradl) dz. {1—BaPe +b +.. (2-6) 
(¥,, (eg )Fa=Wr", (eg $a") @mey 
In these expressions p, and p, are eigenvalues of the momentum. in v 
and ¥, respectively, , and #, are their absolute values, and...means the 
terms of higher degree in p,/(2M@c) and 7,/(2Mec). In the non-relativistic 
approximation. it follows from (+5) and (2-6) that 
vint2 
seal eee sey (2-7) 


x [IL 


where p is the.mass of a meson and x is defined by A4x=ype. 


§3. Two-Nucleon Potential. 


We shall next calculate IV7;,4 which satisfies the requirement mentioned 
at the end-of the first section. If a nucleon has a positive energy in A 
and a negative energy in # then the leading term of £;—, is proportional 
to Af@°. Therefore, in this case, W;,4 vanishes in the non-relativistic limit. 


If we substitute the explicit expressions of 7" and H”” into (1-1) we have 
the following matrix elements®” ; 
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(a) the vector theory 


Wrs=FR Net +9¢ 192 +88 (1k) (62h)/2°3 OT oa (3+ 1a) 
(b) the pseudovector theory 


Waa = FUL feet (ef \(ok) (20)/2}2} UT Ie (B-Tb) 


(c) the pseudoscalar theory 


Wra=Sfe F(R) {UT (6, h) (02h) /#} a (B+ 1c} 
where 
F)=(42/P) Re) (32a) 
F=m( rie) ee 2 (charged theory) 
or (e472 -P 4M) /2 (symmetrical theory) (3 -2b) 
U=exp {ik (00,—22)} (3-2c) 


and gi, £2, and #2 are respectively the constants of the vector, six-vector, 
and pseudovector couplings between mesons and nucleons. The indices @ 
and & specify the states of nucleons in A and B respectively. For example 
G, stands for (¢, GY.) where fi, and gf, are the wave functions of the 
nucleons. In deriving these results for the cases (a) and (b) we have ad- 
justed 7””'s: so that the matrix elements of them cancel those of the same 
type in the second order terms due to #7”. 

Since the absolute valiies of the matrix elements given by (8-1) never 
decrease as / increases, they do not satisfy the requirement which was 
mentioned at the end of the first section. Therefore we should transform 
them co as to satisfy this requirement. This can be attained by the relation 
(2-7). Making use of this relation we have 


UT (a,k) (ok) (2? =(2M/py UT; oP (3-3) 


We replace the terms including (4 ke) (o,h) in (3-1) by the right hand side 
‘of this equation, substitute the results into (1-5), and then we have, by 
(1-4) and (1-5), the non-relativistic two-nucleon potentials as follows : 


(a) the vector theory 


4 : jum ye on 
w= { + £70,024 Se (=) po —— re (3 - 4a) 


= 


(b) the pseudovector theory 
wa {pinot (ef) (repre ee) 
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(c) the pseudoscalar theory 
Wa—f2 (228) ap pence a7 (3-4c) 
; LU a 


These potentials are free from the so-called 77? term and the divergent 
integral. The defect of the customary theory is due to that the inadequate 
forms given by (8-1) were adopted as non-relativistic approximations of 


Wras 


§4, Relation of New Formulas with Customary Ones. 


Lastly we shall show that the two-nucleon poténtials given by (3-4) 
agree with the hitherto well-known ones for large distance between two 
nucleons, We shall consider the pseudoscalar theory for example. The 
Hamiltonian of a two-nucleon system is given by 

Hcp op, cp@o.Pi+ ME (p+ p2)+ W (4.1) 
where ‘~,-= —74p,(4=1, 2). Let ¢ be an eigenfunction of H belonging to 
its eigenvalue &. We expand ¢ in a linear combination of products of 
y* and y° as follows: 

gar DL QP 4 Ox Qo +LOL OP +e Ox Os— 
(4-2) 
where y* and y~ are defined by (2-2), and y(1) and ¥(2) are the functions 
of the first and second’ nucleons respectively. | 
If we substitute (4-2) into Hf/=EY we have a following system of 


simultaneous equations for ¢*+, ¢*-, g-* and g-~ because of the linear 
independence of y-functions : 


(a,pi¢-* +00p.9*~)/(Me)=eg** —44g-— (4-3a) 
(op $-~ + opis )/(Me) = (2+ 6) + 4g (4-3b) 
(a pigt* + op») /(Me)=(2+ ep * + 499" (4-3c) 
(o:P.0*~ +92D29-*)/(Me)=(4 +e) p-- — 4d * (4-3d) 


where 


SO, e=(E~2Me)/(Me) (4-4) 


fic xr 


and. @ is an eigenvalue of 7. e is very small compared with unity in case 
of a non-relativistic state. Further if ¢ is also very small compared with 


unity: it follows from (4-3) that ¢* -,. g°*, and ¢7~ are very small compared 
with gt, j . : 
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If we eliminate ¢*-, ¢-* and ¢-- from (4-2) and A#Wf~=E¢ by (4-3), 
the result can be expanded in a power series in 1/c provided that 
e<l, [d@]<1. (4:5) 


The zeroth-degree term of ¢ is equal to (= y*(L)y*(2)¢** ‘and the zeroth- 
degree term of Aii=F¢ is given by . 


e a; 2 
{=a it Ae) + "| y= (E—2MC) 4-6) 
where 
Wwe Se sel tate ee? ’ min wll at 
(+l+26) > tpaehlg tpt arly? 9) 
A=3 (a,0)(o.9%)/7?—0,6; (4-7b) 


This is a non-relativistic limit of H/=E¢. Consequently W? is a non- 
relativistic two-nvcleon potential. -It has a validity only for. large 7 such 
that [6(7)|<1. Therefore ¢ in Tf” is unnecessary and it should be omitted. 
But we reserve it for another reason. If we omit ¢ from IV” it is just the 
same as the hitherto well-knowu potential. 

When ¢ is so small that [6(@)|~1 or >0, H/=F¢ can not be reduced | 
to (4-6). But the potential WV” has no term which .is too singular because 
we have reserved ¢ in it. It has only a r™ singularity as W does. If. 
E and ¢ are essentially determined by the behaviour of W in the region 
of larger r and if the behaviour of W’ in the region of small x does not 
play any role, we can use (4-6) as an approximation of Hy=E¢ throughout 
all range of y. Whether such a device has its validity or not can be 
decided by solving a practical non-relativistic problem, for example, the 
ground state of deuteron. The root of (r)=1 is given by 27% =0.45 or 
0.57 according as [a|(M/p)fr/(éc)=9.7 or I, These values of 7” are’ 
reconcilable with Bethe’s result. 

The comparison of our new formula 
result of the vector or pseudovector theory can 
We can thus -find that both agree with each other for large 7. 

ility of getting these results was once imagined by Bethe®, 


s given by (3 -4) with the customary 
be done in the ‘same way. 
~The pos- 
but finally 


discarded by him. 

The two-nucleon potential WV becomes lar 
tion method loses: its validity for small x, There- 
ase IW itself has no definite meaning as well; 


ge. as ry decreases. This 


‘means that our perturba 
fore we see that in this ¢ 
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The result of the present theory is quite satisfactory from a theoretical 
point of view, but the vector case still disagrees with the experiment of 
the electric quadrupole moment of deuteron as the customary one did. The 
potential given by the pseudovector theory is just in agreement with Bethe’s 
neutral vector theory® so far as the ground state of deuteron is concerned, 
where go=0 is assumed. According to this theory the surplus magnetic 
moment of proton is given by to=e/o (fr /4d— C) where C is a divergent 
integral, The 4-limiting process can eliminate this divergent part’ in 
this case , is finite and positive and it is equal to 2(M/p) fz /(ae) nuclear 
magnetons which is in agreement: with experiment™. 
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Note added in proof (I) After the manuscript of the present paper was submitted to the 
editors, Professor H. Yukawa communicated to me that Dr. L. van Hove calculated the second 
order matrix element. ‘The non-relativistic term of his result agrees with mine for the case of the 
pseudoscalar theory whereas for the case of thé vector theory it is, according ‘to Yukawa’s com- 
munication, given by 


i (ee ii gy tse -(. ay ge Wp. Q¢.¢0 3 
. < Re Ke be Re ct i Biel sah 


where a common factor is omitted, The first term can be eliminated by its counter term due to. 


tie direct interaction. If we supplement the factor we can derive the two-nucleon potential from 
this matrix element as follows: 


W= { g2+gs —¢*( 


According to the procedure mentioned in the fourth section of the present paper it can be shown 
that this expression agrees with the customary one for large 7. Therefore the non-relativistic limit 
of: van Love’s result agrees with mine for the case of the vector theory too. 

(II) The exact expression corresponding to the relation (27) is given by 
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where 77 is the Dirac Hamiltonian ofa free nucleon. 
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I. Inorder-disorder problems, only the long and short range orders were 
considered at the first stage. But there is a more general order, for the 
probabilities of finding various kinds of atoms at every lattice site must be 
affected by the presence of a certain kind of atom at a certain lattice site. 
These correlations must necessarily be taken into account for interpreting 
the diffuse scattering of x-rays by a partially disordered crystal alloy. The 
long range order is then considered as the limiting case of such intermediate 
orders. These correlation probabilities were first discussed by Zernike™ ; 
he obtained a recurrence relation to relate the probability of finding a 
certain kind of atom at a given lattice point to the probabilities for various 
kinds of atoms at the lattice points forming the nearest neighbors of a 
given one. His method will be touched briefly in the next section. 

In the two-dimensional case, a powerful technique has been introduced 
recently in order-disorder problems, reducing the statistical treatment of 
binary alloys to an eigenvalue problem of a certain matrix ; and according 
to this, the propagation of order has been discussed by Ashkin and Lamb®, 
giving the exact solution at low temperatures by series expansions. But 
this cannot be applied to three-dimensional cases.for mathematical difficulties. 

Zernike’s method, the only one which has hitherto been applicable 
to three-dimensional cases, uses an idea similar to Bethe’s original 
method, but is more rough an approximation than Bethe’s. And as pointed 
out :-by Ashkin and Lamb, the approximati n becomes. successively poorer 
as the dimension is increased ; and in three-dimensional cases, comparing 
swith the exact series expansion. for the long and short range orders given 
by van der W aerden*® at low temperatures, there is no difference between 

* The writer has had no opportunity to se 


in (4), and are as follows. 
i SH1— 2x8 -12.110 4-14 432 — 90 xl4-+ 192 218 —792 x18 ree eeeny, 


C =1—2 «6 10.1914 12 70 414-4176 16 —626 x18... } 


e the original paper,- but the results. are quoted 
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the Jong and short range orders given by Zernike up to those terms of 
his solutions which coincide with the exact ones. It is the object of this 
paper to extend Bethe’s method to a more general problem, the correlation 
probabilities, giving a better solution than that of Zernike. a 

TI. We consider an alloy containing equal numbers of A and & atoms, 
and interaction energies only between nearest neighbors. We denote the 
interaction energy between an 4 and a B atom by Iz, and between two 
A atoms and two B atoms by J%4, and Fae respectively. Lattice points 
or atoms at these lattice points are denoted by [0], [1], [2],.--+-+ etc. and 
the probabilities of finding a right atom at the lattice points [0], [1], [2], 
ersvery CLC, DY Tay %1y Fepreeeery CLC 

The fundamental equation of Zernike is expressed in the case of simple 
cubic lattice as follows. 
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where 
— z “ib 
Daim, tae (v= Pup —>-(Vaat Fan)), 


[0] is the central atom and [1], [2],-++-+s [6] form the nearest neighbors 
of [0]. The meaning of (1) can easily be understood without further 
explanations. The essential approximation involved in this formula is that 
the probabilities for atoms at surrounding sites are given independently of 
one another. We shall try to make some improvements in this point by 
a method similar to that introduced by Bethe of taking into account the 
mean influence of actions between atoms at surrounding sites through all 
paths connecting every two atoms of them, 

We consider the partition function for a cell containing 1+6 atoms, 
one for the central atom and six for nearest neighboring ones. (We 
consider only a simple cubic lattice in this paper.) If a lattice point is 
occupied by a sight (2) atom, we attach ¢ to the partition function, and 
if occupied by a wrong (IV) atom, we attach l-e, But unlike Bethe's 
treatment we cunnot use the same ¢ for every lattice point, because the 
probabilities of finding an R or HW atom at other lattice points differ with 
their positions relative to a given atom, 

At first, the partition function for the cell having the cent1tal atom [0], 


which we denote by {0}, is considered, ([0] is not the given atom whose 
kind is known.) 
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Bd BA ee , [6] relate to the nearest neighboring atoms of [OJ]. If 
both [9] and all the nearest neighboring atoms are R, we add to the 


partition function e(1) (2) (3) (4) (5) e(6), and if onl y [1] is HW’, we add 
(1 —e(1)) e(2) €(3) ye (4) e(d)e (6), etc. 

When we constrict the partition function, summing the terms described 
above over all configurations, .we divide it up into tivo parts, one consisting 
of all the configurations in which [0] is ®, and the other all in which [0] 
is MW, which we denote by 7(O) and zy(0) respectively. The suffix 
indicates the cell {O} of which the partition function is given. Then the 
partition function becomes 


Zy=1) (0) +20,(0), (2) 
where 
r(O)={(L—e,(L))at eo) {A eo(2)9 4+ €0(2)}... {CL — £0(6)) x + €0(6)}, 
coy (0) = {(L—ep()) + v0(L)} {Len @)) + 69(2)}-.. {(L—e4(6)) +.7e9(6)}. 
(3) 


The e's must also be distinguish-d' by suffixes, indicainE cells to which these 
are related. 


We can divide the partition function into two parts in an other manner, 
i.c. with one consisting of configurations in which an R atom is found at 
the site [1], and the other of those in which a W atom is there. Then 


yar, (1) +) (1), (4) 
where 


r)(1)=e9(1) Il {i —es(i))¢te(O}+2e(1) I {(L~e,(z))+4e(2)}, 


co I=(L—er()) a IL (Leo) e@)} +0 —ei(1) Lda) tae}. 
1 (5) 


And likewise: 


Lyv 2) + wy (2) = 00s = 796) + 20(6) « (6) 
When we consider the cell {1}, we can obtain as before the series 
of .partition: functions concerning this cell. 
A=r, (1) by, Dan) =. =7,12) +012), (7) 


where [7], [8],.-++» [42] denote the atoms forming the nearest neighbors 
of [1], and as one Be them is identical with [9], let us consider, [7] = [0]. 
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These quantities must satisfy. the condition that the probability for any 
lattice site must be determined uniguely, 1.¢., 
4 7 (0) = (0) : he 
(0) +0) 7140) +2040) GF) 
iter. 
(8) can be written explicitly 


[i {(1—e,(i)) 2+ eu(é)} | x [ul la—a(petecp} +11 {1 —2,(j)) +xei(/)} 
=[e.HA-auetedyi +20 l-a)+eeGi] 


“y 


4 6 
{U-e@xete@}+/{A-a@)+4%@) I. (9) 
This is the equation relating the probabilities for [1], [2]... , [G6], to those 
for [O], [8],----+  eeab 
HI. At first, we shall give the long range order. The. correlation 
probabilities may converge to a finite limit at great. distances. Then, when 
we consider the relation (9) about atoms which are-far apart from a given 


atom, we can put all e’s ec ual. Calling this ¢, we obtain the next ec uation, 
DS 


{(1—e)v+e}S=e{(L—e)at+e}?+ 2¢ {(L-e)+4e}. (10) 
The long range order is related to e by 
1 ss: s € 
{ ss : tl 
( 1—S le (11) 


The long range order given above is identical with that given by Bethe. 
At low temperatures (x<1) we can solve Eq. (10) by a power series 
of & 


cel— be e456 29305" 4-102"—762%—10a"4....... (12) 
From (IL) and (12) 
S128 12.44 14a — 902" $2162" 1-0. (13) 


IV. Nextly, we shall reduce (9) to a more convenient form by using 
an approximation. If we put 


€,(z) =e+ ad ie €) Pal) ’ (14) 

then 
{ied ete,@}={d-oete} t—9 aA), (15) 

(ei) te,)}={(U—)+2e}-G-)U-DA@-) 
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Considering the ps to be small quantities, we substitute (14) and (15) into 
(9) and neglect non-linear terms of ~ Using (10), we obtain the next 
equation. 5 


A(O)| ile) teh + {U—2) tre PIL te}t + (le) t22}'] 
(la) {(l—e)ate} (1-2) e+ eP—{(l-o) +0] 
+(A(8) +4, (9)+A,U10) +A,(LI) +2,(12)) 2) ef (1-2) ete}! 
—« {(L—e) tre} [{(L—).r4e}"+ (le) tae}"]—{(l-ayrte}" 
x [{—e)e-+e}'—{(l-e) +a¢)]| 
=(a(1) +02) +208) +20(4) +206) +4.) Aap] {Cert e° 
x<[{(—e)xte}'+{(l—e) + 2e}"]—e[{(—-e)etepP—{(-2) +2e))] 
x[{(-erteP+e{(l-6) ae}. (16) 
we can rewrite (16) bricfly in the next formula. 


pCO) ={ py CL) +f.) +.B) + po (4) +A0(5) +f0(6)} F 


+ { p.(8) +A: (9) +110) +f) +i(12) 5 - (17) 
As atom [0] is not only a nearest neighbor of atom [1], but also that 
of atom [2], [5]... , [6], we have five other equations about atom [0] 


similar to (L7). Axa similar equations are obtained for all atoms except 
a given one. As the cells and atoms need only be distinguished by the 
relative positions to a given atom, we shall now change our notation and 
“use the squares of the distances from a given atom, with the lattice constant 
as unit, to indicate atoms. Then we have the next equations concerning 


several atoms around a given atom {0]. 
p(t) = {p, (0) +4212) +4: (4)'¢+{AC) + 2p,(3)+22.6)} 7, 
os { p,(0) +4p,2) + p:(4)} § + (4016) +p,(9)}7 5 
fi2)={ 2p) $20.8) +20.) } 2 +1210) 430.2) +AAi 7, 
ps(2) = {2p2(L) + 2p, 8) +206) 55+ 122s (2) +3A;(6)} 7; 
po(2)= 4 2ps(L) + 2p2(3) + 2p2(5) E+ | ps4) +226(6) + P58) +2619) 7 5 
pil A)= 1 AC) +40:6) +p} F+{ 2:0) +4A.2)i7 
ps4) = 4 pil) +4 p15) + 2,9) } + | p,(2) +203 (6) + Po(8) +2519) 57.5 
pol4) = | P41) +405) 24(9)} € + 142010) +2016) 7 » 
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p(B) = {3p;(2) +3p5(6) E+ (2p. (L)-+ A28)420.05) 7% > 

po(3)= (3052) 4+3/;(6)}€ + {2p5(5) +2069) + ps1} 7» 
p2(5)={ ps2) + ps4) +245 (6) +£5(8) + p;(10); E+ (2f CU) +27, (3) +PiO)}745 
ps5) ={ pa2)-+.0s(4) +2 ps(6) +20(8) +A5(10)} F+ 1 Pi(1) +3A:0) +P:9)} 7 » 
pad) = ps2) + ps (4) +2A5(6) +65 (8) + As 10) F + 1A: B) +26) 

4+2p5(9') + p61) } 7; 

and the other two, 

bees { po(4) + 4fo(10) +-f0(L6)} F+ (ACL) + 44,0) 37, 


and the other two, 


(18) 


ps(6) = { BoB) +206 (5) + 2p6(9') + p6(LD} & + {3A;2) +2h5(6) 377 » 

ps(6)={ Po(B) + 2p (5) +266(9) +p0(L1)} F + { P52) +254) +25(6) 
+p3(8)+p5(10)} 7 > 

and the other two, 
where [9]5<[9’], for the two differ from. each other by their relative 
positions to [0], in spite of their distances from it being equal. 

When we-put 2,(0)=1 in (14), ¢,@)=1 and 1—e,(0)=0: it means 
that the probability for atom [0] to be & is I. Then we take. ~,(0)=1L 
as the boundary condition. If ¢ and y are small quantities, we can solve 
these equations by successive approximations, and obtain the following 
result, (calculated up to. terms: of third order in ¢ and a). 

NR Ge eect 85 2 

Pi) HE + 9F + 58 + 2557% +, ps (B)=6F 4.0, 
(py (2) = 28 + G4 27TEy +47 4 LOZ +, -( pr(5)=3S" 4267 + 18o7° +... 


Ps(2)= 2 +240 + oes 4 DiS) H3S +59 + 9E7? + oe, 
pp(2) HF + 21Sy faves pO)HBP He, 

(19) 
PAA) HE +7 £1887 +4 +16 +e, {PDH He + IEG + oe, 
PAHPHIWEZ He, ps(6)=65"9 + «1-5 
pPiAHP+lOPyt+..-, a 


The relative probabilities that [4] is R or W, when a given atom is 
R, ate Dit} | 
ri(t)={Ure)xte}+(l-e(l-2){(I-e)ate Ya@, 0) 


uear. 
meee. 


Lhe Propagation of Order in Crystal Lattices. 207 


ae(h) = {(1—e) +.xe}"—(I~e)(1—2) ((1-e) txe Vial). 


near. 
neigh. 


Then we can obtafn these probabilities as functions of ¢, which is the 
quantity relating to the long range order already obtained. 


When we put, instead of (14), 
en) =6-eAx(), (21) 
and inseiting this into*(9), we obtain again Eq. (16) by the same procedure 
described above ; #(0)=I means ¢,(0)=0 and 1 — ¢,(0)=1, i.e. the probability 
for atom [0 to be W is I in this case. Then the relative probabilities 
that [4] is R or W, when .a given atom is W, are 


r(A={(—e)r +e} —e(1—2) {(1-e)rteP V2), (22) 


near- 


neigh. 
wyn(A)={(L- e) +-xe}"+e(L—x) (1-2) +2¢}° } 2). 
ueigh: 
The correlation probabilities are defined by 
G= 1+S rh) 15. TAGS) - (23) 
2 K(k) + W2)(Z) 2 ranh) + Wp(k) 


V. At‘ low temperatures, € and 7 are expressed, from (12) and (16), 
as power series of x. 
Be — ae EO A bes ; 
n= —(#—22P $e Ne (24) 


Then we can give the correlation probabilities by series expansions as 


follows. 


iS 1 8 197" 1 144" — 907" TEA ei aaa Sescc nic »\ 
G=1—24°—1042"4+1424"—702" Lae es oacten ' 

C= 1—228— 122" 4 164"? — 8824 422” 423628 + o-oo, (25) 
C,=1—22°—124" 4+ 164"—894" + GP A- 238 2 cece ; 

Cy=1 — 224 — 122" +162"— 902" 424045 + ..cc00, 
C,=1—22°— 1224 162"—902" +2407" 4: 0... : 


(C,GX6) equal G, to terms of order. 2”), 


* By Bethe’s original method (the first approximation) 
J: same as ours, : 
C= 1-28-1019 + 1401? —70.c4 + 4.08 eaaals F 
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1—S 
c.-(24S J +(I58 ==. 
2 
The long and short range orders coincide up to terms of order 


with the exact solusion. The correlation tg er converge more rapidly 
as to be expected from 


- 


Pas 


in this case than in the two-dimensional casc’ 
the general consideration of cooperative phenomena. 


In conclusion, the writer wishes to express his cordinal thanks to 
Prof. K. Ariyama and Dr. S. Miyahara for their interest in this work. 
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We shall present here some remarks on the formal solution of the 
Tomonaga-Schwinger equation of field theory. However, the physical 
interpretation of these formal solutions will be left for future works: which 
will come into contact with the fundamental difficulties underlying our 
present theory. 

The fundamental equation of the Tomonaga-Schwinger theory is of 
the form 


ay al) 
H(e)-i,° |B o\=0, 1 
Shae da (x) Age! a) 
where the interaction density //(1) is subject to the condition 
[A(),, AG))=0,> whew, G4 eo. (2) 


The formal solution of this equation will be given by the following state 


functional 
Pia]=Slo, a] Flo], (3) 


when we impose an -initial condition on the hyper-surface o, and P| oy] 
denotes the state functional corresponding to this initial condition. The 
transformation functional S{e, a] is to be determined by the following 


functional differential equation 


5 a) OCs 00] (4) 


and it should also have the property 
S{ eo; ay =k (5) 
that is, in form of a functional integral equation, it is given by 


Rig Bette 2 | H(a') S[o', ade. (6) 
bs 


90 
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We shall expand the transformation functional S[o, 0] into a power series 
of the coupling constant ¢ for the later convenience. . (We may assume the 
interaction density to be of the first order in ¢ without ‘missing the essential 


feature of our argument.) 


oy : iy - 

SG, Gy ‘ S{o, mo] 3 with Slo, % =1. (io) 
n=0 

‘ SS f A 5 (n)_ - 
The functional differential equation for the S[o, %] is read as 
(n) 

0.5 0,0, a get 
j S14, aol Hi(x) Sto, oo] (8) 


ee) 
which “has the formal solution 
fez 
oD) t Ord, py 
Sie, 6 |= | 4@ ) Slo’, olde’. (9) 
L Se 
We also have the following equations concerning to. their Hermitean 


(7) 
conjugate .S*[¢, 9] 


(n) 
a oS‘ |¢, a] ee : 
Pasar ies Ee | H(#) ; (‘8’) 
(n) : : ; (n=) 
S*[o, ol=e [ S* fo", oy] (2’) de’, (9’) 
’ (0) 3 
with S*[¢, oj=L. (7) 


ro) roe BG 2 é. ‘ . . - * 
1°) We show explicitly that S[¢, a9] is an unitary operator : 
2 oa @& 


ae ‘ ©) oO ke 
S*[¢,.95),S[, 0 |=] +.(S tS) 42CS Fa SSS 4,5: 


G OPO l Mew) 
+(StES*ESHS*SHS) + creeeeee , 
=i. (10) 
The proof for the e-part of the above equation is self-evident ; 
Oe hy 8 tt 
Ses \ H(!)dx! +(—) | HC) dz =0. 
Go So 


Vor the e-part we require the following relation 


of 


39 


(2) mM @) ©) , 
S*4S*S4S=@"| HeDde" 


Go 


HM(a')da! 


a 


He) ds" | Ha") ax" + Gay 7) ax’ \ Be” ds =0 
60 tee. 


oo 


+ 


Qe 5 
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wherein the point 2” lies on the surface a’. We change the notation in 
the first integral and have the following three integrals 


ol 


|- jew fae + fae! i aac"! — {ev iGcallace TEACAA 


Co foray 


which reduce fo 
cit 


o c be 
’ m 
[- | ds! | dx! + | a | ax” | Aa’) A") 
650 50 Go of 

In order to see the essential points easier, we shall take the surfaces which 
are parallel to the spatial coordinate axis. Let o, 0’, 0’, @ correspond to 
the surface +=/, 7, 2’, ¢ respectively. The surface integral (8—dimensional 
volume integral) of the interaction density over the surface with the time 
value ¢ is denoted by 


H()= \z (2) dv; %=t on the surface a. 
Then we shall have 
z ed 73 2 5 
{- fae| dtl + fae {aw Ate) He") 
zo to to ze! 


Both integral cover just the same region, though the order of the integration 
is reversed ; so they cancel each other. 

The proof for the 3-rd or higher order is a little more complicated, 
but can be performed similarly by considering the order of the integration 
in a certain multiple integral. 

2°) One can easily verify that there exists the Heisenberg picture 
of the energy operator in the generalized sense, that is, it is defined in 
terms of the coordinate of the respective point alone but does not depend 
on the surface a: the representative state functional is thereby the same 
and constant for all world points. 

For the proof we have only to show that the transformed operotor 
iS*[a, aj] - 8/da(2) + S[o, ]=S*[s, 0] H(x) S[o@, a] is independent ‘on the 
form of the space like surface a, or in other words, their functional derivative 
with respect to another point » which lies upon the surface @ always 
vanishes. 

a(S*[a, a] Z(2)S [e, a). 
hes 0a (x’) 
Sa ae S{a, m]+S*[e, 0] Ze) es 


aids 


ot G 3 | 


J12, —— _. S» TANT. 


_ 1 ste, ol (He) HOH) A@) Sl v]=0- 1) 


a 


We shall employ the following notation hereafter 
2 (n) oh. 
S*fa, a] He) Slo, m= Vz (4); with £@)=F(r%). (2) 
n=1 


(Rigorously speaking, they ought to be written as Bronk); See Art. 5.) 
The statement that the transformed operator of energy is a point 

function is valid not only for the transformed operator as a whole, but 

also for the individual part of the power series of the coupling constant. 
3°) The condition for an arbitrary operator O(4) to have. the Heisenberg 


picture in the sense of the preceding article is 
[A(x), O()]=9, when (7.46) 20 (13) 
The proof is quite similar to that of the preceding article. 
4°) The transformation functional S[e, a] can be expressed in terms 


of the 4-dimensional volume jategrals of the point function operators of 
energy mentioned in Art. 2.: the upper and lower limit of these integrals 


‘ é (n) 
are bounded by the surfaces ¢ and ap respectively. That is, the S [a, a's 
o 
(ny 
are expressed in terms of | 2@ aa! ’s by solving the following equations 


. 28 
inversely. 


it ° (n) . 2 —m) {m) 
anes {2 G@ \da= yi m S*|a, o| Sle, oo] 
2 a mah 


(”) 2-1 (n—m) (m) n—2 (i) (ii) (on) 
=2S|¢, o|— yi m S[a, | Slo, a|+ >, Ny mSSS 
m=1 m=1 Gy permutation 
(i) +i) =r—m 
n—T Agno 
; (i) (ii) (A) (m) qd) 
ie FCI WMS SOS SHE a PTL TS 4) 
m=1 (-All perm. 
Sat fant (neo 


Proof: we notice first that 


(n) iz (m) (n—m—1) 
F(a) = Y\ S*[o, a0] H() Slo, m1] (12') 
m=0 
and that 
ie Gn) (n—m) 
y; Sj ate 3 | S[e, a) |=0 ry (10) 
m=0 


which relation was used in the third statement of Eq. (14), ive. 
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*(n) a. «m) nt (m) (2—m) 
Sle, a) |= —S[o, O|+ . Sie, Go| S{e, Ty] eevee 


m=1 
F adi) (a) a) 
H(-1¥ VS S.S poe t(—I{S[o, op] }" (15) 


(yeu. Hajea) 
By integrating the following oa a 


(nr tit 
Sa; o)| A(x) S{o,  eeiarr 1M" St fo, a] S[o, “alt (16) 
we have the relation 
c (n) m)  (n—1) m+1-+1) 
ai i} S*fa', o| Ha") ics 0) |dz! = Y Sto oo] Sie, a]. (17) 
ce j i=0 


Then, from Eqs. (17) and (12’) we get the final results, 
The results for the first four order in ¢ are tabulated as follows: 


a) 17 
Sion jz@) da! ; 
z 2 


a ) 

Sui |= fo (= E(w) dal vy tenes; 

2 re 1/1 

Se ol=ar{e [Bera tar) [Aer 2 Aen 
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5°) Between the E(2)'s there exists the following recurrence formula 
(n) n—1 ~(n—m) if r (m) 
@-DE@)= Y[2G), = J Et’) a, |, (18) 
1 


ae 
which enables for one to get the higher order terms successively initiating 


1) . . . Z . 
from the “(2)=H(«). This formula is useful in practice, but some points 
should be noticed as regards to the boundary of the integration region. In 

o 


(m) e . 
the above equation, the integral jz (a’)dx’ should have’ been written as 
Go 
(m) . . . . . . 
JE@) dv’ according to their original meaning, however, the contribution 


from the lower surface ) have nothing to do with the character of z (x) 
as a point function. So it is convenient for one to proceed in the following 
way : we may neglect the contribution from the lower boundary by employ- 
ing the Fourier-transform of the integrand and the Gauss’ theorem.* This 


f (m) ; 
integral is denoted by \z (x) dx’ in the above equation. This procedure 


corresponds physically to the adiabatic switching on.of the interaction: and 
the principal value should be employed in the integrals which contain . 
processes obeying the energy-momentum conservation law. After we get 
the general point function of energy, we supplement the contribution which 
come from the surface o, if necessary. The supplementary terms are ex- 
pressed by means of the surface integrals over o% by performing the Fourier- 
transform of HONS: 


For the proof of, Eq. (18) we should combine the foNowing relations. 
>) 
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* “In Schwinger’s notation, { ap (x7) al = \ G u(a’)déep’, where Gyu(a)=/ (x), and day’ 


a) 
OXu 
. 2 os “ wv 
is the element at the point «’.of the surface ¢ over which the integration is performed, 

G 
(a 


(2) - ) : 
oS iN Siiey (p wn \ (a?) dvs .are exclusively used, 
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(n) 
dS*[e, J. u@ re Nas; 
= 0a (x) “= YEQ): S*[a, ], (19) 


which are revision of (12) by making use of (15); and 
if : (n) a (m) (n— _ (m) ; ; 
as | Li (2’) dx! = — y mS tap | <p) i= Syn Sic, i a es) 


m=1 m=1 


which can be shown similarly as in Eq. (14) by changing the role of the 


Tlermitian conjugate operators. With the aid of Eq. (10), they vield the 
results | 
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6°) We add that the ee of the preceding article is uniquely de- 
termined disregarding an arbitrary constant factor, when we impose a 
condition that they should be. a point function and be a linear combination 


of the products {00 as ize dal... (4). {Ber da! (i) +Gi) +. 

+(4)=n—1] of the integrals of the point function energy lower than 7 
and A(x). We will not reproduce the proof in detail. But the essential 
is as follows: when we perform the functional differentiation of this linear 
combination with respect to the point 2’ on the surface ¢, we have as 
many condition that the sum of certain coefficients of combination should 


vanish as there are types of terms such as (20 ae aes ae. A (ee ) 


fr) Se 
H(A). EG") dv) + Gi) +. 4+@+--+A=u—-1]. In general, the 
number of the conditions is gerater than the number of the unknown 
coefficients. However, if we eliminate those conditions which are not 
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linearly independent and take the condition [7(), H(2’)|=0 into.accout, 
there is left just one less conditions than the number of the unknown 
coefficients. 

7°) For some purposes it js convenient to express the transformation 
functional in form of an exponential function 


1) (2) 
S{o, a]eexp—i(K[a, a]+ Lo, ao] t-o)» (20) 


(n) i P : Z 
where the A[e, a] is n-th order in e¢, and is expressed in terms of 


oa 


JE@ dv’s. The results for the first four order are as follows : 
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The e"-approximation of the original equation in which the first: term 
be (n) - - . . 
of the transformed equation of motion is E(«)/u, which is a point function, 
i.e. in equation 
(n) 


fe p megs 4(terms of order higher than 7 in af P{a|=0- 
z 0a(x) n 
@1) 


is given by the following canonical transformation of the state functional 
and the dynamical variables 


lo] —> Po]; Ple]=C[s, 1] Pe] 


Ole, J=exp—i{ Y.KLe, 1+(Ale, 1+ [een a) 
O(z) —~ Ufa, 10) Ul, Js (22) 


8°) In concluding this note, we can add that the generalization of 
the results presented here may be able to include the cases where the 


Note on the Fromal Solution of the Tomonaga-Schwingrr Equation. IVT 


interaction density is no more a point function but contains the normal or 
other quantity related to the surface and consequently the integrability 
condition is much more complicated than in Eq. (2). But these results 
will be discussed in another occasion, 


The author wishes to express his cordial thanks to Prof. Tomonaga 
for the suggestion to this work. 
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$1. Introduction and Summary. 


One of tiie simplest problems about the reaction of radiation field on 
the electron is the radiative correction for the elastic scattering cross section 
of an electron by a fixed electrostatic potential. But attempts to solve this 
problem have heretofore been beset by divergence difficulties. Recently, 
however, a certain part of the divergent corrections was found to be just 
cancelled if the C-meson field is introduced in addition to the radiation 
Geld.@ At the same time it became clear that the divergences can be 
attributed to the self-energy and vacuum polarization, so that immediately 
after that “ self-consistent subtraction method” or ‘‘ amalgamation method ” 
was proposed in order to obtain a finite result. 

Chronologically, the C-meson hypothesis was thus put forward first and 
then the self-consistent subtraction method was presented as an alternative 
prescription. But through farther considerations we have now the following 
opinion with regard to the logical relation of these two hypotheses: The 
self-consistent subtraction method analyses in what manner the divergences 
occur and finds that they are reduced to unobservable renormalization of 
mass and charge and that one can obtain a finite reactive correction by 
merely replacing the theoretical infinite mass and charge by the empirical 
ones. This conclusion has been indeed verified by several experiments, but 
the fundamental difficulty of divergence remains: still unsolved. The C— 
meson hypothesis, on the other hand, gives a tentative sclution as to the 
origin of one of these divergences. Thus it aims at a higher substantial 
stage of the theory and seems at the same time unevitably less confirmative 
before it obtains an experimental support. Another remark is that the 


* The main part of this paper was read at the annual meeting of the, Physical Socsety of 
Japan held on May 22, 1948, at Kyoto University. Also a preliminary report and errata to it 


have been published in this joumal, vol. 5 (1948) 320, and vol. 4 (1949) 100, respectively. 
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amalgamation procedure of mechanical and reactive mass 1s necessary also 
en this hypothesis, but the correction is finite here. 

| Thus we can now derive the theoretical value to be compared with 
future experiments. Moreover, it seemed to ‘us interesting to see whether 
the C—meson hypothesis gives rise to appreciable deviation from the mere 
subtraction -of iafinity. So we calculated the actual value of reactive 
correction in two ways, one using the self-consistent subtraction method for 
the electron-photon interaction, the other including the C-meson hypothesis. 

As formerly pointed out by Pauli and Fierz, the non-relativistic 
treatment of the field reaction to a point electron gives iise to a Jogarithmic 
divergence for the scattering cross section. Dancoff® showed that this 
divergence disappears if it is treated relativistically while there arises 
another divergence of purely relativistic origin whose reasonable management 
was the very purpose of the above investigations. In the non-relativistic 
theory of Bloch-Nordsieck® and Pauli-Fierz, it was possible to arrive at 
the final result in a closed form by a canonical transformation, without 
expanding into the ascending powers of the electronic charge e¢, thus avoiding 
completely the so-called “infrared catastrophe.’ The circumstance is, 
however, not so simple in the relativistic theory, and we do not know for 
the present any other method than that of expansion in ¢, i.e., the peitur- 
bation method, or the equivalent canonical transformation method of 
Tomonaga-Schwinger theory, etc.” We have resorted here to the usual 
perturbation method. Of course, the infrared catastrophe appears in such 
a treatment, and in order to avoid this trouble we have to take care i1ot 
to miss any possible process in each step of approximation. But since our 
discussions here are restricted to the ‘c’-approximation, processes to be 
considered are only those that involve 0 or 1 light quantum in the final 
state. Under these circumstances, the oaly fiaite value we can evaluate is 
that of the cross section for the scattering of an electron into an angle 0 
both with and without emission of a light quantum. 

General evaluation being rather complicated,* we have restricted’ our- 
selves to the case of a slow electron and calculated those corrections 0a/oy 
approximately, assuming the velocity p/Z of the incident electron small 
compared with that of light, and expanding them into the ascending powers 
of p/m, with only the first two terms retained. It must be noticed onthe. 
other. hand that the magnitude of p/£ cannot be taken too small. since all 
our results are based on Born’s approximation. 


* The general aspects are now. being investigated by our, group. 
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In this approximation the self-consistent subtraction method for the 
electron-photon system yields the following: result : 


2 2 L 2vS 2 ; 
oe 2 & (PY A ~cost)] 3 + —log A ee be 
Oo. aN Ut 3 ut 
where @ is the scattering angle of electron. We use the natural unit 
system 4=c=1 throughout this paper. As is easily seen from (1), this 


correction is always negative for the values. of p considered here One 
.can also verify that the non-relativistic formula derived by Pauli a. 4 Fierz 
gives the same value as (1), provided that the diverging integral is cut 
off at about 1, what is to be expected: 

As to the reactive correction when the electron is surrounded by the 
radiation field and the C-meson field, it is found that its magnitude is 
almost the same with that obtained by the self-consistent subtraction method 
for the electron4photon system. Therefore, it is concluded that the C-meson 
field has hardly any detectable effect* on the correction for scattering cross 
section. By the way, we had better consider in this case the world scalar 
potential besides the electrostatic onc, if the problem is to be treated con- 
sistently.. But in the present approximation, we find that the above 
conclusion is scarecely affected by this conclusion. 


§2. Calculations. 


As the staiting point let us investigate what result is obtained for the 
radiative correction to the cross-section of elastic scattering by means of 
the ordinary formalism of quantum electrodynamics. Under the circum- 
stances explained in §1, the objects of our calculation are. confined to (I) 
the radiationless correction in the ¢-approximation to the zeroth order 
elastic scattering, and (II) the correction due to the process of emitting a 
single light quantum. 

The procedure to calculate the corréction (I) is given in detail else- 
where, so we give here only its outline. 

i) To find the wave function %, which represents the stationary state 
of a free electron interacting with its own radiation field. When Sain 
in powers of ¢, & may be written in the form F=f eV OPPO... 
where the first term represents a free electron state accompanied by no 


* This is.a conclusion contrary to the one given in the first letter. With regard to the 


i . Par . . 
circumstance of this revision, see the dicussjonss in 3 2. 
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light quantum and the following terms, in general, states with light quanta 
and electron-positron pairs present. 

ii) To calculate the probability of transition from a state Y(p) to 
Y(q) induced by the electrostatic potential 4, where p and q are the 
initial and final momenta of an ‘electron resoectively and p*=gq’ in the 
present case. The matrix element of V with regard to states P(p) and 
Yq) leads to the zeroth order cross section a for the clastic scattering. 
We then pick up the terms in %(g) which combine with those of ¥(q) 
through the scattering, even or odd, to give corrections da of order & to 9%, 
By an odd scatcering is meant a pair creation or a pair annihilation by 

The correction term for (I) can be classified, according to Dancoff,” 
into the following three groups. 

(A) Terms involving no pairs in initial and final states, This group 
represents a relativistic modification of the terms occurring in the non- 
relativistic treatment. This correction is given by (1-3-7)* Terms of the 
relative correction in the order Z are collected into 


8(4)=— (2 (cos é)| 2 +-Z-+ lim log. (2) 


(B) Terms involving pairs in initial and final wave functions which 
are combined through an even scattering of electron or positron by the 
scattering potential. See (1-3-8) and (1-3-9). The #-+term is 
# e p 2 it us 4, - oy 

O(B == (2) 1—cos0 [-4-4 + Soe? 3 
| (p)=£(LYa—cosm[-F—--+-Flos2] (3) 
(C) Terms involving pair creation and annihilation by ‘the scattering — 


poiential, which can be subdivided into three parts: 
i) Processes which arise, e.g., according to the following schema 


Hint 


psp, a (—d-l*, BS pth, a, (—a-hy'— a. 
One reads this as follows; in‘ the wave function % (p) we consider the 
term Which contains a pair p+k, (-a— —k)* created through the two steps 
a) pair creation of g, (—q—/)* with the emission of & and b) absorption 


of k by p; this combines, by ineans of the term in the scattering potential 


culated for. the general case where the Scattering 
and world scalar potential 7%. As we consider in 
formulae of the paper I with the specialization 


* In the paper I, the correction is. cal 
potential consists of electrostatic potential 
this paragraph electrostatic potential only, we cite 


W=0. 
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annihilating pth, (—q—k)*, with Yq) in P(g). (U-3-10 ~14) belong 
to this type. The g’-term is 


3 ayiiek a z (2) (1—cos6). (A) 


ii) There are several processes such :as 
ywint. ‘ Hint. @ Wea 
p> PD, UG (-a-h): k— 3p, % (-@)'—>@. 
This is a process in which the cffect of the interaction of electron with 
radiation field repeated twice results in the mere creation of a pair Y, 
(—q)*, the initial electron p being un: altered at all. This process may 
From (1-3:15~17) we get 


9 


well be called of a “self-energy type 


Cie ify '(1—cos 8) * Malina toga]. ’ (5) 


Ub 2 Kra 12 
jij) Processes in which an atbitrary virtual electron-positron pair plays 
an essential role. lor Seta’ 


Tint. Vint. 


>; pd. ——>q, », (—? + p—-g)* 


These consist of (1-3-19~22). The first two terms of expansion in the 
power of .p are 


O( Ci = 4 —_——. a2 — 6 
O(Gi)= |= salle +lim log 2K)| + <(4)a cOsU)s (ely 


IC> 


This represents an infinite effect of vacuum polarization, the first term 
diverging logarithmically. This divergence is to be subtracted in a a positron- 
theoretical treatment. But-in the present stage of positron theory, there 
is no definite rule how to subtract the diverging effect of vacuum polariza- 
tion.* ‘The simplest manner is of course to drop off this term entirely 
regarding it as an unobservable quantity. - Another conceivable way is 
indicated by the self-consistent subtraction method applied to the vacuum 
polarization phenomena”; according to which only the term in the square 
bracket on the right hand side of (6) is to be subtracted. The difference 
between.these two methods, i.c., the term with ~? in O0(Cj), is, however, 
rather small. Therefore, we shall prefer the former standpoint for simplicity 
and always drop off 0(Cj;) in the following discussions. 


¥* Recently Schwinger has treated this problem in detail, (Phys. Rey, 75 (1949), 651). 
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The correction (I). is obtained adding the terms (2), (3), (4), and (5) 
together: 


aot SY Bi | +4 Seiten lope oh Ing ee |. 
(28) (4 )¢ cos @) Ra st; 5 lim log ke 5 lim log K]. (Zp) 


As is seen at once, there appear two logarithmic divergences, one re- 
presenting the so-called ‘infrared catastrophe,’ the other being of the 
ultraviolet origin. The former can be eliminated if we take another ¢- 
correction corresponding to an emitting process, i.c., correction (II) into 
account. As we assume ~/E <1 throughout this paper, we may be justified 
to calculate this correction non-reiativistically. We also assume that thie 
electrostatic potential is a Coulombian one. Making use of the formula 
first derived by. Mott® 


—_ Ze Nee sind dé do 
Ome Jk u/v' +0 /u—2cos 6 


(8) 


which gives a cross-section for the scattering of an electron with velocity 
v into the solid angle sin? d@dy with final velocity v' emitting a light 
quantum of energy between & and £+dé% induced by a nuclear Coulomb 
field with charge Ze, the correction (IJ) can be written in the following 


& 


3 k>0 3 uM 3 


S ee (1—cos@)| —S—lim log &+ : los 2 a 4 log? | 
mn ot \m 


2cos6 ean 0 ’ i] " 
a | Ly —cosf)} =o log sin 5 —(—8)tan +]. Coy) 


Now, as the second term of (9) is almost equal to 
—2¢ p/n? (L—cos 6) (10) 


for £2 values of @ between 0 and 7%, it is oe to write 


4 eden: 

(2),--£ (Ly econ[a+ toed Sw L— A te] 

(9') 
with a good approximation, error comitted by the substitution of the second 
term of (9) by (10) amounting to 0.15 ep /xm* under te worst conditions. 
The radiative correction to be expected from ‘the usual theory of 
interaction between electron and radiation ficld is obtained adding the 

corrections (1) and (II). 
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' Oa 0a 
(By) 
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* es 2 i 2) 3 
CO) =£(LY cose] MB, 8 tog 24 43 tim log 2K]. (U1 

S)(1—cos@)| — + og + im log 4/8 |. ) 
az \ mM ( ) 36 5 Oe ae 9 xin! TJ 

This. involves yet a logarithmic divergence, which, different from other 
divergences appeared above, has been found impossible to remove in the, 
frame of ordinary quantum field theory and has been regarded as an- €X- 


‘pression of its characteristic difficulties. | Recently, however, it has been 


noticed that this divergence is of the same type 4s that of the electro- 
which has 


magnetic self-energy of an electron in the ¢-approximation, 
offerred a new indication how to deal with this diffculty. That is the 
reason why both the self-consistent subtraction method and the C-meson 
hypothesis have been successful in getting rid of this divergence. 

In the self-consistent subtraction method for the electron-photon system, 


the Hamilton function describing it: 
eee —e 
H= FZerectron nis ET yaaiation x FZ interaction ad 2) 


is rewritten in the form ie 


H= eiba + dn b* Bp ar) + Ana. + (Ain.— dnl b* pb d r) » (13) 


where dv is the electromagnetic mass of an electron at rest 


dn] lim log2K—-—_| ; (14) 


and m-+6 is replaced by the empirical value of the electron mass. Ap- 


plying the new interaction Hamiltonian Hyon | Bide to the present’ 


problem, the counter-self-energy term —dn\$ Bodr gives rise to the ad- 
ditional correction 


t- ‘ e 2 = . 
0 (772) = —— ae (1—cos@)| Stim log2k—_], (15) 
az \ ut 2 K>+0. = 
which irivolves a logarithmic divergence of the same magnitude and op- 
posite sign compared with the one appeared in (11). Adding (15) to (LD), 
the divergence just cancel each other, and one can arrive at a convergent 
result 


(A demleabel sa Mae sia ee ; 8 Qp 
esl (eee 6 |-3 es | 
a xz \ mM — ? ; a 3 log mal (1) 
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As a closer inati i i 
oa examination shows, this correction consists of the following 
two contributions ; 


da e ( p y r 
MOP BIE), ait) pes 
A SNS sy (1—cos@)}| —2+ = log? [ieee searees (a) 
: 1’) 
i jac 3 8 ( 
+£(4) 1 -cos#)| -14 log 
aay (1—cos @)} —1+ 5 log SoaeteetD) 
In this expression, the first term (a) represents the sum of two corrections, 
one due to the actual emission of light quantum of energy less than p°/2m, 
the other due to the corresponding radiationless process. Though light 
quanta of energy larger than #°/272 cannot be emitted actually on account 
of the energy conservation, the corresponding radiationless process survives 
all exe" the energy range between 7°/27 and co and gives -rise to the 
correction (b). As is easily seen from (1), (a)<(b) holds as far as the 
momentum 7 remains small. 
Correction due to the reaction of C-meson field on the electron can 
be calculated almost in the same way: The results of calculations are 
(I-3-24~36). The magnitude of correction of order p” is 


Lape y oe 3 3 

——||_ ——— T=c¢ 34 Set ed ee o = BL 5 

2n ( uk Sap | 8 ey pReey se slimulog 2a : 
(16) 


where pz is the C-meson mass (¢~100m). Applying the condition f?=2e*, 
we obtain the finite reactive correction when the C-—meson field is con- 
sidered besides the radiation field, 


do _ (2 ) [ pie 8 4 plas) 
a Re Fe IE PS SP cel £] 
a te agp (1—cos8@) 2 i log2+ = log ie + log —— 


2 “mM 
(17) 
This is a result obtained by applying directly the C-meson hypothesis, 
and a one reported in the first letter. However, when the C-meson field 
exists besides the radiation field, the electron undergoes a finite non- 
vanishing mass change through interaction with these fields, and, therefore, 
we must take-into account of its effect on the reactive correction for 
electron scattering in order to compare the result with experiments. This 
was ‘the very point overlooked in the first letter. 
The relative correction due to the change of mass is 


bat LS eee bi, (18) 
q Oy am 
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where dm is the sum of rest mass modifications of an electron by the two 
fields ; 
e” 5 3 3 pt 
dona Lo m( 2-9 0g + 5 le*) (19) 
Adding (18) to (17), we can get a result which is almost the same with 
(1), ie., it is very close to the one obtained considering radiation field 
alone and-subtracting the infinite correction due to mass change. 

The calculation in which only the first non-vanishing term is retained 
might appear unreliable in the limit of long wave length, since higher 
order terms in ¢ then become important. But in fact we can ascertain that 
the real emission process of arbitrary order and the corresponding radiation- 
less process cancel each other and that the result in ¢-approximation is 
really very close to the one which should be obtained by an exact calcu- 


lation. 


§3. Discussions. 


Our main interests in this investigation are to see whether the actual 
magnitude of relative correction is experimentally detectable or not, and 
to know whether the reactive correction for electron scattering can serve 
as a test for the existence of the C-meson field or not. As to the magni- 
tude of relative correction da/o, it does not exceed 10~* for the momentum 
range of electron considered here, as is easily computed from (1). Since 
this is extremely small, it seems impossible to detect the calculated effects 
by the existing experimental apparatus. Thus one is justified to calculate 
the elastic scattering cross section of an electron entirely neglecting the 
reaction of‘radiation field (and of C-meson field). The C-meson hypothesis 
gives rise toa correction which is nearly equal to that obtained by the 
self-consistent subtraction method for the electron-photon system, as is 
shown in §2. Therefore, we arrive at the conclusion that C-meson field 
shows hardly any detectable effect with respect to the correction for elastic 
scatiering cross section of an electron by a fixed center of force, at least tn 
the case in which the electron has velocity small compared to that of light. 

The. above result indicates that the total amount of C-mesonic cor- 
rection, i.e., the sum of the reactive correction relating only to the C-meson 
field and the correction due to the mass change by surrounding C—meson 
field, is very small compared with the correction obtained by the self- 
consistent subtraction method for the electron-photon system. The reason 
will be clarified in the following. 
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As is seen from. integrals (3-24)~(3.26) of paper I, the integrands 
of corrections A and.B due to the C-meson :field have denominators of 
almost equal magnitude because of Jn?+7? <Ve+ for every momentum 
‘Ke of virtual photon, and thorough calculations -of their numerators:. show 
that they give contributions essentially of the same magnitude and of 
opposite signs. Therefore the corrections A and #& almost cancel. each 
other with only terms of order 10-4 f°/z - (p/m) remaining. The correction 
Cx is expected to be exactly cancelled by the correction due to the mass 
change from the covariant theory of Tomonaga and Schwinger. In fact, 
in the perturbation ‘calculation they do not cancel. themselves exactly and 
there remains a finite term’of order 10-°/?/z - (#/my, which is practically 
compensated by the correction C;. Thus the net correction due to the C- 
meson field only does. not exceed 107*/*/z(4/m)’, which is below the error 
commited in the approximate computation of correction obtained by self- 


consistent subtraction: méthod. The main cause of extreme smallness of 
this correction is attributed to the large mass ratio “4/m~100, ie., the 
smallness of the C-mesonic force range in comparison with the Compton 
wave-length of an electron. 

The correction due to the effect. of vacuum polarization, which was 
divergent in the radiative correction, vanishes exactly in the case of C= 
meson field. It is not yet obvious. whether this is an event of general 
character due to the property of the C—meson field or merely an accident. 

According to the analysis of Pauli and Fierz, in which the scattering 
of a charged particle of finite size by a fixed center of force is treated non- 
relativistically, the relative correction for the elastic scattering cross section 


becomes 
OF (92 /2rmwderal 4 (20) 
cri) 
where: 
ves telah te igi eoep 21 
ca (4)a cos 4), (21) 


and w, is the cut-off frequency. The correction in the ¢-approximation 
can be obtained expanding the above expression in power of C, 


(22) Cog = = (4) cos) og GF. 28) 
do ea 
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This obviously diverges logarithmically when the cut-off frequency , tends 
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to infinity, ie, when the size of the particle reduces to a point. We have 
seen, however, that the relatiyistic treatment of this process with suitable 
subtraction prescription does converge. Thus the contributions of the photons 
in relativistic energy region could safely be neglected.» Once this is ad- 
mitted we might expect the same result again from the non-relativistic 
formula (22) if we only give an appropriate value, e.g. 77, to the cut-off 
frequency ©. ( 

This is the very procedure that was employed by Sethe when he 
calculated the level shift of the hydrogen atom preliminarily in a non- 
relativistic. approximation.“ In the present case, too, Bethe'’s method proves 
correct. In fact one finds, by equating (19) and (1), w,=1.19 m, which 
seems a quite reasonable value. 

In the above calculation we have assumed that the scattering potential 
is the fourth component of a four-vector, Now the fundamental idea of 
the cohesive force theory is that the electromagnetic field is always ac- 
companied by the C-meson field, so that it will be more consistent to 
sntroduce a scattering potential of the world scalar type besides the fourth 
component one. In the same way as the latter can, in usual, be considered 
a‘ fixed Coulombian potential, a static solution of the Maxwell's equation, 
the former may be regarded as a static solution of the wave equation of 
the C-meson field, e~""/r with a very short force range since #~~100m. 
In the paper I, the whole problem was treated according to this general 
view point. But in our present approximation in which ///:<1, this 
circumstance does not’ affect the above result at all, correction to be added 
to (1) on this account amounting at most to 0.01 %. ‘This is-a result to be 
expected, since such a slow electron is usually deflected by the long range 
Coulombian force before it can reach the immediate neighborhood of the 
scattering center where the short range force is effective. On the other 
hand, if we treat the vacuum polarization effect of the C-—meson Seldeiir 
this general case 


PitnB ys pa) toi) WW gyal — El gy —gye Pe 
Eyes —a)S a? ae 
where 

Ex(nt + py’, S=[Z2+( pq) +m)? +2mEVW + (2 (pq) + me) W")/2E° 


and 17 and W are respectively the matrix element of the fourth component 
andworld scalar potential, according to the second alternative method of 
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subtraction mentioned in §2, €;, only the logarithmically diverging pait 
of the first term in the square bracket is subtracted, one quadratic and one 
logarithmic divergence still remaining. Thus, when the scattering potential 
transforms as a world scalar, the two manners of subtracting the effect of 
vacuum polarization give quite different results. This isthe case also when 
one is concerned with space-component of electromagnetic potential, for 
instance, in the case of magnetic scattering. This difficulty could not be 
overcome in the frame of the usual perturbation method and we shall not 
enter into it here. The readers are referred to the recent work of Schwineer™ 
and others. ? ; 

Concluding remarks. We have shown that the reactive correction 
for electron scattering cannot serve as means to find out the effect of C- 
‘meson field on account of the large mass ratio.. However, when p/i2~i, 
this gives rise to a correction comparable to the radiative correction. This 
is expected in the case of reactive correction for elastic scattering of f- 
meson by a nucleus if it is really a Fermi particle with spin 172 as. is 
now becoming plausible. In this case the above calculations stand as they 
are, and yet the mass of C-meson (100 electron mass) is by no means 
largely different from that of “meson (217 electron mass). Lherefore, the 
‘C-meson theory gives considerably different result from. the mere subtrac- 
tion, and it might be ‘permitted for us to dream of the possibility of finding 
some evidence about the existence of C-meson field in future experiments 
of meson scattering. | 
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n the Nucieon Component 
in Cosmic Rays. 


Y Fujimoto and ¥. Yamaguchi 
i % r ree! etre 
Physical Institute, Tokyo University. 
Mar. 28, 1949 


Stars in emulsion and bursts in thin- 
walled ionization chambers show the same 
altitude dependence, and both may be 
cmsidered. due to the nuclear events 
caused -by moderate energy (from severa 
hundred Mey) nucleons‘? Here we call 
ihese nucleons “ B-nucleons. As is shown 
by Wilson chamber pictures, most of B- 
nucleons, are neutrons, We have estimated 
the intensity of Beneutrons assuming the 
following simple model. i) High energy 
(more than several hundred Mey) nucleons 
—we call them “ A nucleons” ©—produce 
B-neutrons in penetrating showers. it) 
Angular divergence of a penetrating show- 
er may be neglected. iii) Absorption 
coefficients of A-nucleons and b-neutrons 
are the same and is equal to 1/7~1/125 
ecm7? in air, iv) The cross section for 
producing a penetrating. shower is the 
yeometrical cross section of an air nucleus, 

‘Paking the A-nucleon intensity at ag 
em7* as 

A(a) =a exp{—2a/2) 
and then the B-neutron intensity is ‘given 
by 
Bix) =2am{2/) exp(—2/t) 

where m means an average nuinber of 
B-neutrons emitted in one penetrating 
‘shower. The factor 2 is due to the fact 
that an A-nucleon makes two penetrating 
showers on the average in its mean path 


te 


To compare with experimental data of 
stars and bursts, we must calculate the 
integral intensity as follows. 


| Bla/cos 0)d2 =4ram(a/D[— Eji—2/l) 
(1) 

The: experimental data® and curve (1) 

are shown in Fig. 1, and we obtain con- 
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Fig. 1 , 
siderable agreement. For 22200 g¢cm™? 
(1) is ~ const. exp(—a/132). 

Comparing the absolute value of A(z) 
with that of B(x), both being obtained 
experimentally, the undetermined factor 
m is ~0.8. If we assume that nearly 
the same number of B-protons are also 
produced in a penetrating shower, then 
the mean number of emitted B-nucleons 
is ~1.6 in one penetrating shower. 
_Now we can estimate. the intensity of 
B-protons. It we take the mean energy 
of B-protons as ~200 Mev, their mean 
range is ~20g¢cm™*, which is shorter 
than 7. Treating B-protons as in equili- 
brium with A-nucleons, we see the inten- 
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sity of B-protons are roughly one third 
of that of A-nucleons. ‘So only 6% of 


B-nucleons are consisted of protons. This. 


agrees approximately with Rossi's estima- 
tion“, ‘ - 

More quantitative studies are now in 
progress. We wish to thank Mr. Haya- 
kawa for his kind interest taken in this 
work. 


(1) i. S. Bridge, W. E. Hazen, B. Rossi and 
R. W. Williams: Phys. Rev. 74 (1948), 
1083. If. Carmichael: Phys. Rev. 74 
(1948) 1667. _ Also cf. Y. Fujimoto and Y. 
Yamaguchi: Prog. Theor. Phys. to appear 
shortly. 

(2) We do not distinguish protons and neutrons’ 
in A-nucleons, since the ionization loss is 
not important for such high energies. 

(3) B. Rossi: Rev. Mod. Phys. 20 (1948) 537. 


Note on the Deuteron Problem of 
the Mixed Meson Theory of 
Pseudovector and Pseudoscalar 
Fields. 

S. *4iroishi and H. Tanaka. 
Institute of Physies, Kyoto University. 
April 7, 1949 


Recently, Araki proposed the mixed 
meson theory of pseudovector and pseu- 
doscalar field, which gives the finite 
magnetic moment of the nucleon and 
seems to agree with the other facts, ie. 
the sign of quadrupole moment of the 
deuteron, nuclear forces, B-decay, etc. 

We calculated exactly the deuteron 
problem ‘on. this line with the value of 


i ii ; 
.the coupling constant ~~ feaiea where 


M, yp, are the mass of the nucleon and 
pseudoscalar meson, respectively, and the 


ratio of the pseudoyector and pseudo- 


scalar meson miass is assumed to be 4.72, 
which comés from the above value of the 
coupling constant and the experimentai 
value of the magnetic’ moment of the 
proton. 

But the obtained results are, unfortun- 


ately, negative. First, the scattering cross 


section of slow neutrons by proton is too: 
small (order of 10-27 cm’) to account for 
the experimental value (order of 10-*4cm’). 

Secondly, the binding energy of the 
deuteron is not positive. 

To find the reason of. this discrepancy, 
let us compare the Araki’s potential with 
the Schwinger’s® and Bethe’s™ one. 


Araki’s potential : 
oem i ‘ 
Ves oe {(oa®)S,+S)2Ku} 


Schwinger's Potential : 
Vs=(tPr@{(ae Ist So Ks} 
Bethe’s potential : 
Veg={(0P a) Te—Syo Kn} 


where 
Sie aa a (aa) 
and 
aa (exp(—2) . .exp(—d42) 
as (eXP(—2) , og 9 exp(—Ssz) 
ip (ON a) 
jee eal st 
=. —ax)({1 1 1 
oD oges (ane aera es) 
»exp(—dux) (7 wi i 


nay (4 244) 


9 282) (tye 3] 
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a is a he in each cases: @a~ds~ 
0.5, ae~0.8 and 64=4.72, ds=1.6. In 
"V4, Ja is negative and [ Ja] >]Ku] near 
the origin. Because of this repulsive 
character of Araki’s potential for the small 
distance, the scattering cross seCtion be- 
comes very small and the deuteron is not 
pound. In Vs, Js is positive and much 
more effective than Ks, so if the binding 
energy is concide with the experimental 
value, Ajs becomes not so effective that 
the quadrupole moment can not be ex- 
plained. 

In contrast to the above two cases, [tz 
is more effective than J; in Vr. This 
great effectiveness of the tensor forces, 
in Bethe’s case, gives the quadrupole 
moment enough to explain the expen- 
mental results. 


(1) G. Araki, Phys. Rev. 74 (1948), 989; 
Prog. Theor. Phys. 3 (1948), 422. 

(2) J. Schwinger, Phys. Rev. 61 (1942), 387. 

(3) HL. A. Bethe, Phys. Rev. 57 (1940), 260, 
390, 

(4) J. M. Jauch and Ning Hu, Phys. Rey. 65 
(1944), 289. 


Phenomenological Treatment on 
the Production of Cosmic-Ray 
Mesons. 


S. Hayakawa and J. Nishimura. 
Central Meteorogicat Observatory and 
Scientific Researeh Institute. 
Apr. 13, 1949 


The analys's of cosmic-ray intensity in 
the atmosphere gives ample informations 
about the production of mesons for which 
any satisfactory theory is yet unknown”. 


So, we attempt to get forth phenomeno- 
logically to determine. the mode of meson 
production, which is represented by a set 
of parameters, on the basis of experi- 
mental facts. 

For this purpose it is of importance to 
choose the primary spectrum more care- 
fully. Referring the rocket measurements 
at 40° and the energy flow obtained 
from the balloon experiments®, we as- 
sume the differential energy spectrum of 
primaries as 

ple)de =[(17.6/e) — (59/e**) |e, (1) 
where the energy of primary ¢ is measured 
in Bey. At usual the index of ¢ will be 
denoted by +1. 

Secondly, we consider the decrement of 
primaries through the atomosphere. De- 
noting the probability that the primary 
proton with energy ¢ loses the energy 
between e’ and e’+de’ by a collision with 
an air nucleus by @(e’/e)de’/e. If we 
take the ‘collision mean free. path, 65¢ 
cm72, as the: unit of length, the diffusion 
equation for primaries is given by 


ple. 2) =—p(e, x) [Ore 
dv 


z é € : 
+Hrq4,2 0a, @) 
neglecting the ionization loss of the pro- 


tons. This equation is solved by means 
of Mellin transformation and the result is 


pe, «) = (1/2n0) | {1/(r=s) ete) 
xexp{—A(s)z}ds, (3) 
A(e)=[[1—(1=2)"]0(e)d0 
=[1—(1—%)*]; (4) 
the last expression being obtained by as- 
suming @(v)=d(v—v). € means the 


magnetic cut off energy. For e>ee, (3) 
is) represented by the residue at s=7, so 
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we. have 
ple, #)=const. e~*exp{— A(y)x}. (5) 


(5) shows that A(y) is to be identified 
with the inverse of the absorption coeffic- 
ient for primaries (measured in our unit). 
Thus A(7)=65/125, which results in 
=O0131 for ;=2: 

Thirdly, the mode of meson production 
is treated on following assumptions. (a) 
A primary proton with energy ¢ produces 
pi-mesons with energy between HE and 
EH+dkE by the probability 


Ue, E)\dE=Cet Bd, E<v 2, (6) 


(b) The spectrum of the produced pi- 
mesons is the same as that of primaries. 
(c) The number of mesons produced at 
a collision is Be®. (d) The energy losed 
by a primary at a collision, v¢, is trans- 
ported into charged mesons by a factor 
H. (e) The ratio of the intensities of 
primaries and mu-mesons at sea level is 
70 in the high energy region. From these 
assumptions we can determine the value 
of various parameters introduced above : 


§=1/3, a=1/3, B=—1/3, 7=1, 
H=2/3, C=1/3, B=1. (7) 


Fourthly, we calculate the intensity of 
mu-mesons assuming that the pi-mesons 
disintegrate immediately into mu-mesons. 
The energy ‘spectrum of the hard com- 
ponent at sea level is calculated in the 
approximation as was used by Heitler and 
Walsh. ‘The result obtained gives the 
higher intensity than the experimental one 
in the low energy region, while in the 
high energy region a fairly good agree- 
ment is found. ‘This seems to indicate 
that Heitler’s approximation is too .rough 
and may be the reason why Janossy got 
the too large index of the power in the 


spectrum. We can verify that this fault , 


can be mended by the improvement of 
the calculation.. The still remaining dis- 
crepancy may be removed by taking into 
consideration the ionization loss protons 
in low energy region. 

Consideration must be extended to in- 
clude also the soft component at the 
upper atmosphere, but this problem is left 
to the future occasion, and here we re- 
mark only the fact that the bulk of the 
soft component may be the disintegration 
products of neutral masons which are be- 
lieved to decay into photons with consider- 
able short life: 

Detailed account will.be published else- 
where. 


(1) The rather satisfactory treatmenis are H. 
Tamaki: Rinken Tho 2] (1942), 891; G. 
F. Chew: Phys. Rev. -75 (1948), 1128. 

(2) A. V. Gengnes, J. F. Jenkins and J. A. 
Van Allen. Phys. Rev. 75 (1949), 57. 


_(83) R. S. Millikan, E. V. Neher and W. H. 


Pickering: Phys. Rev. 63 (1943), 234. 
(4) W. Heitler and P. Walsh: Rev. -Mod. 
Pays. 17 (1945), 252, 
(5) I Janossy : Nature 158 (1946), 450. 
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Cosmic-Ray Bursts under 
Thick Shields. 


Y. Fujimoto, S. Hayakawa, 
and Y. Yamaguchi 
Physies Department, Tokyo University 
and Research Institute, Central 
Meteorological Observatory 
Apr. 13, 1949 


The size-frequency relation of cosmic- 
ray bursts has been analized in detail by 
Christy and Kusaka®, and it .was con- 
cluded that the bursts were caused by 
mesons not of spin 1. This remarkable 
result seems, however, to meet with a 
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difficulty, if one will account for the varia- 
tion of the frequency with altitude ; the 
frequency of bursts at 3000 m amounts 
about 4~6 times larger than that at sea 
level@®, The intensity of energetic mu- 
mesons, which are supposed to be the 
main agents of bursts at sea level, can 
not increase so strongly with altitude, 
because at such high energy the ionvation 
loss and the disintegration of the mu- 
mesons are negligible. This suggests that 
some other components must produce 
most part of bursts at higher altitude. 

above altitude 


dependence, Bethe suggested that the 


As for unexplained 
high-density cores of showers would be 
the main agents of them. But later ex- 
periment showed that the coincidences 
of bursts with air showers amount at most 
D%. 

Here we remark the possible contribu- 
From 
the analysis of cosmic-ray intensities at 


tion of nucleons and pi-mesons. 


the upper atmosphere and underground™, 
we cah estimate their relative intensities 
and energy distributions at 3000 m as 
follows. 
mu-mesons : B/(B+E)-dE/E™, 
pi-mesons : 0.013. x H/(B+£) 
x dE Et, 

nucleons : 0.069 x dE/ Et", 
where B means the decay constant Of pi- 
meson, 3.410!" ev. On the other hand 
the cross-section for the production of 
electronic component with energy between 
e and e+de in lead are as follows. 

(a) bremsstrahlung of mu-meson (spin 
1/2) %: 
3.3 x 10-3 In( H/uc?)defecm*, (2) 

(b) bremsstrahlung of pi-meson (spin 
RG 
1.8 x 10-7 de cm’, (3) 


‘a recent experiment™. 


(c) charge accerelation of nucleon“? : 


x 6.5x 107-°5 In( E/ Me*)de/e cm’, (4) 


Other processes are known to be so small 
that we need not consider them here. 

From the above considerations we get 
the following conclusions: (1) Even if we 
assume the spin of pi-meson to be 1, the 
contribution of pi-mesons is much smaller 
than that of nucleons. The previous note 
of one of us (S. H.) is erroneous because 
there the angular distribution of mu- 
mesons was not properly considered. (2) 
At 3000m, bursts caused by the charge 
accerelation of nucleons are 7 times or 
more frequant than that caused by the 
radiation of mu-mesons, if & is assumed 
to be nearly equal to 1. The former 
process gives a main contribution to the 
frequency of large bursts at higher altitude 
since the intensity of mu-mesons_ varies 
little with altitude. 

We have further evidences which sup- 
port the above interpretation by referring 
Firstly, the absorp- 
tion coefficient of purst-producing rays, 
1/434 gcm~*, is in accordance with our 
view, because the absorption coefficient of 
nucleons in Jead may be about 1/309, 
corresponding to a half of the geometri- 
cal cross-section as was confirmed by the 
experiments about stars®”. Secondly, we 
can explain the observed sharp angular 
distribution, since the nucleon component 
falls on more vertically than mu-mesons, 

Detailed account will be soon published 
elsewhere. 


(1) R. F. Christy and S. Kusaka: Phys. Rev. 
59 (1941), 414. 

(2) R. E. Lapp: Phys. Rev. 69 (1946), 321. 

(3) E. F. Fahy and M. Schein: Phys. Rev. 
75 (1949), 207. 

(4) If. A. Bethe: Phys. Rev. 72 (1947), 172. 
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(5) S. Wayakawa and J. Nishimura: to be 
published in this issue. 

(6) S. Ilayakawa and S. 
published. 

(7) S. Wayakawa.: to be published. 


Tomonaga: to be 


(8) S. Tlayakawa: Prog. Theor. Phys. 3 (1948), 


458. 
(9) c.f. G. Bernardini, G. Cortini and A. Man- 
fredini: Phys. Rey. 74 (1948), 845. 


On the ;—-Decay of Neutral Meson. , 


H. Fukuda and Y. Miyamoto. 


Physics Institutes, Tokyo University. 
April 28, 1949 


As was first suggested by Sakata and 
Tanikawa® the neutral meson can dis- 
integrate into several number of photons 
through creation and subsequeut reabsorp- 
tion of virtual proton-antiproton pairs. 
Tanikawa® and Finkelstein treated this 
problem by perturbation theory, and ob- 
tained logarithmically diverging results, 
but we found that the results converge 
in contradiction with these authors. This 
is, as we think, due to some overlook in 
their calculations. On closer investigation, 
however, it is found that the life time of 
the neutral meson is indeterminate, even 
if it converges, and assumes various values, 
depending on the way of evaluation. Such 
a circumstance is often encounteyed in the 
treatment of such quantities as photon 
self-energy and is connected with the 
difficulty which we meet with when we 

“will draw some conclusion from the im- 
proper expression co—co. In order to 
“reat our problem correctly, it is neces- 
sary to use the covariant formulation of 
the theory of wave fields. ‘Thus iis 
worth while fully to investigate our pro- 
blem in the light of ‘Tomonaga-Schwinger 
theory. 

it In Tomonaga-Schwinger theory, the 
matrix elements for the two quantum 


disintegration of the neutral meson are 
given as follows : 
for scalar meson 

FUE" G)s (1) 
and for pseudoscalar meson with pseudo- 


scalar meson with pseudoscalar and pseudo- 
vector couplings 


if U(e*r5¢)> (2) 


and 


. 
“Lf 


aj ; ee 
ee a Ve@soiU (3) 


where U is the potential for meson field, 
gy the spinor for protonic field, f the 
coupling constant, and yz the reciprocal 
Compton wave length of the meson. 


22 means the sum over (/, 7jk)= 
(1 534), (2,134), (8,124) and (4,128). 


(¢y* Lg), is the vaccum expectation value 
with respect to the protonic field, and 
explicitly it is 


9 Cc oO 
() {dec} do’ ((e'(r4'’) 9” 


[e*(rA)¢’, ot Lol}, (4) 
where A; the potential for electromagnetic 
field. (y*Lg). has the following two 
important properties: (I) (@*/@). is 
gauge-invariant, that is, invariant under 
transformation A,—>.4,+0,;4(LJ4=0) and 
(I) 3 de" TisnP)o=—2X(Y* Ts), ¥ de- 


(Let 9k 
ing ie reciprocal ‘Compton wavelength 


of the proton. 

(gtLy), can be found by using the 
same method as that used by Schwinger 
in his calculation of the intrinsic moment 
of the electron. ‘They ore 


eyed 2 male 
(v'g=*( 4) gare (DEF 
(5) 

ae: ce | 
(+ he 8x" (14 G.(Q) 


(et rs@)e 
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meson coupling first term retained | first term discarded 
: = SS TT A nn |e ge 1-14 
scalar scaler T.1x 10-38 (1.7 x10—7*) 7x10 us (2.1 x 10-") 
pseudoscalar pseudoscalar 1x10-16 (0.6 x 10-1) 1x 10-" (Lex 10> ie 
pseudoscalar pseudoyector 5.410716 (5.6 x 10-19) T0 (ho 0e 
pseudovector | pseudovector | co | co 
felhe=fpe/he=0.05, fr 2=(2%/10)70.05, 14 =200 mif3"0 mu) 


D) (Fis Fay+ Faiphgg a7 PP sa) (6) 


and 


(20 sy aK 
(9° : ‘TanP)o =(~ he ) i (-3 neaeak. BE 


+ G.(L)) SH a1 FOF yx) (7) 
eyclagk 
where G, and Gs, are function of (J, 
which, expanded in powers of /*, are 


Giles alo CHE) Sager “P 
(8) 

(5) and (7) are not gauge covariant 1n 

contradiction with (I), since A; appears 


explicity. ‘This circumstance is very similar 
to the discussions by 
Wentzel® on thh photon self energy. 
Further, between the first terms in (6) 
and (7), the identity (II) does not hold, 
whereas it does so between the terms 
with G.. Evidently inconsistent 
results arise from the mathematical diffi- 


Schwinger and 


these 


culty of obtaining the definite expression 
using the singular delta function of Jordan 
and Pauli. At present. no 
appropriate prescription which makes one 
free from the ambiguity of this kind. If 
such prescription were found, and it were 
proved that (I) and (II) hold simultane- 
ously, the first terms in (5), (6) and: (7) 
would vanish. At present state of the 
theory of wave field, in which the photon 
self energy problem is still unsettled, we 
cannot give the unique answer for the 
y-decay of the neutral meson. 
shall give below 
time for 


we know 


Thus we 
two values of the life 


the neutral meson, the one ob- 


tained when we retain the first term in 
(5), (6) and (7) and the other obtained 
by discarding these terms. 

‘The evaluation of three quanta disintegra- 
Detailed account 
the Progress of 


tion is now being made. 
will be published in 
Theoretical Physics. 
We wish to express our cordial thanks 
tO eC 
ment in this work. 


Tomonaga for the encourage- 
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Note on the Interaction 
Representation in case of Meson 
Field interacting with 
Electromagnetic Field. 

».- Kitivesaavas 
Institute of Physies, 

Tokyo Bunrika Daigaku 
Apr. 29, 1949 


In, the ordinary meson theory, the. 
tensor equation of meson is used, but in 
this note the following Duffin-Kemmer 


equation is taken instead of the tensor 


Letters to 


one in order to give a unified formulation 
of the interaction representation in case 
of mesonic field interacting with electro- 
magnetic field : 


(2,2 


where ¥ is connected to the rest mass m 


of the meson by the: relation xa, 


—+x)u=0, (A=1,2,3,4) (1) 


and f’s satisfy the commutation relation 


BrBuBv+BrBuBr,=BrOpv+BOur. (2) 


As is well known, ‘there exist two inequi- 
valent irreducible representations of $- 
‘algebra® except a trivial one, the one is 
given by five-row and five-column matrix, 
the other ten-row and ten-column one. 
The former representation leads to the. 
scalar (pseudoscalar) meson, the latter the 
vector (pseudovector) meson. ‘This is the 
very fact which enables the formalism 
destribed in this note to be possible. 
Now the interaction respresentation of 
the system considered here is given by 


{ztc]--4 9} vtel=0 a) 
with 


tat 2[ (Ge )w 
+t (ge) Annu Bu 
+N) Be), 0) 
where ut is defined by the equation 


(3) 


{" =tu*y, 
As =26,7—1. 


The field variables contained in (I’) are 
the solutions of the free field equations 
and satisfy the following four dimensional 
commutation relations ; , 
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1 (Ax(2), Au(o’)]=—4nificd,.D,(a—2") 
[w(2), etmt(a’) |= —4ahe {a,® : 


1 2 
a PrBp an an 
\ [uc(a), em (a:’)]=[teet(a); etm'(22’)]=0, 
(II) 


where the suffices 7 and m of the mesonic 
field variables u and ut run respectively 
from one to five and one to ten accord- 
ing to the scalar (pseudoscalar) or the 
vector (pseudovector). mesons. The auxi- 
lary condition in this case has the form 


S{Clwl[c]=0 


ejojatAa A+ (48 a P')Bxu 


Oar 


x (P").Na(P').D.(P!—2)d Fp 


(IYI) 


That the equation (I) satisfies the inter- 
grability condition and the. auxiliary con- 
dition | (III) is compatible, is examined 
directly on account of the relation (2) and 
(II). Moreover the formulation of Kane- 
sawa and Tomonaga which treated the 
interaction representation in case of the 
scalar and vector meson fields coexisting 
with the electromagnetic field separately 
by means of the tensorial type equations 
of mesons, is derived from the formalism 
stated above by the following substitution ; 


nim i se 
= As Ve o| (for scalar meson) 
| (4) 
pyeninred ake 


— (Zea, Xs 412) V x (Pi, Po, ps, $,). 


(for vector meson) (4’) 


ad 


Detailed accounts of this and related 
problems. will appear in a later issue of 
this journal. 


(1) R. J. Duffin: Phys. Rev. 54 (1938) 1114. 
N. Kemmer: Proc. Roy. Soc. 178 (1939) 
or. 

(2) N. Kemmer: ibid. 

(3) S. Kanesawa and Tomonaga : 
Phys. 3 (1948) 1, 101. 
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On the Meson Pair Theory of 
Nuelear Forces in the Interaction 
Representation. 

S. Kanesawa. 

Institute of Physics, 

Tokyo Bunrika Daigaku 
Apr. 29 1949 

In a foregoing letter in this issue of 
the Progress of Theoretical Physics the 
author described the interaction representa- 
tion in case of mesonic field interacting 
with electromagnetic field by assuming 
the Duffin-Kemmer equation of meson. 
Also in the present letter the first order 
wave equation is used as the free mesonic 
field equation, and investigation of the 
interaction between neutron and proton 
will be made by means of the symmet- 
rical meson pair theory in the interaction 
representation. 

One of the possible meso-nucleonic 
interaction Lagrange densities which are 
Lorentz-invariant. is given by 

L=ig( Wu'v+ Wio'u) (1) 
with 
i —iP'tnpd 
Wt=—idttond @) 
where v means the wave function of 
neutral meson and v is connected to the 


transposed v of v by the relation 


y =I (3) 
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Other invariant interaction Lagrangian 
beside (1) might not be considered here, 
because they give the infinitely large 
interactions between nucleons. 

Now it is clear that the system given 
by (1) does not allow the ordinary canoni- 
cal description on account of the fact that 
the equation (1) becomes to contain the 
bilinear terms of the derivatives of mesonic 
field variables as will be shown by the 
following equation (4) if it be written in 
the usual tensor notation by making use 
of the relations (4) and (4’) in A: 

ae 1 * OP 
—9\V xx, Ob — ie, oe arn 


x W+adjoint (for scalar 
or pseudoscalar meson) 


=: 6 t: 1 @ 
-9 {/ xx, PP Vax 9 rtvtan} 
x W+adjoint, (for vector 
it or pseudovector meson) 
(4) 
where @ and %, mean respectively the 


field variables of neutral scalar (pseudo- 
scalar) and vector (pseudovector) mesons, 


and %, is defined by %)= ae , My be- 


ing the rest mass of the neutral meson. 
According to the prescription given by 
the author the system corresponding to 
(I) is described by the oils 


{fC sriran wiC]=0 


LC\=ig [¢ Wuto+ Wio'u)— 


af 0 
—4ngN Np {pq (Wut BaBunt* 


+ Wi?(w*)'B Buu) + Wt w(= ut BaBau 


se SM ee 


@ 
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in which all of the field variables are the 
solutions of the free field equations and 
satisfy the four dimensional commutation 
relations and u* is defined by (w*),=w/*. 

In order to calculate the neutron-proton 
interaction, one imtroduces the unitary 
transformation by which the first order 
term in g is eliminated from the equation 
(I), and performs the rearrangement of 
the g*-terms in the tranformed equation 
so as to make them ‘ 
an appropriate part of M@ller terms gives 
the neutron-proton interaction. It is easily 
seen that both of the second term in (4) 
or (4’) give diverging interaction between 
nucleons even if the distance r or neutron 
and proton he, finite or infinitely large. 
Therefore one should take only the first 
term in (4) or (4’) as the meson-nucleonic 
interaction Lagrange density. Finally one 
gets the same finite peutron-proton inter- 
actions as for the all four types of. mesonic 
fields except the constant factors 1 (for 
scalar or pseudoscalar meson) and 3 (for 
vector or pseudovector meson) although 
they have 1/r? singularity at the origin. 
Moreover one knows, as is expected,’ that 
they “tend to zero rapidly when the dis- 
tance r of neutron and proton becomes 
infinitely large. 

Detailed accounts will be given,in a 
later issue of this journal. 


“well order,” then 


(1) S. Kanesawa: -Prog. Theor. Phys. (1948). 
One cites this paper as A. 

(2) S. Kanesawa and Z. Koba: Prog. Theor. 
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On the Multiple Production of 
Mesons. 
K. Sawada and S. Takagi 
Dept. of Physics, Kyoto University. 
May 4, 1949 


It has been well established that the z- 
mesons interact strongly with nucleons and 
the nuclear interactions are mainly res- 
ponsible for the production of them. 
The multiplicity of the production’ of 
mesons ‘was “investigated by Lewis, 
Oppenheimer and-Wouthuysen™, but since 
their treatment was semi-classical we think 
that it does not describe satisfactorily these 
phenomena. We shall consider the pro- 
duction of mesons using, the method of 
mixed representation developed by Tomo- 
naga and Schwinger. 

Probabilities of occurring various pro- 
cesses which arise from interaction H(z) 
can be inferred from the matrix elemenits 
of the generalized transformation function 
U(e, o)), which can be written in the 
form of series expansion with the unit 
system Z=c=1. 


Uae, o)=1—i H(a)d'a— da; 


oo Go 
; 61(21) ) 
me {dre H(w,) H(z») Afi events 


Now we consider the symmetric pseudo- 
scalar meson field interacting with nucleons. 
Then H(z) can be written as 


H(x) =if b'(a)r°Ci(x)rh(a) 


+i gi(a)r'r* Cle) eebla) 
where ¢, C; (t=1,2 3) are the field 
variables of the nucleon and the mesons 
respectively, 7 the isotopic spin, 4. the 
mass of meson. Performing a canonical 
transformation 


¥(a)= exp(i & (u'r 'rCiradday) YW’ (a) 


H(z) is transformed to 


H’ (x) = if wrexp( 2 & i :C,r:) 1° Oty 


+ Mpi(exp(2i fe. 7°C ts) = 1)¢ 
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where Af is the mass of the nucleon. 
Though. U is transformed to Ceres 
seen that U’(co, ~c)mU(co, 9) pro- 
vided 6, o are shifted to-co and -% 
respectively: First we shall treat the 
multiple production of mesons by the 
collision of a meson and the nucleon at 
rest. For instance, in the case where 
a neutral meson with energy Ey collides 
with a nucleon at rest, the probability 
of emission of 2n—1 neutral mesons 1s 
proportional to 


(anf t2Aty,) feng 


| ae OR rps 1 

*Ton—2\! Qn—s)i wa? 
using Born. approximation and the non- 
relativistic approximation for the nucleon. 
Making f,=0 for simplicity, the number 
n with maximum probability is ~5 for 
Ey~10 w so that 9 mesons are emitted 
most probably. 

If the external potential V(z) exists, we 
can take in the place of above H(z), 
B(e)= H(e)+ HO (ce), BO(e)=¢"(2)7" 
x V (a)rih(a). 

After similar calculations, the eross sec- 
tion of emission of m positively charged 
mesons and n negatively charged mesons 
by a nucleon with energy #, and 
mamentum /, in this external potential 
field is found to be 


a(n, m, e)=| VF) P (fe?) (22) 


2Q-(n!)? AS eS 
* On N2Qn—1)! Qn—2)t (+) 


x E, P( Fe= 8) 
IRs 


for e>yt, where e¢ is the energy loss. of 
the nucleon in this process, the momen- 
tum of the nucleon after the collision, 
Viif) the average value of the matrix 
clement of V corresponding to the transi- 


tion of the nucleon from the initial to 
the final state. The number 2 with 
maximum probability is proportional to 
e/4. This result_is in contrast with that 
obtained by Lewis et al. For e~10y, 

n=1l~2 and for e~100 gn n=2~3. 
Detailed account of this work and the 
investigations of the phenomena concern- 
ing the production of mesons will soon 
appear in the later issue of this journal. 
(1) II. WsLewis, J. R. Oppenheimer and 5. 
A, Wouthuysen, Phys. Rev, 73 (1948) 127. 


Note on the Relativistic 
Formulation of Belinfante’s 
Transformtion. 

Y. Katayama and S. Takagi 
Dept. of Physies, Kyoto University. 
April 10, 1949 


Recently, Belinfante proposed in his 
paper” that it is very convenient .to re- 
place. the electromagnetic field by the 
neutral vector meson field with the negli- 
gible small mass, because in the latter we 
are free from the gauge invariance and 
the auxiliary condition. The essential 
point of his theory is to apyly the (non- 
relativistic) Fermi-Belinfante transforma- 
tion®, which eliminates the longitudinal 
field in the electromagnetic field, to the 
Proca's field. 

Here we show that this procedure can 
be formulated quite relativistically and 
that in this relativistic theory the electro- 
magnetic field can be replaced with Proca’s 
field. 

At first, we .separate the generalized 
longitudinal ‘field using the invariant delta 
function and the induced generalized iongi- 
tudinal. delta function. That is, accord- 
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ing to the Tomonaga-Schwinger ‘theary, 
=f) (Mae) Surv?(x/ —2) 


— Syy"(x’ -2)( Nae’) 
x Uy (2')\er,! 


Tul (x) = |[Urx")( Noe") dura’ —2) 
(44 


—Aya"(a! ~2)(NeVe') 
x Uy (2) EF,’ 
(1) 
where 
Sny"(a) = [wavs + (Muy + eT a) 
x (NeVa)—2 NN, |A(x) (2) 


A(x)=[(NeVa)?+*"]0(z) (3) 
Ov d(x) =Ayr’(x)+ 4x) (4) 
Fronr these definitions, we conclude, using 
the pwperties of d(x), 4y.7(x), that 
Ny U,."(2) =Np U,(2), Ou" zx) =0 
Vu Jy" (2) =V,U,(2), 7.0 ,7(x)=0 
therefore it is clear that our definitions 
are quite adequate. And from these, the 
commutation relations of separated fields 
become, using the original one, 


[Up"a2), UyM(a!)]=itie( dus’(a~2") 


4s VnVvde—2")) (5) 


[Uy*(), Uv7%(2")]=9 
[U.%x), U.7(2")]=thedyy(2—2") 
which are similar to the case of Maxwell 
field in Schwinger’s paper™. 

Next, we take the generalized Schréd- 
inger equation (or the interaction repre- 
sentation) of the Proca field developed by 
Miyamoto, but the original U-field 
scheme, not the Stiickelberg’s form : 


Tere AS ed Pee ee Longe 
the = [- ed pt Lt; : 


1 


by hag tie 
tage Ny Nofo|Y ©) 


Here we must take the canonical’ ‘trans- 
formation ‘of state vector, 

T=— i0C (7) 
where 


s== (+ : —— Np jole’ 


he } = es (x’) 


—M, as (Wave!")(W70"” 
cr 


x (N72) — 2° No 2 20" — 22") 
oe (Neve) Uo" (x’’) e Seu 
xX (MV "’) —¥°.No) B(x!’ —2’)], 
xk,” lak’ (8)! 
After some calculations, we find 
Pe) lee ‘ 
ihe Bor =[ — Gv) —# 
x [LUoH 2’) NeVa’ (x! —2) —B(2! —2) 


x ( Nee!) Uol(a" No Nefteld F 


a (> Til + een) (a! —2)- 
1 


x Ww, fll) Silden’ |, 
The first term in the right-hand side is 
the usual interaction of transversal field, 
the second term the interaction of long- 
itudinal field and the third term the 
Coulomb interaction. Therefore, these 
are the invariant representation of Belin- 
fante’s results and if we tend % to zero 
these reduce to the Maxwellian case. 

Of course, we can also formulate the 
theory in which the Yukawa interaction 
appears in place of the Coulomb poten- 
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(3) J. Schwinger, Phys. Rev. 74 (1948) 1439. 


tial, but in this case we can also conclude 
(4) V. Miyamoto, Prog. Theor. Phys. 3 {1948} 


that his proposal is still correct. 
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Applicatio; mig Jj this theory. ane (5) Were we retain the function type inter- 
problems, especially to the ~probléms at action of the third term, which plays the 
nuclear force are now being investigated. very important role in this discussion. 1 

We should like to express our gratitude this term is omitted, there appears the 
to. Prof. M. Kobayasi for his kind inter- opposite term again. 
est in this work. * We wish to express our cordial thanks 


to Prof. F. J. Belinfante for his kindness 
to give the chance to see his paper before 


(1) F. J. Belinfante*, Phys. Rev. 75 (1949) BO Te publication. (cf. Prog. Theor. Phys. 4 
(2) I’. J. Belinfante, Physica 12 (1946) 1. (1949) 165): 
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P.25 Theory of the Interaction of Eleméntary Partieles 1V,. 
‘The last term of the second line in Eq. (16) should be replaced by: 


M2 .\-U2_ 
Oa) Pade 
( fi - 


The condition #2J/ in Eq. ee should be replaced by: 22/7. 


hould be laced b Sk EY 
iP shou repla ry 9 ee 


The first term in Eq. (18), 


The Eq. (20) should be ade 5 by: 


—es cg a © oy) gjoe ee Hove > f? ss M2 
Corsa a tame eat au -4 (8-2 )] 


cncaeaite ty (hte GE (9 AE + He) 


” wife 4 
lon 2? a ee M > M2 
log seh ss lta re g(x) 


P..99 Effeet of the C-Meson Field.on the Anomelous 
Magnetic Moment of the Electron: (Letter) 
jor. Z. Koba,-Y. Nambu and_5. Tati, 
vead Z. Koba, Y.-Nambu and S. Tani. 
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Theory of the F-centers of Coloured Alakali Halides. Part II. 


Electronic Structure of F—centers—General Theory’. 


Toshinosuke Muro. 


Institute of Science and Technology, Tokyo University. 


(Received Jan. 15, 1949) 


1. Introduction. 


As stressed in Introduction of Part I, it is the important problem ‘in the 
theory of semiconductor to work out theoretically the so-called quasi-atomic 
states lying between the energy bands of the body crystal, which states may, be 


considered to behave partly in an atomic way and partly in a crystal lattice one. 


For the paramagnetic crystal of the complex salts of rare earth elements the 
electronic system within the incompleted shell of the mentioned atoms has-been 
dealt with approximately in an atomic way in which the system can be reduced 
to an isolated one under the influence of the electrostatic field of crystal symmetry 
due to the surrounding ions, taking into account of the screening effect of the 
outer electrons belonging to the rare earth atoms. Such a method of approxima- 
tion can not be applied generally to the quasi-atomic states in semiconductors 
owing to the strong coupling with the ions in cry stal. As shown in the comparison 
with the experimental observations, Tibbs’ theory™ for the F-centers seems to be 
unsatisfactory mainly due to the disregard of the atomic structure in the neighbour- 
hood of negative ion vacancy. Actually his wave functions of trapped electron 
in F-center are shown to extend over the region involving several atomic ions, 
which fact leads us to suggest the group binding of electron due to neighbouring 
ions in the crystal. In order to improve Tibbs’ theory from the viewpoint dis- 
cussed above, we shall here propose a new method of approximation to the quasi- 
atomic states in the crystal in a close connection with the electronic structure of 


F-center in coloured alkali halide crystals. 


If. A General Method of Approximation to treat 
the Quasi-Atomic States in the Crystal. 


For convenience, we, shall confine ourselves to the F-center problem but the 


method of approximation here proposed. will easily be extended to the more 
complicated one with a trivial modification. As shown in Pait I, the wave equa- 


tion of a og electron within F-center may be written as 


{ Read in the 5 are of the Physical Society of Japan held at University oi Tokyo, 


on October 15, 1946. 
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—# age SV (Ri—gH=E RW, (1) 
a 


Din 


in which HOO ESUC HED Vi,(Ri— Ry) and the other quantities have the 


rate 
same meanings as in Part I. 

Now the wave function of conduction electrons in the crystal is well known 

>> > 
to be expressed by exp(ikr)w4(7) of Bloch type, the former factor of which 
represents the free motion throughout the crystal while the latter the binding 
around each atomic ion within the crystal. On account of the meitioned situa- 
tion, the electron moving through a perfect lattice behaves partly as a free 
electron even under the influence of each ion situated at a lattice point. Along 
> 
a similar consideration to the above case, the wave function ¢(7) in (1) for the 
electron trapped in the quasi-atomic state will be allowed to be expressed by the 
> > 
product of two kinds of wave functions g/,(7) and (7), one of which is respon- 
sible for the influence of the crystal as a whole and the other for the influence 
of the local binding in the neighbourhood of negative ion vacancy. 
> 

To proceed actually the method of perturbation, ¢,(7) and (7) are supposed 

to satisfy the following wave cquations 


i x ae ead > > 
Rog dd” gh, (7) ++ I j (rg (r) =E, f(r), (2) 
ze Fs > > . > * 
at oe d® Wo (r) a VA (7) yo(r) =r), (3) 
Lin)+ Vr)=x! Vi(R,—r), (4) 


°) . i =>. > 
where J and d® are Laplacian operators operating on ¢,(7) and g(x) respec- 
tively. 
u ; J Se > = 
Taking into account the adopted form of wave function §(7) =9¢,(7) -g2(7) 
discussed above, Hamiltonian operator H corresponding to the wave equation (i) 


may be transformed into 


e ig ee si 3 e 
aes qo fo eit V, WM, 5p@® & 
Qu Qa mas las (7) Wt Aiba, (9) 


where p“-p® expresses the scalar product of two gardient operators, and further, 
we shall take, for the unperturbed Hamiltonian 7/ and perturbation 6/77, 


w Rae 5, is 
astral ape os)? V(r) + Ker) Sch 
and 
sH=——#_p.p@ (5b) 
am 


respectively. 
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As easily seen, the rigorous solutions of A,¢= Ly are composed of those of 
2) “ Q 
? a . a > ad y > Aye , Dt ie ; = j j 
(2) attr (3). Namely, when the eigenfunctions and the corresponding energies 
* . ry : . f : 
of (2) and (3) are written: as 


> 
BP Gir) 5 £, oi (7) 
(7, k=quantum numbers) 
ie de es > oe 
respectively, and, moreover, ¢u(7) =P) EP (r) and Ay= #1" + £8” represent the 


elie } . = tes Sa Py =F . = ey 
genfunction and the corresponding eigenvalue which approach most nearly the 
real solution of (1) under consideration, the ordinary perturbation theory gives us 


PF) =O WOO ANT) AYE) Foe (6) 
and 
; , E=(EOLEP)AL LE +...... (7) 
respectively, in which 
Vr) = Lad? IP), (8) 
tart > > 
f'(n= De Gi ( r) P(r), (9) 


jer +f | - = p go x po 0 | 
— » (450, 20), Ay=0) (10) 


a EP Parise 
re [oregon 7 $9 Ice (11) 
pete El agit 3) ay. (1, k\dA| 2, &) 
Kiki 2 ; 
’ EP + EP—ES—E” (12) 
Eas (0,0 |dA| Z, 4)(Z, & | 877 0, 0) 
= ne EO EY EOE ’ 
(8 AHL, B= — [yong pgp ge de. (12) 
mM 


As seen is the above formula, the convergency of our perturbation method depends 
essentially upon the smallness of the matrix elements of (5b), which states of 
affairs shall be numerically justified for the case of F-centers in NaCl as shown. in 
Part IIL Moreover, it should be stressed here that the perturbating term in our 


case represents a pait of the kinetic energy operator in the Hamiltonian in con- 


tradiction. to the.case of the ordinary perturbation theory in which a part of the 

ab energy operator is taken as a perturbing term in the successive appro- 

The merit of our perturbation method in the actual problem, therefore, 
> > 

r) and’ /,(r) in 


potenti 
ximation. 
will be seen to depend sensibly upon the suitable choice of 14( 


(4). 
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III. Application to the F—centers. 


rs 

As shown in the following, we have now two kinds of choices of I(r), and 
V(r) in (4) along a similar way to the theory of molecular structure, one of 
which is usually called the atomic orbital method and the other the molecular 
orbital one. 

a). Atomic orbital method. 

The following decomposition of the potential field will be adopted as one of 
the above mentioned choices. 


rr, Ve By) = Vie—-Ri) = V(r); (13) 


in which the coordinate origin lies on the lattice point of negative ion vacancy, 
the first term on the right hand side of (13) expresses the potential energy of 
the perfect lattice and the second the electrostatic potential energy of a missing 
negative ion, 

It, therefore, follows 


(1) = SVB) (13)! 
and 
> 
pA SE REY. (3) 
Thus, we have, for the solution of (2). 


w) 


fiG = exp (sé rut) ; (14) 
E.=E(6) : (i4)" 


=> 
in which & expresses the wave number vector, z the energy band number and 


u(r) the periodic function with the crystal period. The actual evaluation of (14)' 
and (14)” are to be referred to the ordinary 
text on the theory of solids 

The clectrostatic potential energy V_(r) 
of a negative ion (i.e. Cl7) has been already 


--V-(#) 


worked out numerically by the use of Hartree’s 


self-consistent field method and I 40%, is obtained 
through changing its sign, which general be- 
haviour is represented schematically in Fig. 1. 
Using the Ilartree data, we have to solve : 
numerically the wave equation of (3), thus 
. 
g(r) and £, being obtained quantitatively. 
The next processes of perturbation method are 
to be proceeded in accordance with the suc- Fig. 1. 


a ee ee il 
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cessive approximation method in the preceeding Chapter. As for the convergence 
of our perturbation method it may be considered to be safely confirmed since our 
numerical calculation of F-—center in NaCl! shows &4’/(Z2{9+ 2%) ~30 %, which 
detailed result shall be described in Part HI. 

b). Molecular orbital method. 

In this case the potential energy is decomposed as follows : 


AG eae Vi (7—R),) (15) 
and 
> 6 > > 
V(r) =) V(r—R,) (15)! 
t=1 


The summation in (15) extends over all the lattice points except for the nearest 
neighbours surrounding a vacant lattice point, while that in (15)’ is responsible 
for the contributions from the nearest neighbours which are Na* for the case of 


i > > 
NaCl, l’(r—R,) being the potential energy between the trapped electron and Nat 


situated at A,. 

Along a similar consideration to that of computing the electrostatic potential 
at a given point within’ the dielectric medium, the atomic structure of the medium 
in the neighbourhood of vacant lattice point is taken account accurately, while its 
exterior region is approximately replaced by the continium with excess charge 
(—5ec) distribution. 

Therefore, we have 


Vr) ~V(r) , (16) 


in which the excess charge will be supposed provisionally to be distributed 
uniformly over the spherical surface of a suitable radius A or to be exponentially 
decreased outwards from the mentioned surface in order to make the actual com- 

oF 
putation most feasible. By the use of such approximate potential (16) (7) and 
E, in (2) are casily obtained quantitatively. 


The solutions be (¥) and £, in (3) are shown b 
to be obtained similarly to the case of hydrogen . 
molecule ion as follows. When the surrounding e 
Nat are numbered as in Fig. 2, the eigenfunction 
> 
of an electron trapped within V,(7) is 3 hy 
6 > > 
de(r) = Las -R) » (17) : 
= 


%¢ . . 
in which ¢(r) represents the eigenfunction of a 


valency electron of a single sodium atom. .Accord- 
ing to the ordinary perturbation theory, the co- Fig. 2. 
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efficient a, are determined by the following linear equation. 


Sale| Hl i)— Fr 4 4)=0, (18) 
in which 
Hy=(1| H| I= =(6| 116) \ 
=D $* FR) VR) OCR) de + Bo bo, 
H,=(1|#|3)=---=(5| #14) 


=> jg* (r—R,) V r—R,) $(7—Rs) derEy hy > (19) 


Hy=(1| H|2)=---=(6| 46) 
=S1{8* FR) VO-R) $7 Ba) de Ev De } 
=A =I MIO d, 
Ai= A, 3) =e =A (5, 4) = 6* (8 (FR) ee, (20) 
A.=A (1,2) = =A, 6) =f 9" () 6 (7—Re) ee, 
ke ’ 
Prey Ad+ V(r) =A, (21) 


(wave equation of an isolated atom) 
The secular cquation of (18) is written as . 


by by 6, b, by & 
b, by B, by Oy & 
b, b, by by by hy 
3, bd, by by by by 
b, b, b, by by be 
by by by by bz & 


= (b)—b,)" (by + bg —281)? (by + 6g +46,) =0 , (22) 


where 
Q= hy Es- Noe 
4=H,-£, Ai, (23) 
b,== He— Fy Ne. 
The solutions of (22) are given by 


Aot Ast4A, 


SP =[6( Lot Act 4A] (bi + G24 bs + bs + b5+ G5) , 


(24) 
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$Q— [12 (Ao+ As—2A1) ] 7G. 44,4+6.4 6: —6,-b5—-8,- 6s) , (25) 
[4(Ao+ Ae—2A,) J" (6, -6,4+ 6.— 6.+6;4+ 6,-—4;—¢,) . 
[2(A oat 5) aes $,—y) 
1, Nae 2 i : 0 aK 
42, oe ROR Ms Og | ” | (6s — $4) F (26) 
4 \(6;—@s) 


; > > 
where ¢,=¢(r—R,). 

As seen, ES represents a single term, ZY a doublet one and L a triplet 
one, the corresponding eigenfunctions being described in (24), (25) and (26). 

> + 

Adding the ion-ion interaction energy 3)’ /4,(A,—R,) to the above mentioned 

> - Aw > 
energies, we have finally the electronic energy £°(R,) ; which minimum value with 

> 

respect to R, is found to give a stable configuration of the crystal lattice at 
absolute zero temperature. Being E£’/(£+ 2%) <1 as shown numerically in part 
III, the convergence critcrion has been actually confirmed in the molecular orbital 


case. 


IV. Ritz’s Method of Variation. 


In order to find a better solution of the problem under consideration, it will 
be considered to adopt Ritz’s method of variation in which the trial form of cigen- 
function will be reasonably suggested from the actual result of the atomic or 
molecular orbital method mentioned above. For example, we shall be able to 
take the following form of eigenfunction for the ground state of an electron in 


the potential ficld V(r), 
> b 6 
g(r) =D. (2') +9 2% (2") , (27) 


where Z’ and Z” represent the effective nuclear charge respectively, ¢,(7’") the 
p-eigenfunction of a single Na Atom denoted by 2, being res} sonsible for the effect of 
polarization of each atom as in the case of hydrogen molecule ion, and | @ fF 
measures the amount of the mentioned electric polarization. 


Our Hamiltonian is written as 


% 6 > > > a2 ee 
oe : At DVr-R) +X Vy (Ra Ry) , (28) 
2m i=l 


and its energy is given by ) 
E = gn* (rv) Hs (1%) de / ( f.* (7) fe (rv) ae. (29) 


. . y * ‘4 Oe of rE } . 
According to Ritz's method of variation, the paramcters eo ane te 


energy £ are uniquely determined by the minimum condition 
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a8 OB _ 8F Lo, 0 
AZ’ nya da 
and the stable configuration of crystal lattice is obtained in a usual way as 


mentioned above. 
VY. Conclusion. 


As stressed in the introduction, a suitable method of approximation based 
on the physical consideration of the phenomena is required essentially in order to 
work theoretically the quasi-atomic states in the crystal, and a possible one has 
been developed here with a special application to F-center in alkali halide cry- 
stals, although the mentionéd method may be considered to be applicable to the 
more general type of quasi-atomic states in semiconductors or to the luminescent- 
centers in some crystalphosphors. The appropriateness of our method of treat- 
ment, however, should be criticized quantitatively in the detailed comparison of 
the numerical works of our method with the available experimental observations, 
which shall be described in Part IL. 

The auther is indebted to Sbecial Research Committee of Theoretical Physics, 
National Research Council of Education Ministry for the financial aid throughout 
the preparation of the prerent work. 
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Note added in proof: After our sending of the manuscript to the (editor) of Progress of Theoretical 
Physics, the interesting paper by Markham and Seitz (Phys. Rev. 74, (1948,) 1014) has come into our 
notice, in which Landau trapping has been worked out theoretically by the use of the perturbation method 
for the quasi-atomic states within the crystal proposed here. In this connection we should like to add 
some remark that the system specified by (15) in the text may be reduced approximately, as an alternative 
to that given by (16), to the distribution of point charge and electric dipole situated at each lattice point 


respectively, the computation of the energy of such system being carried through by the conventional 
method of treatment. 


Erratum to Part I (4 (1949), 181) 
Fig. 1 (p. 182) is upside down. 
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§ 1. Introduction. 


We have hitherto* investigated, analysed and studied the physical causes of 
the divergences in problems related to vacuum polarization among the divergence 
difficulties in quantum electrodynamics, and attempted to solve them in correlation 
with the mutual interaction between elementary particles, taking up in particular 
the self-energies of the photon and the C-meson, and the compton effect in the 
fourth order approximation of perturbation theory. 

The divergence difficulties appearing up to now were those of the type of the 
self-energies of elementary particles and those that required charge renormaliza- 
tion, of which the latter were characterized in that they could be regarded as 
charge deviations due to charged particle-pairs created from vacuum in the inter- 
mediate states. We intend, in the following, to investigate whether new diver- 
gences of different natures are possible in cases other than these, and if so 
examine their characters, and also see if the method of charge-renormalization 
‘can always be rationally applied. Thus, we examine firstly the divergence 
appearing in the fourth-order perturbation calculation of the scattering of a photon 
by charged scalar (or pseudo-scalar) mesons, and nextly compare the charge- 
renomalizations due to vacuum polarization in the caces of Compton scattering and 
that of the elastic scattering of a charged particle with an electrostatic field as 
medium, and finally examine, as an example of a field other than an electro- 
magnetic, the meson j-charge-renormalization of the C—meson field. 


§2. Compton Scattering due to charged 
Scalar or Pseudo-scalar Mesons. 


We denote the momenta of the meson and photon by P and l~ respectively, 
and distinguish between initial and final states by the suffices 0 and / respectively. 
Writing w for the transition probability, it is, in the fourth order approximation 
of perturbation theory, 

won| eH, +e Ha py (1) 


= : 
* HH. Umezawa, J. Yukawa and E. Yamada; Prog. Theor. Phys., 4 (1949), 25, 113. These will hereafter 
be referred to as papers (I) and (I) respectively. 
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where py is the number of final states in the energy range d&;, while eH, and 
2/7, are the contributions of the second and fourth approximations respectively. 
In the following we treat only the diverging terms in eH. As the method of 
calculation is very similar to that for the Compton scattering due to an electron 
performed in paper (II), we shall give hereunder only those aspects of the calcu- 
lation differing notably trom the electron case. The interaction between a charged 
meson and a photon is 
: e 
Hi=—-_ A (U* grad U—grad U*-U) + —— 4° U*U =e t+? (2)* 
4x ‘ - 4x 
and the appearance of a term proportional to c is a point very different from the 
Compton effect due to an electron. Furthermore, the contributions from e//, 
mostly become zero in the system where the charged particle is at rest in the 
initial state because of the presence of grad / and U7 in eH,, so the calculations 
must be performed in a system for which p*<0. The self-energy Wy »., due to 
an clectro-magnetic ficld, of a charged scalar or pseudo-scalar meson in motion 


with a momentum J’, Is 


Wop =|=. a js fae] +] “[ade+ se 
3TE p, k _ TE, . Qe», 4re,,.3 2 


9 2 > ‘ 2 z 2 
One Semen pl +p t= BN adk+ : ae a -+f. ¢. (3) 


QTE p, R 


47», 


coincideing exactly with that of a meson at rest. 

Ifere the terms in the first, second and third brackets are contributions from 
cH,, ¢ Hy and the Coulomb interaction respectively. The self-energy of the above 
particle due to the C-meson field is also of the same form as that for the particle 
at rest, so that it is possible, in the case of motion too, to prevent the divergence 
of the electromagnetic self-energy by means of considering the C-meson. The 
calculations hereunder are all performed in a system for which J,=<0. 

(a. 1) Cases in which the divergences are due to a photon created in the 
intermediate states or a Coulomb field. 

I-xactly as in the electron case, the divergence due to (i), (ii) and (iii) in 
paper (II) corresponds to the self-energy of the charged scalar (or pscudo-scalar) 
meson, and, as may be seen from (2), is equivalent to the divergence resulting 
from the presence of the term 


4 =[ as j kde 3OP | dh Jere (4) 


Sz" 


> 


in the Hamiltonian.** 


* We use the natural units throughout our work, Le., %7=c=1. # and ¢ are mass and cnergy of the meson. 

** Though we mentioned, in our lecture at the Elementary Particle Symposium in October 1948, that a 
new type of divergence besides (4) is incurred, we cancel our statement for it was erroneous, as pointed 
out by Mr. Koba and Mr. Takeda. 
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(a. 2) Cases in which the divergences are due to a charged scalar (or pseudo- 
scalar) meson-pair created in the intermediate states. 


From processes (i) and (ii) in (a. 2) of paper (IT) we obtain 


pean 8 pip 
and from those processes among (i), (ii), (iii) and (iv) of the same paper due to eH, 
3 3 5 
Fite | é \ ap +s eee é \ ap | - z A 7K ery 7*, yp | 
ea ae A ioe 55 > pe (U* grad V—gradU*-U/) | (6) 


while those among (i), (ii) and (iv) due to ¢’/, which fall into the following 
two types corresponding to (iv) 


oe POG, Po, Ply —P) GG, Pp P-l, —P)>G, Py) 
(fy, Pi), qo, P,, P—t, —FP) psiene —(U,, U;, P,, P-—t,, —P)-(G, P,) 
give 
grey ee j a { dp [ i avy] (7) 
6z 2 67a p 4x 
All taken into account, the resulting divergence is 
4x° 87" R 6x" 
3 4 
a ee ee (8) 
12x J p 67 p 


(b) These are processes of the same nature as those in (b) of Paper (II), 
and give rise to no divergence. 
When the C-meson is considered, the following divergence, which plays the 


= «(2 leez, (9) 


or=3e, pase{i+(42)). (10)* 


L 


role of cancelling #7 out, is caused : 


= 2 
He! =| -- ear oie ( 2 
An? ; 8x? f 


On the other hand, if charged Fermi particles too are considered to be 
creatable in the intermediate states, they give rise the following divergence : 
—~2H 44H 44H, (11) 
Hence, if we assume % such particles existing in nature for every 2x charged 
scalar (or pseudo-scalar) mesons, the divergence (9) is cancelled out just as in 


the case of Compton scattering due to an electron, and the finally remaining 


divergence is 


oo foo} 


FTE ete ef e = _| = iia (12) 


7 


* M is the mass of C-meson. 
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The cause for this divergence lies in the charged particle pair created in the 


intermediate states. 


§3. The Nature of the Divergences and Charge-Renormalization. 


In view of the fact that positron theory was originally developed in the from 
of a many-body problem introducting an infinite number of negative-cnergy 
electrons, with the aim of dissolving the difficulty of the negative-energy solutions 
of the Dirac equation, without regarding the infinite number of freedoms thus 
brought about as something suggestive of the nature of the field resulting from 
the quantization of an electron, it was inevitable that an examination of difficulties 
was not made in the structure of an adequately developed quantum ficld-theory 
but only in the Hartree approximation through the desity matrix of Dirac and 
IIcisenberg with the result that the efforts to dissolve the diffieulties took the 
course of solely secking to exclude the singularities mathematically. As a result, 
the method of subtraction was found, as pointed out by Serber™, to contain incon- 
sistencies within its own framework. Further, the difficulties appearing in positron 
theory were considered to be exclusive to the electron. Even the noteworthy 
work by Weisskopf®, which made the physical significance of the subtraction 
method clear did not take up the stand-point of quantum field-theory. However, 
the second quantization of the electron ficld subsequently introduced by Iwanenko 
and Sokolow has shown, it seems to us, that the difficulties of positron theory 
must be regarded as difficulties common to all charged particle fields, and not 
confined to the electron ficld alone. We therefore took the standpoint of the 
quantum field-theory thus developed, and performed our calculations with the aim 
of analysing the physical nature of the divergences in quantum electrodynamics 
in the light of the correlation among various quantized charged particle-fields and 
also of investigating the correlation between the divergences appearing respectively 
in self-energy and collision processes, at the same time endevouring to discover 
the direction in which the solutions to these difficulties would be found. 

Accoding to our calculations up to now, the natures of the divergences fall 
into two types, ws: (a) ‘Those due to the self-energy of elementary particles, 
and (b) those due to vacuum polarization and which have undergone charge re- 
normalization. 

(a) is further divided into (ai) the, self-energy. of, charged particles, and 
(aii) those of fields produced by charged particles—such as photons and C—meson. 
And against the former, the mixing of a C-meson, while against the diverging 
self-cnergy of the photon, the mixing of charged particles, has provided a tenta- 
tive remedy, so'that, though further examination is pending, the method of mixed 
fields proves an efficient: measure. . 

It is convenient that the method of mixed fields is effective concerning self- 


energy, for, historically speaking, it was necessary even in classical electromagnetic 


fi 


¥. 


aa wet 
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theory to introduce a field of cohesive force in order to account for the stability 
of charged particles, and also, it has been shown by Pais that the same measure 
holds for the self-energy of nucleons due to nuciear-force mesons. Of course (a) 
and (b) are not to be completely separated from one another, nor are separate 
methods stagnantly employed in the respective cases, but in making, systematic 
analyses, we may tentatively employ different methods, hence the classification. 
As to the self-energy of the C-meson itself, we consider it, as stated in detail in 
paper (I), a problem to be taken up again in future in correlation with nuclear 
force, since there are various possibilities for preventing its divergence, such as 
assuming mutual interactions among several types of cohesive force mesons instead 
of assuming the C—meson to be unique in kind. (6) are the divergences appear- 
ing when two or more particles are present and are due to electron-pairs creatéd 
in the intermediate states. The method of charge renormalization has been applied 
in these cases too, but we must examine to what extent this is rationally done, 
so we take up only the divergences due to vacuum polarization in Compton scat- 
tering and the elastic scattering of charged particles by an electrostatic feild, 
making comparisons for various charged particles. 

Furthermore, as we will use them in our following calculations, we write 
out the Coulomb interactions V,, and V,,, respectively between scalar (or pseudo- 
scalar) mesons themselves and between these and electrons as follows. Denoting 
by », and p, the charge densities of the electron and charged scalar re pseudo- 
scalar) mesons respectively, 


Pe=eyp*yY, P. te U*—U**U) (13) 


beers z 
=i) = G—atyem, U* = DV iE, (,*+d,)e*”, (14) 
ee 4 


P 
f= | (ea ep ity) ( ae [ae )- kenj*it,” —Ayply) 


x( Ey | ey Neeliag (15) 
€, En 


Vue. = ae =p TF (%Ko* tn) | (Cre® Cro— Apa" dn) [2 oat + [fee ) 
V2 


Hence 


— (emt deg —deyers)( | £2 ahora (16) 
Po 


Ep, 
1 p? = ia pies hs Epr42 Cee cn + [£er1) 
Vsn= 9 Op = 2, Eprit N Epi Epri+é Epi 


eh *« fpr __ | Epr+e ) 
(cpr* Cpran— Fortier) (¢, rr Cprrsg Apis dpn ) +( joe 


Spray Epr 
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ig ‘ 
( | Cpr | Cee Vcd pre der Cprst) (Cp Apr si— prepa) 


Eprr4t Epi 


—— | 
-(| Epr soy Seid! \ Glee [e2st ) (6h cmyaa— Gorn) 


Epryt Ep Epi +t Epi 


| Pe 
(€p1 pr xi— Apps) a ¢ a [ Enras \( ae | cr ) 


Epr+t N ep, Eprrad Epi 


(cA dpi—adp Cpr41) (Cen Cpnsi— pn pit) (17) * 


Nextly, the electrostatic field W produced by the center of the elastic scattering 
is taken to be of the following form: 


W=ewp (17) 
so that, for the electron and charged scalar (or pseudoscalar) meson, it becomes 
respectively 


IV, =ewp, =e *wy (18-e) 


and 
W,=ewp =i (U*U*_U**U) (18-5) 


Here cw is a quantity related to the source of the electrostatic field and does not 
involve the wave function of the incident particle. 

As for the elastic scattering of an electron by an electrostatic field, Ito and 
Koba® have calculated for the case in which the electron alone is considered to 
exist, but the various processes appearing in their work can be directly applied 
to other charged particles, so we borrow those parts of their results related to 
vacuum polarization. These comprise the following four processes. 


[a] WM WH —TH+N—-U, YN =) G—-Us WU 

[22] > Up N-U PUp GH —I+UW—-Y =) Y 

[eo] Po Mn Ps —IAN—- Up Uo > Wp, Ws — TUG =) gd, 
[22] M=) Op % —T4+UN-G = Y> 


Particles of momenta involving q are pairs of paiticles created in the intermediate 
states, and there are two cases, one of electrons (AC) and the other of charged 
scalar (or psevdoscalar) mesons (7), each of these again falling into two cases 
depending on whether the incident charged piiticle (@) is an clectron (AX,) or 
a charged scalar (or pseudoscalar) meson (2). Doubled and tripled arrows 
denote the mediation of a Coulomb field and that of an electrostatic field respec- 
tively. For an elastic scattering of a charged particle. 4 occuwing through the 
medium of a pair cf charged particles B, we write “4A — B scattering.” 


* Hereunder P and K shall denote the momenta of the charged meson and electron respectively. 


pie 
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[1] For an electron — electron scattering, as has been shown by It and Koba®, 
icpPec ) iu a0! : : i % = 
the procesees [u}], [8] aud [22] do not diverge, while [.¢°| falls into two types 
which give the following divergence 


Wes - = \ st IV, (19) 


[2] For an elcetron — charged scalar (or pseudo-scalar) meson scattring, since 
[a®], [2] and [c?| are processes caused by the incident electron and a charged 
meson-pair created by HV, through the medium of a photon (A,—K, or K,— 
K,), they are easily seen to present no divergence if W, ts taken to be of the 
from (18s), and the interaction (1) between photon and charged meson is con- 
sidered. | 2°] becomes, on using (16) and (18s) for V,,, and IW, respectively 
(writing EB and e€ for the energies of the electron and charged meson respectively), 


UGLY. | Ky P, - P+ K.~ Ki) Ky Py — P+ Ko — Ky |W, By) 
: Egy Ling — Ep — © 1 4 ko Kf 


a Fi ap. € 2 moh h* —— se < 21 € 
Sg [OP i Leet I) = — G5 JP al HL IED) 


of which there are two types of processes, and the final diverging term obtained 
is 

e& ( dp 

Bs WV. ‘ 
H®=——_|-*~ WW, . (20) 

Gx J p 
Therefore, when » and m types respectively of Fermi and scalar (or pseudoscalar) 
particles are considered in the elastic scattering of an electron the divergence due 
to vacuum polarization is 


nH + mH =(— Qne* _ met \ 2 iy (21) 
‘ 32 6x p 


[2] Charged scalar (or pseudoscalar) meson > charged scalar (or pseudoscalar) 


x 


aeson scattering. 

faei, {d2} and [e] are exactly the same as in [2] except that (Ho| 4exy—xo 
x A| K;) has to be replaced by (P,| e#,| P,) Gvith eH, given by (1)), so that 
they do not diverge in this case cither. As for {g®], if we use (17) and (18s) 
for V,, and WH’, respectively, the only difference from the calculation for [g?] in 
[2] is that the £’s in the denominators are replaced by e, and Psa Nase which 


1 te og ree, : sd ined 
° . * » i * ? iv 
is equivalent to feplaciug (2ygr Mee) bY = ( Se) —— Cpp€py* Which in turn 
| DL i Po 


correspends, as may be seen by comparing (18c) and (18s), to taking W, instead 


: pel a 
of W’, and the divergence becomes, instead of (20) 


Hou |? wy, (22) 
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[4] charged scalar (or pseudoscalar) meson —> electron scattering replacing the 
Coulomb interaction 7 between the-electrons in the calculations for [1] by Vi0 
[2°], [a] and [ce] are seen not to diverge, while [g?], on replacing W, by W, 
gives the following divergence . 


Qe? j dk 
aie ee” W, : (23) 
a5 37 k 


If we consider 2 and m types respectively of Fermi and scalar (or psuedoscalar) 
particles, the total divergence becomes 


Qne® ( dk — me j dp ‘ 
(3) ee oss ny Pid 2g 8 24 
nH® +m =i! 3a \ Z 6x ) (24) 


Thus, for divergences of the type (b), the results may by tabulated as follows: 


udp F Ss nPtmS 
apse (i) (i) (i) (i) (i) (i) 
d 27,W. £,cHe 22.W, ge 2o,W gxtHe 
= Or. (1 —7)W., (1 —g)eHe ql —g;)* W, (1 —gs)¢He 
| d 25 gel t2eetHy Loy geHyt2ge*He WW Esteli t Bsae°He 
aes Qs)”, C—s)H, O-s*W, O-al%, 
+(1 —ge)*e* Hey +(1—g3)* A, 
where 
ptopin, e | ab Aten <_{ dp (= ne Bs me \ ap 
ote ai POW Rae 12x) p Pig 3x «6122 p 


and cH, =cegaAg, while eT, &/, are as given in (1), (i) and (ii) are the 
cases of elastic scattering and that of a photon by an electron. Further, 7 and 
S denote Fermi and scalar particles respectively, v.f. and 7.p. particles created in 
the intermediate state and the incident particle, while d, and cr. respectively 
denote a divergence of type (b) and the charge renormalization required in can- 
celling it out. 

In the charge renormalization for the coefficient of W, account is taken of 
the fact that, as seen from (18e) and (18s), W is proportional to e*, and the 
renormalization is applied not only to p but W itself as well. This is based on 
the idea that HW’ is, as pointed out by Prof. Sakata, produced by charged particles 
other than those in immediate consideration, and hence the calculation for elastic 
scattering should, it seems, more exactly speaking, be calculated as collision pro- 
cesses among elementary particles. If W is thus assumed to be proportional to 
e’, the charge renormalization for both Compton and elastic scattering can as seen 
from the above table, be taken exactly equal. Furthermore, although in a single- 
field theory the charge renormalization when Fermi particles alone are considered 
differs by a factor 1 /2 from that for charged scalar (or pseudoscalat) mesons alone, 
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it is physically natural to consider all the charged particles exiting in nature, and 
if these are assumed to comprise and 1 types respectively of Fermi and scalar 


(or pseudscalar) particles, the charge renomalizations for both electron and charged 
scalar (or pseudscalar) meson become equally alk He + ae 
ot ait 
renormalization may be performed independent either of the type of charged 
particle of whether the scattering is elastic or Comptonian. This is also to be 
expected from the physical significance of charge renormalization which assumes 
the charge deviation due to vacuum polarization to be already included in the 
obserbed charge when a measurement is made. 

Thus, it is seen that the method of charge renormalization can be rationally 
applied to divergences ot type (b) due to vacuum polarization when and only when 
all the charged particles existing in nature are taken into account; but of course 
this only a tentative method in setting the difficulties in order, and a more sub- 
stantialistic method of solution is to be desired. 


) so that charge 


§4. The Mesonic-Charge Renormalization of the C—Meson. 


As shown in the foregoing, the method of charge-renomalization can, to a 
certain extent, be rationally applied to the case of a charged particle interacting 
with an electromagnetic field, In order to see if it is effective also for fields 
other than the electromagnetic, we calculate for the case in which a C-meson hy 
is emitted instead of the photon JZ, in the final state in the Comoton scattering 
due to an electron, comparing the f-charge renormalization thereby involved with 
that in the case of elastic scattering of an electron by a meson field. As our 
object is only to examine the nature of the divergence and the validity or not of 
f-charge renormalization, we consider, for the sake of simplicity, electrons alone 
as the charged particles created in'the intermediate states. The calculations being 
exactly similar to those for the ordinary Compton scattering in paper (II), we 
will dispense with detailed explanations. The divergence arising from the crea- 
tion, in the intermediate state, of a photon: 2” is 


Be (dl pe any 4 30 jaye" 25 
(79 [irre rR se: (25) 


The first of these terms is related to the mass of the electron. 
The divergence arising from the creation, in the intermediate state, of a = 


meson ki 


— I ym pp FES ge poy (26) 
4z 


Thus, the divergence having no connection with vacuum polarization can be made 
to converge in this case too, as seen by adding (25) and (26) together, under 
the condition that f’=2c. Among the divergences arising from the electron P 
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created in the intermediate state, that due to the vacuum polarization caused by 
the C-meson Ay is, if we take the self-energy, due to the electron, of the C-meson 


(whose energy is ) to be /* Om x 
E, 
= Leg | Ee (27) 
4= Sen)" In J Pp P* BOP 


Of these, the first term is of the type of self-energy of the c-meson while the 
second is to be subjected to the f-charge renormalization as follows: 


por(i-Z \“4) (28) 


Ind p 


. * 8 * . - ° 
The divergence arising from the vacuum polarization due to the electron is pre- 


cisely that which appeared in the ordinary Compton scattering (paper (IT)), and 
has already been throughly investigated. 

Further, the second term of (27) takes a form similar to that appearing in 
the calculation of the charge-renormulizatioa type divergence in Compton scattering 
(cf. Eq. (26) in paper (I1)). The first term in (27), t.e. the divergence of the 
type of self-energy of the C-meson being a problem as such, has already been 
discussed ; so in the following we examine if the f-charge renormalization required 
in the case of the elastic scattering of an electron by a static C-meson field Ww 
turns out to be as stipulated in (28). JW can be written as follows: 


W= fr* Bd (29) 


The diverging terms in the elastic scattering of an electron by this field has 
been computed by Ito and Koba and that among these which are due to vacuum 
polarization is shown to be quadratic in Pand hence by comparison with (28), 
the divergence which is to be subjected to charge-renormalization does not seen 
to coincide in order. However, on making detailed calculations, the divergence 
in elastic scattering becomes of the following torm: 


(r con L\ a \w (30) 
g, nt pp? 

Therefore, the above disagreement must be considered as being due to the fact 
that the first of these terms which really originates from the first term of (27) 
has been confused with a charge-renormalization type of divergence. This becomes 
obvious when bear in mind that, in C-mceson theory, the charged particle emits 
and or absorbs the C-meson and these two can interact with each other, so that 
the field (29) must be considered as being really due to the mutual exchange of 
C-mesons between the source of the field and the incident electron. Then the 
self-energy of the C-meson created in the intermediate state must give rise to the 


* For the expression of dw, see 93 of paper (1). 
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divergence given in the first term of (27). Therefore, in order to show that the 
first term of (30) should really not be subjected to f-charge renormalization, we 
mist consider the elastic scattering not as being due to a ficld such as (29), but 
as resulting from the exchange of C-—mesons taking place between the charged 
particle (acting as source of the field) and the incident electron, and perform 
calculations accordingly. In the following, we take this line of thought and com- 
pute the divergence due to vacuum polarization. We denote the interaction bet- 
ween the C-meson and the elementary particle acting as centre of the scattering 
by f’Ha, while the momentum of the latter and that of the electron is written as 
4 and FP respectively. 

The total number of processes due to vaccum polarization is 24, among 
which the representative ones are the four given below. (The sign ~ after a 
letter denote that that quantity relates to the C-meson) 


Sits _P, a Sep Dee ; 
poe = (PHP Soak ig = (PP; M1) + (Py, KY) 
K 


Pap - 
(ii) ee (Pi-P 7, P,) ee Cr P+ P,—P,, —P) 
K K 


id (2-2/5; P,) > (P;, K,) 
K 
Ae PP = = a 
(ii) —°—> (2,—P,, B,) > (Pie P7, Po L;, Pp P+ Pi— Py, —P) 
Ke K K 


P,—P,, P, P K 
hg Soe ok Ai /) 
f 
oe ee ag yoGeaty: Pa P,P; Fe Py+ P,, rie) 


a Sie (i 
3 P—P,+P,, —P K 
K 


+( Ee P, )= (P,, K;) 


It is easily seen that (i) and (ii) involve divergences of the type of self-energy 


Me 
of the C-meson, and in fact they yield divergences due to fons . «Adding a 


2,( 27) 
part of the remaining contr.butions from these processes to those from (iii) and 


(iv) the resulting divergence is 


dm i gp LP ap f* Ady = Lf |e Vive (3 1) 
2(2 2(22) 27 J Pp 27 p 
The divergences due to the remaining twenty processes all coincide with one or 


another of those due to the above four, so that the total divergence duc to vacuum 
polarization is sufficiently expressed by (31). Thus it is scen that the f-charge 
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renormalization required here is precisely that stipulated in (28). Incidentally, 
this charge-renormalization type of divergence takes a form similar to that in the 
case of ordinary Compton scattering (cf. eq. (26) of paper (II)). 

Thus, we have shown that, provided we make calculations in accordance with 
the strict idea of interpreting the clastic scattering of an electron by a static C- 
meson field as really being due to the exchange of C-mesons between elementary 
particles, the same f-charge renormalization as that for the case in which an 
electron absorbs a photon and emits a C—meson is valid here, too, in preventing 
divergent results, and hence that the renormalization of f/-charge is an effective 
measure in setting divergence difficulties in order. 

In conclusion the authors wish to express their sincere gratitude to Prof. 
Sakata and Dr: Tanikawa for their guidance throughout this work. 
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Erratum to Part II (4 (1949), 113). 
Eqs. (24’) (28’) (P. 119) should be replaced by 


ee al 
Hf = : ae. {2 dp A® and 
3 
Hye ef (g* a A qf) , respectively. 
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1. Introduction. 


Anomalous behaviors of the dielectric constants‘? and the phase transition 
at 122°K of KH.PO, were treated by the method of statistical mechanics by 
Slater and others.” In this crystal, PO, groups are linked by hydrogen bonds 
which are directed nearly parallel to the axis a or J. In Slater’s model it is 
eassumd that two hydrogen atoms (or protons) out of the four hydrogen bonds 
linking each PO, group to its neighbors lie nearer to it, and the resulting 
(H,PO,)~ group has a dipole moment directed to one of the crystalline axes. It 
is further assumed that the energy of the crystal in the absence of external 
electric field is given by the number of those dipoles which are perpendicular to 
the ¢ -axis, multiplied by a certain constant e. The number of configurations with 
the same energy and the same polarization was calculated by an approximate 
method and a unique type of transition was predicted. His theory does not 
however, account for the anomaly of the piezoelectric effect which was also ob- 
served® and was found to be very similar to the anomaly of the dielectric con- 
stants, although he considers it to be the primary cause of the /-type broadening 
of the transition temperature. As a matter of fact, we must expect a close 
relationship between them. In the present paper, Slater's theory was modified 
in such a way as to include the deformation of the crystal and consequently to 
account for the anomalous piezoelectric effect. A change of the transition tem- 
perature of the cryatal in going from the free state to the clamped state, and a 
spontaneous deformation of the crystal which occurs in passing from the upper 
to the lower modification are deduced from our theory. Further, the temperature 
dependence of the elastic constant can be satisfactorily explained. 


2. Introduction of Strain into the Theory. 


If the crystal undergoes a shearing strain +, (a>, 4-, ¢-axes being taken as 


* A preliminary report of this work was read on 29th April, 1946 at the annual meeting of the 
Physical Society of Japan. Afterwards, we came aware of an important paper due to Mason (Ww. = 
Mason : Phys. Rev. 69 (1946), 173) who measured the dielectric, piezoelectric and elastic constants © 
potassium and ammonium dihydrogen phosphates, and discussed especially the change of the transition 


temperature in going from a free crystal] toa clamped one. We therefore referred his results in comparing 


our theory with experiment. 
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cartesian coordinate axes x; ¥, 2, respectively), PO, groups will change their 
orientations and the configurational energy of the crystal will also be changed. 
To take this into consideration, we simply assume that the energy of an (H,PO,.)~ 
group, which is directed towards +c or —c, relative to the sisal of = which 
is perpendicular to this axis, is a linear function of the strain. Writing ie 
energy of the group directed to the +¢- axis as e¢, and that for the —c-axis 
as e_, we thus put 


€,=—&—Px,, 


(1) 
e_=—e+2,, } 


where e€, and f are constants. This assumption is compatible with the symmetry 
of the crystal, 1: by inversion followed by a rotation through an angle of 7/2 
about the z-axis +, is converted into —+,, and e, and ¢_ are interchanged. A 
more general assumption which conforms this symmetry property would be to 
include terms —yz and +7z in €, and e_, respectively, where ¢ is the net frac- 
tion of the dipoles parallel to +¢ (Slater's 2). The inclusion of these terms, 
however, does not change any essential feature of the following theory, and, 
moreover, they may be perhaps unimportant in actuality. The third and the 
higher odd powers of x, and z may also be added. However, we shall confine 
ourselves to the simplest assumption of (1). A complication due to the fact that, 
in a strained crystal, there are four essentially different orientations of (H:PO,)7 
groups which are perpendicular to the c-axis (two in an unstrained one) will 
also be neglected. 


With the above assumption, the internal. energy of the crystal may be written 
in the following form: 


FE NLM eS END EEN : uss —— yw —yt,E, (2) 
where WV, and N_ are the numbers of (H,PO,)~ dipoles which are parallel to 
+e and —c, respectively, VV is the total number of the dipoles, 4, y,, 6, are 
constants. The third term of this expression is the potential energy of the 
dipoles (of moment f#) with respect to the external electric field &. The fourth 
term is the elastic energy of the medium, and /Va is the normal elastic constant, 
if JV is referred to the unit volume of the crystal; this term is that part of the 
elastic energy which is independent of the hydrogen bonds configuration. The 
fifth and sixth terms are relatively unimportant ; the fifth term is the energy of 
the crystal due to the polarization which is induced by the external field, indepen- 
dently of the hydrogen bonds configuration, and the sixth term is the interaction 
energy between that polarization which is produced by the strain 2,, indepen- 
dently of the hydrogen bonds configuration, and the external electric field £. 
The discussion of the last two terms will be postponed to the Appendix, to- 
gether with the discussion of the nature of the dipole moment # and the problem 


a te 


_ factor into the susceptibility 
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of the local field: We shall show there that the introduction of the local field 


, as was done by Slater, can not be justified. Here 
we shall mention only that the consideration of the local field is fully taken into 


account by such a simple expression as (2), apart from the Lorentz type inner 
field +72 mentioned in connection with (1). Substituting (1) into (2), we have 


U=N |—Ax,2+ W-1) es pol + i} Eby, (3) 


where 2=(V,—N_)/N aud »=N,/N, N, being the number of dipoles perpen- 
dicular to the c-anis. 


For the number of configurations with the same values of z and %, we shall 
assume the formula given by Slater. It is 


ca OR ENN LN: 
ri Nis No NV_) - aes eee | | E [rele 
( } ( 2(1+2z—-y%) Te (es ee 


The condition of the minimum of the free energy, A=U-—f/7 In F= minimum, 
gives the equations 


exp [26,/kT]=4{ (1—»)*— 2" (5) 
and 
(14+2)?(l—s—%) exp [2 (32, +p) /kT|=(—2)?+2—), (6) 


corresponding to 04/d%,=0 and 3A4/dz=U, respectively. From these equations 
we have 


os 2 (1—>”*) (7) 

* (1+2) exp | (ey + Br, +hE)/kT]+2(1—2) 
sinh [(Bay +E) /4T | 

2 exp [—e,/#7]—-osh | (Bay, +p) /AT ie 


If we substitute these quantities into the expression of the free energy, it 
becomes a function of a, & and 7. Referring VV to the unit volume of the 
crystal, we then have for the polarization and stress component the following 
equations : 


— 
Pi 


(8) 


ea 3a =P= Nee + pE+ry (9) 
_ 9A = X,= —Naasa,t+NB+ Gk. (10) 
Ox 


y 


3. The Phase Transition. 


In this section we shall confine ourselves to the case that the crystal is free 
from stress and external electric field. In this case, our Helmholtz free chergy 
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A is identical with the Gibbs free energy. From Eq. (10) we have 2,/2=7/4 &, 


and the expression (3) becomes* 


U=N{—(P/2a) 24+ (v,—1) eo}. 


| 


G1) 


Further, Eq. (@) can be wi ritten in terms of z, and .the free energy. beccmes. a 
function of ¢ and temperature.t Fig. 1 shows the curves of the free energy 
versus ¢ for different temperatures ; the parameter B°/2u. is heve chosen to be 
equal to &. It may be seen that at a certain temperature, 7, given by 


3 —exp [e,/hT,] (2 exp [0/AT.]—-1), (d= f'/2a) 


(32) 


z changes from zero to 1, but the type of the transition is not the same as that 
given by Slater; there is some range of temperature in. which a metastable. state 


with g=0O ot s=+1 exists. The lower and the upper limit of this temperature 


range, 7, and 7}, respectively, are given by 


2—exp [e/&7,]: (14+ 28/47,) and 2=exp [ (2,4 28) /k73). 


The crystal not only pola- * _ 
rizes spontaneously below the 
transition temperature, but aiso 
it deforms spontaneously, their 
magnitudes being given by 

Nyt 0.8/4 and ~§/@, 
respectively. 

Another remarkable result 
is the fact that the transition 
temperature exists even if €) 
is zero or negative, so far as 
0=—/2u > |e |. In this case, 


there are either two values of 4 05 hy 
T, (for \e,| > 0.465 2) or there es 3 
is no such a temperature (for Fig. 2 


\e,| > 0.4650). The essential 


(13) 


0.8, $0 


Curves of 4/27 for a special ease of 8=8* ‘Ba=ep. 
In this en Te, 74> (esate given respectively by 


features of the transition, how- eolkT2=0-248, ef &7 = 0.266, ae T,=0231. 


ever, remain the same. 
The entropy change at the transition temperature is given by 


4S=—R{(1—+) In2 (1-3 + la He}, 


where 


* §°/2a is replaced by #?/2a+7, if we include hfe term. Ey: in (1) 


t+ The curve for 4 (:) thus obtained is the envelope the curves of 4 (:, xy) versus 2, xy »eing con- 
sidered as a parameter. It is easy to see that the envelope is the lower limit of the ‘original set of 


curycs. 
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: 2 


exp [e)/&7.| +2 


is the value of % of the upper 
phase at the transition tem- 
perature. The plots of 4S and 
v§ against e,/d is shown in Fig. 
2; those values of 4S and 2, 
which correspond to the Slater’s 
‘theory, are their limiting values 
for ¢,/d—-+o. It seems hardly 
possible to determine ¢,/é from 
these curves by comparing 
them with experiment. The 
experimental value of 4S due 
to Stephenson is 0.74+0.06 
cal/deg. mol., which is nearly 
equal to the maximum value 
of our curve. 


4. The Electric Susceptibility and the Piezoelectric Constaat. 


=1—+ exp [—6/27,] 


2 


&/6 — 
Fig. 2. 


Above the transition point, the dipole polarization Mz is small, and we can 


expand the Eq. (8) in powers of z, 2,, and &. Retaining only those tesms which 


are linear in them, we have 


Ny 


= (Bayt 4B), where D=kT (2exp[—e,/47]—1). 


Eliminating 7 and z, from (9), (10) and (16), we have 


Pz { N (pt Bls/ Nu)” +(x * | ne 


D—20 


B (p+ BC,/Nu) ney C1 
a (D—20) 


(16) 


+ X,. (7) 


The coefficient of Z is the susceptibility of the stress-free crystal and the coeffi- 


cient of X, is the piezoelectric constant. 


aay dima oe 
a5 iV (4+ 80,/Na)’ 
nie D—26 


Lx == dy 4 + es 


deo 


- FBG (NO ee yy 2 
sb ie A IN ae 


, i€ == 6) 


Ci 


“ 


| 


Writing them as x and dy, we have 


(18) 


(19) 


‘They consist of the temperature-dependent parts 7 and do, and the temperature- 
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independent parts y’ and ay. Further, the susceptibility of a clamped (i.e. strain- 

in e e _— a, ae . = . . = .- 
free) crystal can be derived from (18) by putting P=0=C,=0. Thus, it is given 
as 


yim oe hagas ae (20) 


It follows that the stress-free susceptibility becomes infinite at D=20, that 
is, at the temperature 7; defined by the first of the Eqs. (13), whereas the 
strain-free susceptibility becomes infinite at the temperature for which Dz0. 
Table I gives the three temperatures T,, 7, and the transition temperature of 
the strain-free crystal, 7¢’, which corresponds to D=0, for various values of the 
ratio 3/€, . 

Tablesssh 


The last two columns are calculated for such a value of-e, that gives the 
observed transition temperature 7;¢=122°K. 


Bleo egf&Te eof 47's ve Pe uP 
1.000 0.248 0.266 32° oe 
0.100 0.578 0.583 0.9° 20° 
0.050 0.624 0.625 0.2° 12° 
0.025 0.658 0.658 0.05° 6.2° 
0.020 0.665 0.665 0.01° 4.9° 
0.015 0.672 0.672 0.00° | 3.79 
0.010 0.679 0.679 = 2.5° 
0.000 0.693 0.693 ook 0.0° 


Mason gives a value 3.5° for the difference between the two temperatures 
T, and T@ for which the susceptibility of the free and the clamped crystals, re- 
spectively, become infinite. The value 3.5 is somewhat small compared with the 
range of temperatures in which the spontaneous polarization and the specific heat 
vary markedly with temperature, namely 20°~10°. Mason’s value corresponds 
to 0/e,=0.015. Now, Wu can be identified with the reciprocal of the elastic com- 
pliance 5, if V is referred to the unit volume. According to Mason, Seg = 16.4 x 
10-” c.g.s. at room temperature, and V=1.04x10%cm™. With these values we 
have u=5.8x10°". Further, the values of ¢,) and 6 can be taken from Table I, 
assuming 7,=122°K. We thus have 6/e,=0.015, and 


9 2) toa & 
BY 28 2 20 Ny Te 003 1 0610 ee ce 


“we a & el Oe 3.8 x 107” 


edition gf? x 10-*=26' in angle. 


7. 


Thus the crystal deforms spontaneously with an angle of 26’ below the transition 
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temperature, if it is free from stress. 


To see the temperature dependence of y and dy, the function (D—26)7' will 
be conveniently expressed by an approximate formula 


€, a i 
= ws —=-~-.—6, where #=--—— = 
D—20 5 ae E> Eo 


Numerical computations yield the following values of a, 6: 
0/e,=0: a=1.39, 6=0.110 ; *,= 1.443, 
6/é=0.015 : a=1.36, 6=0.106 ; x,= 1.488. 


With these values the approximate formula agrees with the exact one within 


errors of a few percents for x=4,~3x,. Now, the experimental results for the 
susceptibility are as follows : 


y= 248 /(T— 122) +0.28, (Mason) 
¥=306/(7—115) +0.60. (Busch) 


The second formula is that given by Slater. Similar formula can be given for 
the piezoelectric constant : 


d= {105/(T—122) +0.07} x 10~* e.s.u., (Mason) 
dy={150/(7—123) —0.35} x 1 ~* e.s.u. (Lidy) 
Mason’s data extend from the Curie point up to 100°C and were obtained by a 
dynamic method; the empirical formulas given above agree with the measured 
values within errors of a few percents for the temperature range from 7 to 40°C. 
Liidy’s measurements are due to static method and are given for the temperature 
range from 7, to O°C. 

That the temperature dependence of the measured y and dy are similar to 
each other is a verification of our theory. Comparison of our formula with ex- 
periment yields the following values of the parameters. If Mason's y and dy are 
used, we have (assuming 0/e.=0.015) 

pl == et BC,/Na=p (140.0043) =1.55 x 10", 

B/a=68 x 10°=23’, 
X' =X, (140.0029) =0.52, dai DAT sc 10™, 

If Busch’s result and Liidy’s result are combined together, we have 

pw =p (1—0.0062) = 1.72 x ee B/u=8.8 x 10°=30', 

7’ =7:(1 +0.0030) =0.89, dy! = —0.21 x 10~. 
Since the thermal expansion may result in changing the values of the parameters, 
the results obtained above for y’ and @’ may not ke very significant. We can 
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safely put p/=y and of =y1 The very good agreement between the angle of 
deformation B/a calculated here (23’ or 30’) and that calculated previously (26’) 
can be considered as another verification of our theory. 

The dipole moment p’ determined above is somewhat greater than that can 
be obtained from the spontaneous polarization observed below the transition point. 
Busch’s observation shows that the latter is not independent of temperature but 
increases from zero at the transition point to a constant value at and below nearly 
100°K. The dipole moment derived from this constant value is p/=125x10™. 
According to Slater's idea, the gradual increase of the spontaneous polarization 
and the A-type anomaly of the specific heat are due to the irregularily distributed 
stresses inside the crystal, caused by the spontaneous strain ; they give rise 
to different transition temperatures for different domains. Accepting this idea, it 
is expected that in Busch’s experiment not all the domains are directed to the 
applied electric field whose maximum strength was 3000 volt/cm. A_ simple 
calculation shows, by equating the electric potential energy of the spontaneously 
polarized piece of crystal placed in an applied field, with its elastic energy which 
corresponds to the spontaneous strain, that the field strength at which all the 
domains are directed to the ficld direction is of the order of 3x 10* volt/cm. 

Thus it is expected that, in Busch’s experiment, some of the domains are 
still in the opposite direction to the applied field. The disagreement between the 
value of y/ obtained from the susceptibility and that obtained from the spontaneous 
polarization may be explained in this way, rather than introducing a local field 
factor, as Slater did. 


5. The Elastic Constant. 


The difference 7,—7?=3.6° given by Mason is not a value observed direct- 
ly, but it was calculated by deriving the clamped susceptibility from the observed 
dielectric, piezoelectric and elastic constants. We can follow the same process 
within our theory Namely, eliminating s from Eqs. (9) and (10), we have 


= ea 1 26 1 
Na(D—22) Na Sen aa 2h) 


4, — ah E pre Ser vy, S66 = 


and when this is combined with Eq. (17), ie. P=yE—dyX,, we can have Eq. 
(20) for y* and hence 77. (Our sg; is Mason's oy 

Since y and dy were proved to have the right temperature dependence and 
the parameters involved in them were adjusted so as to conform the experiment 
there remains only the discussion of s,;. The cause of the very good aR. 
between the two values of #/u calculated in the preceding section Sy two in- 
dependent methods must be sought in the right temperature dependence of the 
theoretical elastic constant. Fig. 3 shows the observed and calculated elastic 
constants. If we take Wu to be independent of temperature, the theoretical curve 
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~_ 


deviates from the experimental curve at the high temperpture side (dotted curve). 
However, by taking 


NEST OLSAG = (7 — Ty x 6.7 x 10-", (22) 


an excellent agreement can be obtained (full curve). The theoretical curve is 
sensitive to the choice of 0/e, and the best fitting is obtained for 0/e,=0.014 
(Fig. 3 is drawn for 0/e,=0.015). The temperature coefficient 6.7 x LO-* deg@?. 
of the elastic constant is of the same order of magnitude as those of other sub- 
stances which show no anomalous. behavior. 

Taking Va=7.04x 10" at the transition temperature, and combining this 
with @/. =6.8 x 107%, which was determined from Mason’s observed susceptibility 
and piezoelectric constant, we have d= /24=1.57x 10-". On the other hand, 
the observed transition temperature gives e,=1.22x10°" (taking 0@/e,=0.015, 


refer Table I). Combining these two values, we have again 0/e=0.014. It 


cee a a ee 
-_— 
= 


© Exp., Mason 


4 --- Theor, No = 7.04 x10" 
- and 6/€,=0.015 


Zz = Rent, 
Nov = 7.04 x10'°{1-( T= Te)*6.7 x10 
and §5/€=0.015 


0 
-150 -100 -50 ; 9) 50 10 
nieces 
lig. 3. 
Elastic constant. Points arc due to Mason. ‘The broken curve is calc lated 
by taking Va=7.04 x 10', independent of temperature, and 6/e9= 9.015, and the 
full curve is calculated by taking Eq. (22) and 6 fey== 0.015. 


Q72, S. Yomosa and T. NAGAMIYA. 


corresponds just to 7,—7?¢=3.5°. Thus we see that all the observed data are 
consistently represented by our theory. 

In spite of all tie trials, we could not find a good fitting of our theoretical 
formulas to the experiment for the case of NH,H,PO, 


6. Summary. 


An extension of Slater's theory of KH,PO, to the case of a strained crystal 
is given. Assuming that the energies of the (H, PO,)~ groups orientated to +c¢ 
and —c, with respect to the energies of those orientated perpendicular to the ¢ 
-axis, are given by e,=—€,—fx, and e_ =—é€)+x,, respectively, and adding to 

the free energy expression a term which represents a normal elastic energy and 

other terms, formulas for the transition temperature, dielectric, piezoelectric and 
elastic constants, etc. are derived. It is shown that all the observed data, 
especially those given by Mason, are very well and consistently repsesented by 
these formulas. 


Appendix. A Consideration on the Local Field Factor. 


In Slater’s theory, as in ours, the polarization of the crystal associated with 
the hydrogen bond system is written as ys, where z=(NV,—N_)/N, N, and 
N_ being the number of (H,PO,)~ groups directed towards +¢ and —c, respec- 
tively. The dipole moment yp, however, cannot be identified with the dipole 
moment of an (H.PO,)~ group. A change of the arrangement of protons in the 
hydrogen bonds system does not mean the rotation of these groups, but it means 
the sliding of protons along the lines which connect each two oxygens of the 
different PO,-groups. Since these lines are almost perpendicular to the c-axis 
(inclined about 4° with the horizontal (001)-plane), a change of the positions 
of protons does not produce an appreciable polarization in the direction of c. The 
_ dipole moment # must thus be ascribed to the polarization induced in a PO, 
group by the formation of an (H.PO,)~ group directed to +¢ or —c. It may 
include in addition the dipole moments induced on a potassium ion and an (H, 
PO,)~ by the electric field of their surroundings. The latter may change from 
ion to ion, but its mean value may approximately be proportional to z.. (More 
strictly, it may be a function of z and »%.) 

In Slater's theory, a local field factor a was introduced into the susceptibility 
in the form 7=ay,+y,, where y, is the susceptibility due to the hydrogen bonds 
system and y, is that due to other parts. To show the incorrectness of this 
assumption, Iet us take a simple system consisting of two polatizable dipoles. Let 
the magnitudes of the moments of these dipoles in the absence of external cleciric 
held Be #, and yz, and let the magnitude they would have is the case that the 
interactions between them were out off be yw} and {2 The difference fu— eis of 
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\ 


course induced by the electric field due to the second dipole at the position of 


the first dipole. s2—p’ can be interpreted similarly. If an external electric field 


E is imposed on this system, further polarization f,; and ~, wil! occur. The 
energy of the system then will be given by 


U=—(m4+p)E—(2+.) E+ (dipole-pipole interaction) 
L I 9x2 
ag (44 +fi—s4)o+ air (24+ h2— pe) s 
Zu, Sho 


where u;, uw are the polarizabilities of the dipoles. The second term is propor- 
tional to (%,+/,)(so+f:), and can be interpreted as the potential energy of the 
first dipole in the electric field of the second one, or, inversely, the potential 
energy of the second dipoie in the electric field of the frst one. We shall write 
it as 
ee (yt pi) (e+). 
On minimizing (7 with respect to #, + 4, we have 
KAP B= (LE +e (fe +/2)) 
=a, (E+clectric ficld due to the second dipole). 
Similarly, we have 
p+ p:— =e (E+a (+h) 
=o,(E+electric field due to the first dipele). 
New, the quautities 4, and fs» can be determined by putting A=9 and fi=phi=2. 
We have 


n * 
[y— =H fy [ly — f= Oy jis 
a 
fis Panay wie [3A Foe fy 
pai aia LS ———— 
Neo aegat L—4,%a 


hy FAG, E 


o UG, YU. > 
pen IO BON = 


I hig Uy” ; I aC, hy Oo 
Putting these formulas into (7, we have 
Sal was ‘ah Ht 
iis — (yb — LE — ne + const., 
J 


where the const. is the term independent of the field, and 


yo A eATA thy thy 


xi ; 
1—a@' 0,1 


The polarization of the system can be derived by differentiating Y with resoect 
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to E. We have 
P= —AU/OE = pt Pet pit fe= tet LE. 


Thus it is the sum over the dipole moments and the induced polarizations; we 
see that the local field factor @ disappears from UV and P, and thus from 
y=0P/dE. Extension of our results to a system of more than two dipoles pre- 
sents no difficulty. 

In the case of KH.PO,, the potential energy U is given by 


U=—(Nyuzt+l,) Aa hu ml» 


if P, is the additional polarization of the system duc to the external field and 7, 
is the susceptibility connected with the polarizabilities and the displacements of 
the ions. On minimizing U with respect to ?; we have P47, F, and 


= —NusE-+y, jie 


In a strained crystal, a polarization proportional to the strain and indepen- 
dent of the hydrogen bonds configuration and of the external field may enist. 
Let this polarization be ¢,%, The additional energy of the crystal due to it 
coisists of the interaction between it and the external field, namely. —{; 4,2, "the 
interaction between it and Mys which can be absorbed into the term —NPz,2, 
and the interaction between it and P, which can be absorbed into the term 
—r,x,E. Thus the total energy of the crystal can be written as Eq. (2). 


The present work is aided by the research grant delivered from the Ministry 
of Education. 


Note added in proof: We came aware of an experimental research by the method of X-ray 
analysis held by A. R. Ubbelohde and I. Woodwards (Proc, Roy. Soc. A188 (1949), 35S). They show 


that the crystal deforms by an angle of 27’ with the spontancous polarization, in complete agreement 
with our theory (23/ to 30/, ¢ 4). 
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Note on the Finite Extension of Electron. 
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Since the fine analysis of self-energy problem by Weisskopf, the fact that 
the electron has finite extension over the region 4/mc has been used to calculate 
the reaction problem. But the positive proof for this conventional model is not 
yet given. In this paper we-shal] discuss the explicit form of electron. 

By the way, the unique method of separation of self-energy which is 
independent of the external field applied on the electron will glso be given. 


§1. " Introduction. 


According to the analysis of Weisskopf™, the self-energy of electron consists 
of two parts; one is the interaction of bounded field produced by the electron 
with itself, and the other is the interaction energy between the induced current 
by the forced oscillation of electron by zero-point amplitude of the radiation field 
and zero-point amplitude itself. The former interaction between bounded field and 
source can be treated in the alternative way ; we now treat it as the interaction 
between emitted field and the current induced by the recoil force in the emission 
of radiation. 

The emission and reabsorption of virtual photon can be interpreted as follows ; 
there are zero-point amplitude of radiation fluctuation A, this acts on the electron 
inducing forced oscillation (m «x= —e A in classical theory), then this oscillating 
electron emits radiation whose strength is to be ruled by E’ x, so that the 
acting; potential A and potential of emitted radiation A’ «is in phase, and since 
the system is stationary the amplitude of emitted and acting potential is to be 
the same (4 =A’). Then the electron suffers recoil force in the course of 
emission of radiation which is proportional to #% in classical theory: So, if we 
denote the potential which produces this force by A, it has just 7/2 shifted phase from 
A and A’. Thus the electron suffers two forces due to acting potential A and recoil 
potential A. and the induced current by these forces interacts with A and A’ 
respectively. But, since A and A’ are the selfsame the current interacts as well with 
zero-point vacuum fluctuation of radiation. Though, with those emission and absorp- 
tion the electron does not change its energy, but may change its inner variable. So 
that the diagonal part of this interaction density between induced current and zero- 
point amplitude gives the self-energy and non-diagonal part gives radiation correction 
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mattix element of elastic transition from one hyperbolic orbit of electron to another 
hyperbora with the same energy. After all, we can conclude that, in one 
electron theory, electron suffers two sorts of force. 

In positron theory, however, there exist infinite electrons which just fill negative 
energy states, and this results in diminishing the freedom of electron. This result 
appeares as a diminish of the force acting on the clectron, Since some sorts of forced 
oscillation of electron are forbidden by Pauli exclusion principle. This diminish of 
force is the same thing as the manifestation that the electron has some extension 
and acting force remains the same. 

By analysing the self-energy problem as above, we can construct the equa- 
tion of motion for electron which is oscillated by recoil force due to emission of 
radiation and force excerted by the zero-point amplitude of radiation fluctuation. 
And if the electron has any extension over space, the source function will appear 
in this equation in the interaction term , in fact, in one electron theory the ex- 
tension is delta-functional form and in positron theory the form is that extend 


h/me around the center of the electron. 


§ 2. Reformation of perturbation formula for radiation interaction. 


It is not convenient to treat the self-energy problem of photon field in the 
usual form of separating static and dynamic self-energy, so we firstly rewrite it 
in the more convenient form firstly, the self-energy of the electron in 
state i or the elastic transition matrix element from state z to state f (H;=4,) is 
given by 


2228S (F\ (ad) of |2) 2] (ads) e* [8) 


i S\\z a (1) ¢, (2) — gi* (x!) g(a") doc da! (1) 
| 


—a | 


in one electron theory ; and in positron theory it is given by 


is 2 1 (+) (+) 
anes} TL, —— f (ata) ed) (0) (a) 12) 
vy (E,—-L£,.—») 
eee r seem say Fe: 
+2nA Seep ee (al,) e |Z) (Zi (al) eo ™ | 2) 
vy (Ags —%) 
py pruce, w 1 
55 <((cGi- >) £7* (x) Gi (H) ikea g.* (a0’) 9, (ac") dar dx’ (2) 


where £, is the energy of state 7 and f, and (m/F/n) is the matrix element 
between state #z and x of clectron, @, is the polarization vector of photon which is 
perpendicular to ». If we take 7=fin the above expression, we obtain the self-energy. 
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Now, following Weisskopt, we write down the one-electron self-energy as 


Wy =2né DS (fe*|D Ele] ) 
¥ 0 


Wa — Way = 282 DOD A (Fj (al,) &|D (Z| (ady) ™|2) 


t (4, ae a 


| Fy— 
wy (2y— a —Y 


Wana =22 2 DOT — 


v 


(Ff) (ad) 12) Z| (ab) e™ 2) @) 


Taking into account the following relation 


S| (ab) 71) @| (a) |) = (Flare 1D Clare |i)— 
— (| (ar) 1) El (ar) 18) 


=(f|a-e*| 2) (Z| a-e™|z) + Fi (Mit V1) Ci [ot Ve ™)12) 


=(f|a-c™ |Z) (2 | ae ™ |Z) — (1+Go4 Hi)" we ~) e™/D)(Lje™|2), (4 


where H,=a P+ fim, V(a) is the arbitrary external field acting on the electron, 
we can rewrite (3) as 


Wa + Wa Wyag = Qn a) 1 f (f | a: gr | /) (Z\a- a ae | t) 


wie (4i—£,)’ —% 
—(f\e IN ele™ |}, 


1 £-& 
0 (£,—£,)°— vs 


{( flare | hia e | 2) — 


Fs 2 5 | 
Wauct=2 7 € pa : 
v 


(fieh|2) Che |i) Bee DE St CeCe) 
v M% 


The second term of Wau vanishes since 


Ine ap ae E vet (f \¢ cv" | Z) (Z\e e173) 


Cap 1p 3 oes (f|[Aot V, 44-|2) Cle 14) 


iow 


=—27¢" >} ie Ca (av) |2) 
vo 


and the last expression vanishes after integration over ail direction of ». 


So we obtain for self-energy the following expressions : 


278 K. SAWADA 


« 5 i iva —ivr 
Wet War Waye 28 D3 et fleece Charen) 
cess. (E,— E,)*— 
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Z : 1 kok est, -ive|; 
—IT23'S) 4 40 i f ac /) l\a-e |z) 
Wanet Te a Vp (E,—E,)*—“ (| € | ( 
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2 ] EL, E, vx ( —tvz |; 
Warr ere Sy} \a-e*i 2) (¢| a-e-™ | 2) 
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in one electron and in positron theory respectively. 


§3. Derivation of the form of the electron. 


We start with one electron theory. As has been shown by Weisskopf the part 
Wea + Wa— Wroug can be interpreted as due to the interaction betweed produced field 
and its source, this can be seen by integrating (6) over v; 


al [p, Ay 1.-[s, A’’},} } doc > time averace (3-1) 


where 4,’ and A” is given by ; 


OA’ =42p, [JA =4nj (3-2) 


The part Want is the interaction energy between induced current by zero-point 
amplitude of radiation field and zero-point amplitude itself. 

But as mentioned in the introduction, we can treat the first part in different 
way, that is the interaction of recoil current induced by the emission of radiation and 


the emitted field. In this form, the energy can be written in the following form 
instead of (3-1): 


1 “ 
<- {i re Ay|.—[9"; A},i adx> time average (3-3) 


since the emitted radiation is in phase with acting zero-point amplitude and has 
the same amplitude, we do not distinguish between emitted and acting field 
and write them:as A, and A, as mentioned in the introduction. The charge- 
current density p” and j” is the recoiled charge-current in the emission of radia- 
tion. Then we can determine whether or not the form of electron is delta- 
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functional type by deducing tne equation of motion of recoiled electron wave ; 
- this will be given in the form: 


(ap+fmt V(x) +e| U (a—a!)(Ay(a’, 2) —a A(a’, 4)) dae’) g" 


ar ae 


3: 
a (3-4) 


where U(a—2x’) is the extension function of the electron for recoil of radiation 
and A, and A are recoil potentials and have 7/2 shifted phase to 4p and A, as 
mentioned in the introduction, and will be imaginary quantity because the recoil 
acts to damp the oscillation of electron. We now proceed to calculate U(x—x’') 
and determine the forms of Ay and A. 

We return to (6) of § 2 and first show that 
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This form allows us to write it in the following form, by taking Schwinger's 


conventional definition of vacuum for radiation field, og aA  Y =U" 


AX, 4.) = 23 AES Pre Ay or ys similar expansion for A. 
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Then this is the time average of the following expression ; for the state one 
electron in state 7 transitions to state f with same energy and no radiation field 


present ; (for i=f, this is a part fo the self-energy) 


<LI ile’ Aol, —[9", A]s} A> time average (3-5) 
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This is the recoiled electron wave, which is the first order solution of the follow- 
ing equation of motion for electron , 


C) 


OX, 


gi! (apt Pint V(x) —e(A,(xe, Xo) —aA(@, %)))=—t = gm (3-7) 
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0 


(ap+ Pmt V(a) +e(A(a, 4%) —@A (a, %))) Pm! =i gy, (3-7) 


where A, and A is given by; 
A(a, r= (AW cn ivetivoro__ 4~) gehay A,*¥=— A 
A(a, m= (AW g-tvetivow__4(-) pfve-tom). 4¥ = pas" (3-8) 


(3-8) is the definition of recoil wave field acting on the electron, it is out of 


_— 
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phase just 2/2 from A) and A and is imaginary quantity, the reason is stated 
before. 

Secondly, Want is given, analogous to Weisskopf’s result, by the time 
average of the following experssion ; 


<i be. Ao].—[7’, A],} axe > (3-9) 


V=cler*e tere); J =e(g*ag' +e" ag), 
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v 


Ba EM, “ £,,— Li +% 
g,,/ is the first order solution under the force excerted by zero-point fluctuation ; 
(ap+Pmt+V(a)+0e(A,(a@, %)—-aA(ax, %))) &,,' =z 2. y,! (8-11) 
0 


Collecting the above results, the self-energy is given by the interaction of 
induced and recoil charge-curtent, density with zero-pcint amplitude of radiation 


field ; 


Wig < at {|o, Ay). —[7, }; A), \ dx > (3+ 12) 
p=e(Y*E+Gry), J=e(y*ap+P*ay) (3-13) 
B= V4. n ; On Un *-7-* ese (3+ 14) 


The equation of motion for ¢,, is given by ; 
(ap+ Smt V(a) +e(A(a, %)—aA(a, %)) 


Pm (3-15) 


2 ~ Id 
+2(A,(a, X))—-aA(a, X0))) Pm=t ax 
0 
From this equation we can conclude that the electron has delta-functional form 
in one-electron theory. 
In positron theory, we can rewrite (7) of §2 as follows: 
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The first term is of the same form as in one electron theory except the appea- 
rance of the factor £,/|Z,|, which is due to the limitation of freedom of recoil 
oscillation by the presence of negative energy electron and gives extension to the 
electron which was given by Weisskopf.” On the contrary, the second term is of 
the form Wan: with density of virtual photon replaced by the density of vittual 
electron I/|£,| and sign is reversed to Wana, which denotes the dimnish in 
freedom of forced oscillation of electron under zero-point amplitude. Now, writing 


in the same way as in one-electron treatment , 
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For the free electron only 7=f remains and then £,=£;,_,, and for the bounded 
electron or slow electron whose energy is negligibly small compared to rest 
energy of electron E, can be replaced safely 4, with negligible error since for 4, < 
this is effectively constant (rest-energy) and for % sufficiently higher than the 
ionization energy of electron considered the state / which contributes to matrix ~ 
element (///2) is to be considered as perfectly free. Further if we confine our 
attention to slow electron z and f, Ey=7z may be allowed. 

Now (3-17) can be written as follows by introducing the function U™ (a) 
Bice Ae) 


Ey eur WL . 
. C BV : ya Eve U™ Ce / 5— ty! / 
| Ee | Vne+ ; | eee? fat 
U wie a! ) eae 1 m ~tv(e—2!) 1 
Oe any Ee ou 


Note on Fintie Extension of Electron. 283 


| B= Ye one pent we+v—v 


er jo (ac —a') eo iva! da! 


, . / aa we 
|Z, | | ae 
ris ) 1 Vm +¥—v i 
Us (ac —x eS | ee p-tv(a—2!) Ty 3.19 
Lacie lon GE SE cn, BRD 
: 40+) (+) 
Wo Sf leas ea |%),° | jee” ek ates BAG ig EAL 5 
: : 2 ( Ly — E, —%, 


=e eA\;? ia caA ae 
E,— LE, +% 


ey ) dee’ | aN + Hermitian conjugate 


(CAG aA iva 


Ey— LE —% 


rl(fedemiea i, (\fome—e)-2 


cAD—ea AD , ) ‘nw ot 
+ ‘3 eg!) oe! Hermitiz juge 3 3-2 
ee \z) |, 4+ Hermitian conj igate | (3-20) 
which is the time average of the following expression : 
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The equation of motion for ¢,, is 


(ap+ Pmt V (x) +e (ac—a0!) (Ag(ae’, 9,)—aA (a, a)) aac’ 


+e (U(r=a’) (A,(a', 0) —2A (a0', x5)) dx’) &,,=t = Gm - (3-22) 
xo 

This equation of motion shows that the electron has finite extension over space 
in the hole theory, but it is of two sorts ; the one is U™ (ac) which is the extension 
of electron when acted by the damping force of the recoil of emission of radia- 
tion and the other is U(ae) which is the extension for forced oscillation by 
zero-point fiuctuation ot radiation field. The former extension was given by 
Weisskopf calculating the static self-energy of an electron. 

Note that if we take, for free electron, the form function rigorously, it 
depends on the zero state momentum of the electron as follows: 


Vx +Pi__ pe) dy, (3-23) 
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So that, if the electron moves, its form contracts, and when momentum becomes 
extreamely high the form approaches to delta-functional type. - 
Further it is also to be noted that the form U (a) is universal, since it is 
independent of the interacting field, but Uae) changes for field with different 
mass. 
In general, if we denote the interaction Hamilton density as follows ; 


fF lad (p=$*7") (3-25) 
where ((O—--/*) x =0 for free case. (3.26) 


and 7... is Dirac matrix so chosen that 7... y” is scalar; then the self-energy is 
given by the time average of the following expression ; 


¢ ee ifit We Tht f aoe < O7 
<A 1 FAP 1 ede > (3-27) 


and & satisfies the following equation of motion ; 


Ge a Stee y(a)+sfjo™ (a—a) 7... (H", Wy) dae! 


+f |U°(a—2") ru” (atl, x,) dt!) $=0 (3-28) 


where (a) is the same as (3-18) or (8-23) and U(a) is the following ; 
U® (ae —ae!) = + ae tS a ere TK 
(27)* 002 + (p.— KY’ 
which depends on the mass yp of the field. 


It is interesting to calculate the “radius” of the electron by taking ; 


(3-29) 


ls a 


Then the radius of electron for recoil interaction tends to zero inverse 
logarithmically ; 


dv=lim m-log a) (3-50) 
me 


1 Bid m 
q” ‘ Vm? + ye yep Ga 


and the radius for forced oscillation is just Compton wave length of the electron 
in photon case ; 


L_ ("Vary 
Se SSS == gQv= Mu. 5 - 3 I 
| o Parte ae) 


gives a part of the logarithmic divergence ot self-energy 


iS) 
a 


The former extension 
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and the latter extension gives finite correction for reaction problem, for example 
the finite level-shift of Hydrogen atom. 


§4. Separation of self-energy which is independent of 
external field. 


We now perform the separation of self-energy which has the same matrix 
element for free and bounded electrons. (the separation of mass type scattering 
matrix is obtained in the parallel way by taking final state as /) ; 

By taking as the wave equation of electron (3-22) ; 


(H+ V(x) +U(a)) =i 


? (4-1) 


sol) 


where 4,=ap+ 2 is the Hamiltonian, for free electoons /’(a@) is the external field 
acting on the electron, and U(a’) denotes the interaction between radiation field 
(see Eq. (3-22)). 


Now performing canonical transformation successively ; 
P= clon F (4.2) 
(V (aa) + U (eas), 40) B12 -@ ee 
0 


zo 
-if U(x(20!), x0!) azo! 


ie a x inde) 
(1 (ae(4v)) +i [[O(or(w), xd), V(r, %)] dx! +O(U")) pai y. (4:5) 
0 
Then returning back to 
pat 3 (4-6) 
We get 
(H+ Vee) +1 [eas —m), and) dl, V(@e)|- + OW) =i 


—o 


i) 
OX 


g (4-7) 


Then the solution of equation of motion (4-1) can be written as follows : 


rm 
tf Ue"), ao!) deo! ls 


Gao item. oe _ tor. g (4-8) 


We need only to take up the first order solution in ¢ (interaction constant con- 


tained in (/(a)), so that by expanding the middle term of (4-8) and denoting 


Y (4-9) 


(ap + m+ V(@))e=i 


We have the solution ; 
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g=— i\v (0 (46! —%0) 1 40) F420! (4-10) 
The second part of this solution gives the matrix element which is independent 
of V(a) i.e. which has the same matrix element for free and bounded electrons , 


Wass = < Lit [g* Y (0 (ac (x —%X) , eo ) ax¢, “Q, cA,—caA], 


+ Hermitian conjugate} de>. (4-11) 


The remainder contains g, and this satisfies (4- 7), so this part gives the com- 
bined effect of radiation reaction with external field V(r) and hence reactive 


corrections. 


$5. Concluding remarks. 


We have thus shown that the electron has finite extension in hole theory 
which contracts when electron moves, the form is different for recoil of emission 
of radiation and for forced oscillation by zero-point amplitude of radiation field. 
The former extension is universal but the latter is different for fields with different 
masses. 

By taking non-relativistic approximation in (4-7) and _ solving d, we have 
the level shift of hydrogen atom which turns out 

PA F 2 Va ty—vy 5 etl : a) 
—— ——<dh (e) >| You - d= bs SSA) Ss log ( = ) (5-1) 
J Ye 


Aienig7y Won + y" 3a .- 902 


which just coincides with the exact calculation by French and Weisskopf@ and 
Schwinger apart from the relativistic correction and polarization part. 

Related problems are now being examined. 

In conclusion I say much thanks to Prof. M. Kobayasi for his kind: interest 
in this work. 
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§1. Introduction. 


Behaviour of elementary particles in the cosmic-ray in modcrate high energy 
region can be’infered by the analysis of cosmic-ray phenomena underground, but 
few such attempts have ever been made and all of them have failed in giving a 
satisfactory understanding of the problem. Several years ago one of us (S.T.) 
tried without success to explain the remarkable bend of the intensity-depth curve 
on the basis of our knowledge at that time: on the assumption that this bend is 
caused by the energy loss of the cosmic-ray particles due to radiation and pair 
creation. Now later developments of cosmic-ray physics, i.e. the discovery of two 
kinds of mesons, made it possible to remove this unsolved difficulty be explaining 
this bend as due to the pi-mu decay”. Thus the existence of the bend is no 
longer a puzzling fact, but it provides an important clue to determine the life of 
pi-mesons. In this situation it seems to be of importance to get forth more com- 
prehensive analysis of the underground phenomena in order to certify the hypo- 
thesis about the model of mesons as well as about their interactions with matter. 

We shall henceforth discuss how far one can account for the phenomena on 
the basis of our current picture without introducing extra hypothetical processes. 
According to our picture primary protons or heavy nuclei produce pi-mesons on 
colliding with air nuclei; the produced pi-mesons disintegrate into mu-mesons on 
falling down through the atmosphere entirely or partly according as the agent 
pi-meson has lower or higher energy. Thus at the ground surface there are pi- 
and mu-mesons mixed, but pi-mesons as well as nucleons can not penetrate deep 
into underground because of their strong interaction with matter nuclei. Elec- 
tronic components falling on the ground surface are so highly absorbable that 
they are, of course, negligible constituents of the deep rays. Only component 
surviving down to the great depth is mu-mesons including their secondary products, 
which are in equilibrium with the mu-mesons. The main constituents of these 
secondary particles are electrons and photons produced by electromagnetic interac- 
tions of the mu-mesons. Besides these particles weakly interacting particles such 
as neutrini amount more and more with increasing depth, but their effects may 
be too small to be detectable in the depth under coasideration. Therefore we 
may assume that only mu-mesons and their electromagnetic interactions play a 
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role in the phenomena underground. 

Electromagnetic interactions of charged particles in high energy region are 
classified into the following three: collision with atomic electrons or ionization, 
radiation by accerelation in nuclear Coulomb field and creation of electron-posi- 
tron pair in nuclear Coulomb field. The first and the second processes depend 
strongly on the spin and the magnetic moment of the particle in the relativistic 
region, but the third process, the pair creation, is almost independent on the spin 
and the mgnetic moment2. The frequency of oursts at sea level as well as the 
fact that the decay electron of mu-meson has a continuous energy spectrum seems 
to show that this will have spin 1/2 and no intrinsic magnetic moment, though 
spin 0 may not be definitively ruled out. The possibility of spin 1 should be 
excluded because this would result in a much larger burst frequency ; but this 
does not affect the result considerably as far as the energy loss is concerned. 
The energy loss is mainly due to ionization as has been hitherto considered by 
many authors, but it is found that in deepest region one must take into account 
the energy loss caused by the emission of bremsstrahlung and the creation of 
pair. We shall first estimate the magnitude of these three effects (§ 2), and then 
go over to the calculation of the range of the mu-meson as function of its energy 
(§3). We calculate, on the other hand, the energy spectrum of mu-mesons at 
sea level according to our picture: the mu-mesons are decay products of pi- 
mesons which are produced in the atmosphere by the primary particles, pre- 
sumably by protons or eventually by some heavier nuclei (§4). If we thus find 
the range-energy relation of mu-mesons and their spectrum at sea level, we 
obtain the intensity- depth curve which can be compared with experiments (§ 5). 
In deriving the spectrum of mu-mesons we first neglect the absorption of pi- 
mesons in the atmosphere because we know at present only very little about how 
pi-mesons traverse the atmosphere. It is certain that this absorption is not 
negligible so that we next discuss to what extent this absorption affects the 


result (§ 6). 


§2. Elementary processes and energy loss. 


As for the first two of the electromagnetic interactions mentioned above, 
detailed accounts are summerized in Rossi and Greisen’s article”, so that we may 
here refer only to the necessary results. As for the pair creation no remark has 
hitherto been given so that some mentions seem to be necessary. The differen- 
tial cross-section for the creation of a pair by an incident charged particle in a 
nuclear Coulomb field was calculated by various authors. We refer here to the 
result obtained by Bhabba® according to which the differential cross-section for 
the creation of electron and positron with energy between ¢, et+deand e’,:2 +deé' 
respect vely is given by 
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dO 8 (uZ)? £ hee ee Re mc -) 
oe (ee ae ee 
ean” | ae : (e+e')* aaa Me 2) as es 
for mc? <e,e’ and ee'/(e+e’) fiche qc’, (la) 
ee + Je 2 
dQ,.==(uZ)' aa CEA i ied In-(4y) In (<r ) ede! 
for z yimc <et+e’ and e,e <Finc’, (1b) 
dOe= ae “as ini( A742.) ae 
“ Fic 
for Emc*<e,e’ and e+e! <2 snc*/y, (Ic) 
dQ.=— (aZz)2e MEV" ty (288) dede! 
(e+e’)' 
for 2€°mc?/n <e+e' <E pc’ (Id) 


for each specified energy region. Here p is the mass and f the Lorentz factor 
of the incident charged particle, « the fine structure constant, 7») the classical 
electron radius, and 7 the shielding radius of the collided atom: p= 1BS7 
being its atomic number. Further, & and k! are numerical constants of the order 
of unity ; the remaining symbols need not be explained. As mentioned above 
this result holds roughly independently of the spin of the incident particle. 

For the sake of simplicity we put 


ee! /(e+e’) = (e+e) /4 (2) 
approximately. Then Bhabha’s formulae can be reduced to 


7. in (Sete) Yin (Ae Suc” iy) ede! 


8 = 
d= rs (42) 70 9 ae +e e+e)" nic 


for mc? <.e+e! <2ymc’, (la’) 


eed (ayaa In (47) In ae wn -) dede’ 


A = 
} z 9 a e)? 


” 
~~ 


for 2ymc"<¢+8' YE me!, (1b’) 


Pa Cc a me"). in (AG) dede 
"(Ee + (ete)? Em” 


for me <e+e <26?mc*/y, 


d= ke pape: 
(1c’) 


290 S. Hayakawa and S. ToMONAGA 


5 en? E ie P 
Or (aZ)"75 ihe 2 In (242) dede’ 
e a (e+ epi 
for 26mc?/y <e+e' <epc. (1d’) 


Expressed in this form we can immediately find the cross-section for the produc- 
tion of a pair whose energy lies between € and etce irrespective to their parti- 


tion on the electron and the positron : 


8 Net he ME mc E 
dQ! =— (4Z)*r,— In (45 = ) In (—= —— 
ra 7 me? oe € 
for mic? <e <2yme", (3a) 
we Ss eee «| heme? \ de 
dO: = (AZ.)-?. = — BRAD) in (eee) casa 
ors 9 re ee 
for 2ymc?<e<¢me, (3b) 
8 aRinhs: Pantone kine \ dé 
oO l= (uZ)* 1 (Fane) > In ( a ) 
it Sate ee 
for 2€c? <€ <.2¢°mc*/y, (3c) 
8 - 9 9 x a» 2 f - de 
dO{ =—- (aZ)* 7 (Emec?)* In (225) 
7 
for 26?mc?/y < € <F ysc*s (3d) 


Multiplying each of (Sa) to (3d) by ¢, integrating with respect to € over 
each specified region and adding the results, we find that the energy loss of the 
incident particle by the pair creation is given bv 


“ , WO YD he 9° ¢ Pe ies 
be aE Bes (uZ)*r5 A) eeu te Ing+1— 2" ig (26) } 


Ga re it 


14 Fy es / at 
——— nme yiIn¢—In (27) +— | (4) 
( 
9) 18 
where .V is the Loschmidt number and 4 the atomic weight of the collided atom. 
Substituting the numerical values for cach constant, and assuming p=217Tz2, 
Z=10 and A=20, (4) gives numerically 


(—dE /a¥) yaip2=3-1T X LO [Frc — 24.8 mc? log €]. (5) 


Next we consider other two effects. The ionization is the mest important 
effect over the considerable range of depth. It may be put nearly constant 
because its logarithmic increasing will be much weakened by Fermi’s density 
effect.” Siace the atomic weight and the density ot rock and soil are similar to 
those ot carbon, we may use: the value for the ionization energy loss for carbon 
appeared in the paper of Halpern and Hali®; the energy of the incident piurticle 


i 


“= 
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is thereby assumed to be 10el’; 


(—dE/dx) ,,=a=2.510%V per ¢ cm=?, (6) 


oO 


The radiation loss of a meson is given in the case where the screciuing is 
not yet completed (the complete screening sets in at about 5x 1NeV). 


_ dE as 2 125 ih é, for 
rare ier inlet.) +e |: o 

Numerically it is 
(—dE/adx) yng =3.49 x 10-* E log €—0.10] eV per ¢ cm=?. (8) 


§3. Range of energetic meson. 
Summing up the above three energy losses we obtain the total energy loss 
(—dE/dx) tota= (—dE/d£) ion + (—AE/ 2) pat (-dE/ 2) pain (9) 


Then the range of a meson with energy £ is calculated immediately by means 
of 


Pree \ce/(-& 2) (10) 


If we approximate (5) and (8) by 
(—dE/dx) pir=pE eV per g cm (5’) 
with p=1.6x 10-6 
and 
(—dE/dx) 1a =rE eV per g cm~ (8’) 
with ‘== 1,0 107° 


respectively, the range (10) can be expressed analytically by 
In [i+2te B|. (11) 
4 a 


If the energy is so small that (+7) <a, it simplifies into 
z (£)=£/a, (11’) 


which evidently means that only ionization is effective in lower energy region as 
usually assumed. The energy for which the radiation and the pair creation 


" if 
ul Bae 
Dar fet 


losses become important lies at about 10"cV. 
The energy of a meson with the residual range x is given by solving (11): 


Te [exp | (pt+r)x}—1]. (12) 


A: 
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If the integral energy spectrum of mu-mesons ‘at “sea¥level »iss known, -wercan 
immediately obtain the intensity-depth relation for the mu-mesons: Let this 
spectrum be F(Z), then the function of x obtained by substituting Z in F(4) 
by (12) gives just the required intensity-depth relation. 


$4, Energy spectrum of mu-mesons. 


If we assume that F(Z) will be represented by a smooth function (e.g. a 
power law) obtained by an extrapolation from lower energy part, we can not 
reproduce the bend of the experimental intensity-depth curve, even if the energy 
loss caused by the radiation and the pair creation is taken into consideration. 
This is because these effects are still toc small at the depth where the bend 
appears to account for this remarkable phenomenon. Thus the bend of the in- 
tensity-depth curve must be attributed to the bend of the energy spectrum itself 
at sea level. Such a bend will not exist in the primary spectrum because the 
frequency of large air showers can be well explained by extrapolating the primary 
spectrum at lower energy to the region of extremely high energy. It is highly 
improbable that the production of pi-mesons from their primaries is performed in 
such a way that their spectrum has a remarkable bend while the spectrum of the 
primaries is of a smooth form. So we must conclude that the bend is the result 
of the pi-mu decay. The temperature effect and the angular distribution of 
cosmic ray in deeper region give powerful supports for this interpretation, though 
Barnothy and Forro attributed these facts to the effect of neutrini”. 

The energy spectrum of mu-mesons produced by the decay of pi-mesons can 
be calculated as follows. In the energy region under consideration we may 
neglect the ionization loss for both kind of mesons as well as the disintegration 
of mu-mesons. We further neglect the absorption of pi-mesons in the atmosphere, 
though this is certainly not allowed, leaving the discussion about this effect in 
the next section. 


The primary ray which decreases as ¢1p (—Z/A), A being the mean free 
path of the primary particles, produces pi-mesons with a probability proportional 


to exp (—l/A) dl. The pi-meson produced at the atmospheric depth /’ is trans- 
formed into mu-mesons at the depth 7 with the probability 


(17 e. 
| B= (pne/te) /p) =3.4 x 10? BeV per g cm”? (13) 


’ 


where pt, is the mass and t, the lite of the pi-meson, its energy being denoted 
by Z, and p means the average density of air. Multiplying (13) by exp (C/A) 
a’ and integrating over /’, we obtain the probability of existing of a mu-meson 


at the depth Z produced somewhere by a pi-meson of the energy Ey The result 
is 


a 


= oe 


—_— ss. 
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L (&y) =1—exp (—1/A) — (A/D) P (B/E, +1, l/A). (14)* 
We now assume that the energy spectrum of pi-mésons when they are pro- 
duced is 
g (&,) dE,=const. £,-*7' dE, , 
r=18 .** (15) 


The energy spectrum of mu-mesons at sea level is then given by 
f (E) dE=dE\'L (Es) & (Es) dB o/ Es. (16) 


Since we have, in deriving (16), neglected the energy loss of both kinds of 
mesons and the decay of mu-mesons, the low energy part of this f (4) is not 


correct. In fact it shows a deviation from the experimental results. So we take 


for the low energy part of f(#) the values suinmarized by Rossi”. We use 


Rossi’s curve up to the energy of 3x10"¢l” and determine the const. in (16) 
in such a way that (16) coincides with Rossi’s curve at that point. The integral 
spectrum 


F(E) =|% (E’) dE! (17) 


obtained in this way is represented in Fig. 1. The values of mass and life for 
the pi-meson used are 

fn= 286m, Tn=1x10-* sec. , 
which were determined at Berkeley for the mesons produced artificially by the 
cyclotron”. As for A little is known, but we may assume that A=125 g cm”. 
This value is taken from the experimental data for the altitude dependence of 


the frequency of stars, bursts and penetrating soowers, and may be regarded 
tentatively as the mean free path of the nucleon component of cosmic-ray, which 


are the agents of the pi-mesons. 
§5. Intensity-depth curve. 


Substituting (12) into (17) we obtain the intensity-depth cueves : 
I (4) =F (E()). (18) 


The result calculated numerically is plotted in the upper curve of Fig. 2, The 


* ‘The formula in the previous letter of one of us (S.H.) must be corrected as above. The life of 


pi-meson concluded there is erroneous because the energy spectra of pi- and mu-mesons are not properly 
considered. : 
Nishimura on the basis of the 


** The value of 7 may be taken as 2.0, as emphasized by Mr. 
analysis of meson production at the upper atmosphere. If we accept this figure, the intensity-depth curve 
can be explained by assuming tn=8.5 x 10-9 sec. as recently informed by Dr. Gardner to Dr. Taketani. 


10-4 
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Fig. 1. Integral energy spectrum at sea level. 
A: Calculated by (16) and (17); B: Catculeted by (22) 


and (17). E: Converted by (12) from the ex perimental 
intensity-depth relation. 
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Fig, 2. Intesity-depth relation. 
A: Calculated by (16), (17), (11), and (18) 
Calculated by (22), (17), (11), and (18). D 
curves, noted by prime, represent the 
ponding ones neglecting the radiation and 
crea ion of mu-mesons. Experimental poin 
marked by X and ©. ; 
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experimental points of Wilson’? are also marked on the figure by x. If we did 
not take into account the energy losses due to radiation and pair creation, the 
intensity-depth relation would be of the form represented by the dotted curve, 
which lies too high showing clearly the importance of these energy losses. This 
fact is shown most markedly by the experiment carried out by Nishina e¢a/ at 
still greater depth (at Shimizu tunnel, 1400 and 3000m water equivalent). The 
points marked by © represent the result of the latter experiment. 


§6. Effect of absorption of pi-mesons in the atmosphere. 


Before entering into the discussion of our result we must notice that our 
formula (14) is derived without considering the absorption of pi-mesons in the 
atmosphere. It is certain that this absorption is appreciable because pi-mesons 
interact very strongly with nucleons. Unfortunately only little is known about 
this absorption but-it is plausible that pi-mesons will be as absorbable as nucleon 
component of cosmic-rays. So we assume tentatively that the absorption coeffh- 
cient of pi-mesons in the atmosphere is approximately so large as that of the 
nucleons. Then the spectrum of pi-meson satisfies the diffusion equation 


us B L = ‘ 
2g Sn) =e (Z,, ) Sap es (Z,, t) + £0 (Zu, t), (19) 


g (Zy,!) being the required spectrum, and go (Zy,/) the source function for pi- 
mesons. As mentioned above we assume that the absorption coefficient 1// of 
the pi- meson is the same as that of the nucleons ; 


A=125 gcm™’, and B is given by (13). 


The diffusion equation (19) can be integrated immediately if we make 
plausible assumption as to the source function 2% (E),/): 


Ly (Zo, l) dE,y=const. Bot" dE, exp (—¢/A). (20) 
The solution is 
g (Ey, 2) =const. fexp (—2/A) Egt' (14+ 8/ko). (21) 


The endrgy spectrum of mu-mesons at the depth Z is then found to be 
«o Z 
f(E,0) dE=dE \ dE Eo [ier ) ge (Eel!) at 
=const. dE (1—exp (—¢/A)) | Ee (1+ £,/B)7' dé. (22) 


The spectrum at sea level is given in Fig. 1. Using (22) instead of (17) we 
obtain the lower curve in Fig. 2. 
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§7. Discussions. 


It is seen that the experimental intensity-depth curve lies between the two 
theoretical curves, one calculated neglecting the absorption of pi-mesons and the 
other assuming for their absorption coefficient the same value as that for nucle- 
ons. The life of pi-mesons was thereby taken from Berkeley experiment. In 
view of the uncertainty of our knowledge about the production and absorption of 
pi-mesons as well as of the statistical inaccuracy of their lives, we can not yet 
draw any decisive conclusion from our result, but Our result seems to show that 
the life of pi-mesons measured at Berkeley for the artificially produced mesons 
does not contradict with the cosmic-ray data so that we may identify the cosmic- 
ray mesons with mesons produced at Berkeley. 

Our result seems also to show that no extra processes other than the known 
elctromagnetic ones are needed to explain the behaviour of deep rays so far as 
the present status of our experimental knowledge is concerned. As for the ques- 
tion whether or not some non-electromagnetic processes are necessary to explain 
the phenomena underground, it will be decisively answered, if we examine 
whether the spectrum of mu-mesons at sea level required to reproduce the 
observed intensity-depth curve is able to account for the data concerning the 
butsts under thick absorber at sea level”. Also the experimental results for the 
shower frequency underground provide a clue for this question. Such discussions 
will be given in later papers. Further the temperature effect and angular distri- 
bution of the deep rays will be treated in a separate paper. 
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1. Introduction and summary. 


In a series of papers” Tomonaga and others developed a new formalism of 
the quantum field theory which was more satisfactoty than the current one from 
the stand-point of the relativistic invariance. The theory was formulated in terms 
of only concepts possessed of invariant space-time meaning while in the current 
theory one had to use non-relativistic concepts borrowed from the ordinary quan- 
tum mechanics. In the process of derivation of this theory, however, one employed 
canonical formalism in which time variable was unnecessarily distinguished from 
space variables. It is the purpose of the present paper to show that one can 
reach the same formalism without referring to the canonical formulation. 

According to the results obtained by applying our theory to several actual 
cases, the gerneralized Schrédinger equation in each physical system has the 
Lorentz invariant form despite of its non-relativistic way of derivation, and more- 
over the interaction Hamilton density coincides with the interaction Lagrange 
density except the sign if we neglect its surface-dependent part. These facts 
suggest to connect directly the interaction Lagrange density to the generalized 
Schrédinger equation. 

In section 2 we show that the same result as the original formalism is 
obtained by this method without using the canonical momenta. In the funda- 


menta! equation of our new formalism 


i o 
iL ACt~ ty iC]=0, (1-1) 
( t 6Cp 
the generalized interaction Lagrange density ZL, [C] appears instead of the 
genetalized Hamilton density 4%[C] which is related to the former by means of 
Hi [C|= —LIyp Ch (1 -2) 


this function Zp»[C] is directly determined from the interaction Lagrange density 
L (P) as a special solution of the equation for the integrability of (1-1). 


i B a é | 
7 Fe fh Deal ek Ce ce = 6] 
| Zx1C) aS To x [C] a aa a 
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OLeC| ted! OLxlC) 2 8 te [Zx[C], LxilC]] (1-3) 
OC x OCx h 

where X and X’ are the two world points which lie in a space-like direction 

with respect to each other. A general prescription for constructing this special 

solution Zp,[C] is formulated in section 3. 

In section 4 we give a proof of the equivalence of our new method of 
formulation to the old one when the system under consideration is describable in 
a canonical form. Because the method proposed in section 3 is applicable also 
when the canonical description is impossible, our method can describe more 
general interactions than those occuring in the current one. In section 5 we shall 
give a simple illustration how ope can formulate the quantum field theory in such 
a case 

Strictly speaking there is yet no justification of applying our formalism to 
this general case, since all we have proved is that our formalism coincides with 
the ordinary one when the latter is possible, as was kindly pointed out by Dr. 
Watanabe”. Indeed there can be no criterion with regard to cases when the 
canonical formalism fails except agreement with experimental facts. But we may 
be allowed to hope that our method of generalization, whose guiding rinciple is 
the integrability of the Tomonaga-Schwinger equation, is perhaps a correct one, 
because according to our several experiences this condition is an essential feature 
of the current quantum field theory, so that it will hold in general as far as one 
is concerned only with a complicated type of coupling and not with those pro- 
‘blematic aspects of the theory such as universal length or ultraviolet divergencies. 

Further we must emphasize that our special solution obtained by the pre- 
scription described in section 3 is not the unique one which makes the funda- 
mental equation (1-1) integrable.” Thus the aim of the present paper lies rather 
in demonstrating the possibility of including more general kind of interactions in 
the field theory than those which allow the canonical description. There arise 
then the questions how the energy-momentum law will be formulated and what 
the generalization of the stress-energy tensor in this general case. Such ques- 
tions will be discussed in a later occasion. 


2. Some examples for the case where the canonical 
formulation is possible. 


Before entering into individual cases we give the common assumptions which 
are made throughout all examples. They are as follows: the field variables 
contained in the interaction Lagrange density Z (YX) are solutions of the free 
field equations, consequently, satisty the same commutation relations with those 
between free ones. Now, as was shown by Pauli,” the four-dimensional com- 
mutation relations between the vacuum field variables can be determined by the 
requirement that the energy and momentum of the field are quantized so that the 


; 
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field shows a particle nature. 


Example 1. Case of electron field interacting with electro-magsetic field.® 
The interaction Lagrange density in our case is given by 


L(X) =e (pap), (2-1) 
As was shown in the paper II, the equation 
[Z(X), L(X)]=0 (2-2) 


holds when the world points X and X’ lie space-like to each other. According 
to our general prescription for constructing the Z,[C] which will be given in the 
next section, it is found that in such a case we can use L(P) itself as £,[C], 
so that 


{2+ oe 


P. 


| v[C]=0. (2-3) 


In this case it is obvious that 
L(P) =—H(P) (2-4) 
where H(P) means the interaction Hamilton density of the fields, Of course the 
equation (2-3) coincides with the equation (HI) in II. 
Example 2. Case of scalar-(pseudoscalar-) meson field interacting with 


electro-magnetic field.” 
In this case we have the following interaction Lagrange density 


L(X) =e £9 (X) +2 L9(X), 


beed7 0d —-ag* 
LOMO CX) = — A, 6* RY , 
= 4x hic (s Ot Ade ‘) 


(2-5) 


‘5 2 
sont (Ly aa 
. Cc 


According to the same discussion as in III, one obtains the following 
relation . 


el PER og FD X—X) 

ee ad ee +) {AnAyd ) 0x,0x,! 
_ gt dix 0° Dy (X’~X) 2-6 
Bu at Soe aaah ach eS 


[LO CX), LOO CX) ]=[L CX), LOO CX) J=[LO (X), LO (X7)]=0. 


when the world point X’ lies outside the light-cone whose vertex is X. Now, 


according to our prescription, we assume that Zy[C] is determined so as to 


= wee er en 


satisfy the integrability condition (1-3), putting 
Ly[(C]=Z(X) + Ax[C], (2-7) 
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then a functional differential equation of the unknown quantity 4 x[C] is given 
by 
4x{C) _ d4v[E] 4 tircxy, LEXY} + {Ae}, 2089] 
OC xr 0Cx h 
+[Z(X), Aw [C]]+[4x[C], 4x CI]}- (2-8) 


By the method described in section 3, the solution of the equation (2-8) is 
found such that it depends only on the upper variable surface-clement in the 
space-time world; the result being 


Ao NAN.) 8 é. (2-9) 
4n \ he 
In this way we find the generalized interaction Lagrange density of our 
system ; 
J ze ‘iy OO od* ie \P 
IAG: =-7-|( A * )-(2) *d5(4 a7 "| 2.4 
A Cla —aal (ate (Bar pei) aS lata 


Since this expression is identical with that of (5-11) in III except the sign, it is 
clear that our generalized Schrédinger equation is equivalent to that of the case 
(A) in HI. 

Example 3. Case of vector-(pseudovector-) meson field interacting with 
electro-magnetic field.” 

The interaction Lagrange density is here of the form: 


L(X) =e LO (X) +2 LPO (X), 


ar ee P 
D Bg: (X) =— =(¢) A) (¢,* Yau— Liv Ge) , 


r 1 bal Ge 
LUO (Xx ») es (=) A, (4, 4,*— Ay $x*) by- (2 . il) 


Further, one obtains the following relations by the analogous calculations made 
in the case B of Ill: 


[200 (), LOX) =— Fe (Fo) (Anda 408.4) (Aah Ah) + 


i me aD. (x— ag) r 
eter 4 Ve de p 7 pre 
as 3 Ay Ac fines! Aegan!’ {(A)' g** —A,! 3") (Ay! $5’ — Ay'b,') 


ale ~- Ay! A a x oo ry as } 2 Hise wis ) | ’ 


,,/ 
B24 y 0%, 


[2 (x), 20 (XY}+ [290 (4), LOORN]=-t_ (LY L, 
16z Rees 


bel le 
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x [4, As { 4abs*— An be*) You— ris (4ebs—And,) } 2 PA) _ 


Or, 02, 
Ay AY ite 0, * — As! §,*') L xp— 
, aD 4 1—- ¥ 
Lin (Ae by! — Ay 4.) } ee ie (2-12) 


LOMO CX), L2O Cx) ] = 1 ae z 
By aa lel ee Ge’)] za (¢) « 


2 a 7 
{Aaa (Any*—Ayds*) (Aady—Ayg,) F Pn Ke XD) 
OX, Ox, 
=A ASL (ALT AWIG*) (Addy — Ay bd) 2 PLD) | 
Oia Of, 

provided that two world points X and X” lie outside each other’s light-cone. On 
account of the relation (2-12), we can prove that the integrability condition 
(1-3) is satisfied by the function 


2 


if 20 : Ha 0 : 
Lx [C]=—g-l (2) A, Ge" ton Fiabe) —(2) [4s Aah Abs) bat 
+ (A, $.*— A,9,*) (A, Op —A,$,) Mu NV, + A, Ay Yiu Loe. Nt] (2 P 13) 


which is just. the minus of the function /7y[C] appeared in the case B of III: 
Lx[C]=—AxC], (2-14) 


Thus, also here we have furnished a justification of the equivalence of our new 
formulation to the old one. : 

‘In the above mentioned exampies we have considered only the cases con- 
taining one kind of coupling constant ¢ between two fields, but analogous state- 
ments can be extended easily to the cases where more than two coupling 
constants exist between the two interacting fields, for example to the case of 
nucleon field interacting with meson field.” 


3. The prescription for constructing the required special 
solution of the equation (1-3) 


Thus far we have considered only the system which is describable in 
canonical form, but our formalism can also bé extended to the case where 
canonical variables can not be defined in the ordinary sense. Let us suppose for 
simplicity that there are only two fields interacting with each other, and the 
total Lagrange density is given by 

Lisn=Ot+Lo+4u (3-1) 
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where Z, and Ly, mean respectively the Lagrange densities of the first and the 
second fields, Zyar. the interaction one. We assume here that the free field 
variables U2 and-7,-*-satisty the following second order wave equation : 


( (1-9), Ui? 
l qq—2) U.2*=0, (3-2) 


x being a constant. The interaction Lagrange density Zim may contain deriva- 
tives of the free field variables of any order and is a Lorentz-invariant function 


Sai - so 
consisting of polynomial or power series os Cees Foray and Of, Vase 
Ce yeas Of course LZ, and Ly are also Lorentz-invariant. Moreover Ly, Lu 


are -allereal. 
Now we assume that the quantum mechanical system corresponding to the 
above stated classical one is described by the equation 


eed 2 Veicle 

jZelCl-= sat v(C\=0, (1) 
where the field vasiables contained in L,(C] are solutions of the free field equa- 
tions, and satisfy the same four-dimensional commutation relations as the free 
feld ones. As will be shown in the following, the operator in (J) can be deter- 
mined from the interaction Lagrange density Z;n(P) such that (i) it satisfies 
the integrability condition 


OL xlE€] a OL xe G4 a 
OC x OCx 


—+-[£sC}, LelCl) (3-3) 


where XY and X’ are space-like.to each other and (ii) the equation (1) becomes 
equivalent to the ordinary one when the canonical formulation is possible. The 
formalism proposed here will be considered as a natural quantum mechanical 
generalization of the way of describing a system to which canonical description 
is not applicable. 

We must here determine the unknown quantity Zy[C]. Let us suppose Lym 
to be the Mth order polynomial of the coupling constant. The case where more 
than two kinds of interaction constants are involved can also be treated in the 
same way. According to the assumption made above, Iyi has the form 


M-—1 
iu SE-B L0H), (3:4) 
j=0 


where the coefficients ZL (X) of et! (’=0,1,2,......4Z—1) are all known func- 


tions. Let us suppose that Ly[C] was obtained, and expand it into the power 
series of the parameter ¢: 


m 


LACIHED DPvrLOP(C]=T {TV LOL CI}. (3-5) 


n=1 j=0 m= n=1 


Among the coefficients of ¢”, (#=1,2,...... ) on the right-hand side of (3-5), 
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especially those for x=1 are just the known functions L°™- CY), (m=1,2,... 
..-,7), themselves. Further the number of terms appearing in the right-hand 
side of the equation (3-5) are not always finite. If one substitutes (8-5) into 
(3-3) one obtains the following first order functional differential equation expanded 
in the parameter e: 
Sy | 1 cea 125 LS aed SE | 
a OCy 


m=2 n=2 


=) s! >} pe *(-4 \ze°[c], Ls r)(m—n— Tei. (3- 6) 


It is thus required that the coefficients of the the same order terms in e¢ on both 
sides of the equation (3-6) must be SH 


EL [Cc] = OL on™ [Cc] =— =} a LZ. eee. be ») (n—n— a 
ee OCx a r= = bee 
Or Re ere Ce ee Seren ae 3-7) 


In order to solve the equation (3-6), we use the following relation which is 
valid when X and A” are space-like with respect to each other : 


™ (2) 7 
cas S*(L2®[C], fA ei ge n— “CH= x Mt amas © Nv] al: 
at Eas ie 


o° DAK X") 


& a m~—n an 
+ PROX; N](x,’—x,) + --} +{, i Se bak ye Ie 


Ory Ox, 
0° DA(X—X") | ” 
red(n=n) ; aol J OP ed Oe 
Fyuve LX; NV \ (+0 to) +* 7 ax Or, ax,! | s ( ) 
where Ful X; V], Awl X; 2], ------ mean Fespectively the second-, third-, ...... 
rank tensors composed of the field quantities Uy, Ua;y, Va;uy ++ le 8 ase Oak ae 
fee at the point X. The notation 2x LX X]| on the right- ae side of 


the equation (5-8) was used for the Pec obtained by exchanging .Y and 
X’ in the first term of the same equatipn. 

Now we can prove the relation (3-8) as follows. First let us notice that 
the left-hand side of the equation (3-8) can also be written as * 


352] 08S melons (Kall 


r=1 /=0 


n-1 m—-nN 


Seen | 


Sf 3} ZVeLC] er PLC]- [EBC], LEP" + 
r=1 k=0 
SARL CH, Lipese-)f Cy}]—[Ze es Leese 114 28 
¢ ERE LP cyte Yc) LOH Yop], 
(for odd m, 7) 
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sls { CLL EOP Ch. Lie eon REC Ve PAO agit bh my amas EAE + 
r=i1 k=0 


+ (LEP CI, Leer" [CT — [LE POL), 1h gemma GE Tas 


(1 -r(™=") 


Cet cy LM Ne) Le [om |+ 


The 


(3) ” (m—n—k) 


2 (Pte, LG cP), Le LCT + 


ph OP Ic) POM en-us 1e) PCH, 


a 


(for even mm, 72) (3-9) 
US Lee 
s : | ({L@®{C}, Le-rm-"-P CT —-[LB(C], Le-rim—n-BT CT]) + 
pol k=0 


aE Le er re f, LQr—-"-* CY [LEC \s Poet hy) F, 


(for even m, odd n) 


n—-2 (m—-n 
2 


SOS {(CEQM(C), Le CNL L2 LC], Lem LE D+ 


r=1 k=0 
+ ([LE-P@ LC], LEO CN —[Le Plc], LP" LCM) I — 


m—n 


2 *)w. , 7(5)e-2-h, (2) (3 )em-a-#) 
$s UP Ic, Lr enter ey Tel. 
k=0 
(for odd m, even 7) 

Now it is to be noticed that the expressivuns Levee EC) (22,3, 728 : 
m—1) appearing in the right-hand side of (3-9) are Lorentz-invariant functionals 
of the given function LPY(X) G=0, 1,2... ,m—1) and of the unit normal 
N, and its derivatives Wj; p, Denys ee at the world point X and moreover they 
are polynomials or power series with respect to the field quantities Us, Ua;ys--s 
OO gas coreke , because these assumptions, as will be shown at the end of this 
section, can be derived from the assumptions made on LMOCX) G=0) 4, 28. : 


M-—1) by mathematical induction. In the following we shall separately treat 
cases where both fields are of integer or half odd integer spin. 

(1) Case where both fields are of integral spin. 

Since the commutation relations between field variables for the integral spin 
are combinations of even number of derivatives of the D-function, it is clear that 
the left-hand of the equation (3-8) is given by combination of D-function and 
its successive derivatives and moreover is Lorentz-invariant. 

First of all we see that the term contanining D-function itself must vanish, 
even if it appears in (3-8), because D (X—X”’) is zero for any space-like pair 
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rr See 5 eee r . . Fy x . : 
X ana X’. Further the term with the first derivative of D-function is zero on 
la 1 4° ~ . I~ + ° fc 
account of tue properties of 1)-function. “Therefore the left-hand side of (3-8) 
can be written as the following by noticing the relation of (3-9).; 


n-lm-n 
eS Sy PASC aa LE ass “a Cij\= 
Sat | 
fr @) r 7 
=e a Be a? y ] NV}, o "DAN — =o :) = 
Ei OX, 3x,/ 
(3) 7 
Je (Fn 2g f a? N, Vi o" Ds X= a Ya + 
Ory OX 0x,! 
a) 1X, XN}, (3-10) 
7=T, II 
” 
where hoo nif NXP, eR On, "|, =... are respectively the 
ee ENG cee rank 8 e SeC nl of the field quantities and of unit 


normal and its successive derivatives at the points Y and A’; the notation 


c 
Vf Ree 7 eB ay ars 7 ; ; ea 
es : {X’, XY; NV’, N°} means expression obtained by exchanging A and A’ in the 
sa Sins 


first term of the right-hand side of (3-10). 
: @) 2 Gy ; 
Let us now saab thetfunctionals gf 0°" UL avr aS or eee A A’; 


EBV losaese SIC. Js eet A a |, Porias i De el eee he respecti- 
vely at the point Y or X’, then the required relation (3-8) is obtained at once. 

(II) Case where both fields are of haif odd: integral spin. 

In this case the anti-commutators of field components with its own ajoint at 
the same or different world point are given and, as is well known, they are 
combination of odd aumber of derivatives of D-function. ‘The essential differcuce 
in the present case from the case of integral spin lies in the fact that one has 
to calculate the commutators of the form of (2-9) in terms of anti-commutators 
of ficld variables. But this makes no difficultics and the* proof of the relation 
(3-8) in this case is nearly the same as in the case of integral spin. 

The case of Bose field interacting with Fermi field reduces to cither the case 
of (I) or (Il). In this way we have arrived at the required result. 

Now we see that the equation (3-7) is satisfied if the following equation: is 


fulfilled : 


(2) (m—n) 7. 
BELL =F ss [penx W714 Agim LX MI (ail ay) od 
x! Sh; 
? a alt ro) 
PDA XD 5.1, Pooh tl lp MGA Nod a) + hx 
Vu A 

oa bee] Seiais (3°13) 
045 04,025" ; 


or 
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ALy* ee shi Feat. Geom XX", NT (3-14) 
ace h Ox,’ 


with the abbreviation : 
n)f yr td A ot a ‘ Fain ~n) r Tr Bare xX AT | a ys ) + 
Ge Oh Ayah a i | eras [X; V+ sPxgy [ gra ly —4y 
eae 


a DAX—X) 


Ozg 


+ Fanon = ¥; NV] (a; v sy) (4%. —%o) a } 


$ {RO LA; A] Opa t NEPA NV Opa Hy ay + py tel — Ho) + 
i D(X—X')]+[{, Frcoyin= nF N+ Fao EX: N40 —4%e) + 


7 
+ FING LY: Nae — ate) (ay wy) +} PPAAL*) 
Or0te 


(3) =—= —_—_—__—_—_ 
>(n) Om—ny © 7 = es N ay 
fe ! yl Syn aK: N] Buot., Egon ON XG N (Ou, %e! —%o+ ange —a,) fee } x 
dDAX— XxX") 4 
Oty 


s pana (3-15) 


fe - 
hes ot BS N] (Gu0 Ove + Ong Byo) + 


Now a special solution of the equation (3-14) can be obtained as a surface 
integral on the variable surface element C: 


: (2) 
LEer MC pate ae’ 3» Ke N,) Edo ee; N) oT 


3 v=T, II 


+{(moo +N, ae abe Fanon PX N+ (MN, N. a Pe 


+ NN Duo + VN Bye) OLR: ATT + +f | 


cate Aa pe gh SE. HEze we, O, ey nnsese v (3-16) 
AS ist seen; from(3416) 4 LP SRC ee et ae , 7) are also Lorentz-invariant 
functions which are the polynomials or power series of Ug, Ua, «+++ ase 
ESR Ce andwd VA Ais gdosdaazt Since LP [C] Gn=n=2) is a solution of the 


equation 
gE er eee 
OCy, OCx 
Bessie ae (3-17) 
one sees at once that it has the same form as the expression (3-16). Therefore 


by mathematical induction we know all the solutions of the equation (3-7) have 
the forms of (8-16). In this way Zy{C] is given by 


ap lenw XO = 
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alpen 


aes Bee sea iN) POLY, oi (ma es “ 
. iF a a AN / 
+N, 5, he LX; N\+ (N25 614+ V3; 854+ 


+N, Ng8aq) PSL: n}| + |], (11) 


where for simplicity 1, 2, ...... are used instead . of , A,. ft, ...++ We now postulate 
that just this solution should be used in the fundamental equation (I) of the 
quantum field theory. It is to be noticed that Z,[C] obtained in this way con- 
tains, in general, not only the unit normal of the surface C but its derivatives, 
so that it depends not only on the inclination of the surface C at the point P 
but on curvature etc. of C at this point. 


4. Proof of equality between the canonical formalism and ours. 


In this section we prove that our new formalism is perfectly equivalent to 
the old theory if the physical system under consideration can be written in a 
canonical form. For this purpose it is sufficient to prove the following relation : 


Lx Gj]= —H(X) (4-1) 


where Z,{C] means the generalized interaction Lagrange density which is derived 
from the interaction Lagrange density Z(X) by the prescription described in 
section 3 so that Ase -1) satisfies the* intgrability condition (1-3), and G is a 
special surface of C which is a plane ; varallel to the xyz-plane. 

Now, for the first step of the proof of the equation (4-1) we will summarize 
the outline of the canonical formalism in the one-time theory. If we denote the 
variables of the free- fields by the capital letter U with components U,, their 
derivatives with respect to the space-time coordinates 7, by U,,,, our system 
has a canonical form when the following two conditions are satisfied : (1) the 
Lagrange density functions of free fields are of bilinear forms of U,, Ua:, and 
their adjoints, (II) the interaction Lagrange density of the fields contains U, 
and Uz, at most. linearly. 

Put 
Lita HL? +L (4-2) 


where Z° and Z mean respectively the free and interaction Lagrange densities. 


Then by the assumption they are of the form 


= «7 4 es 
(oan oe ps oe (4-2') 
b= 


sk fark 
= See awit Coy Say t 6 
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where [°, 4°, Z and 6 do not contain U,.4 and U¢,4, and hence not Uq., and 
(ht ly Zion), relativistic symmetry. The total Hamilton density of our 
system is then given by 

HE face fad 3 Ue,4tadjoint—L’(Ue, Va; us adjoints) —Z (Ua, Va:w ajoints) (4-3) 
with 
alte, ok. 


Uj =——— 
OU; 4 OU 4, 4 


EAR PB ays (4-4) 


Of course, since we assume determinant of I , is not zero, we can solve the 
equation (4-4) with respect to Ujis. Let the result be 


Uia= 4, (U3 tana - (4-5) 
As is well known, 4, is connected /% by the relation 
9, A, = Bay (4-6) 
Further (4-3) reduces to r 


Feim= Ue a (Uf* — Ags — 555) + adjoint — 
—L9(U4,U 4s (UF *— A —Em)» adjoints) — 
—L(U 6; o.s, RE (OF* — AS — FH), adjoints) (4-7) 


when one eliminates the time derivatives. of field variables from (4-3) by means 
of the equation (4-4). Now the interaction part AY among /7yta: iS separated 
from (4-7) as follows: 


H=}5 ,, 4% Bj,+ adjoints—L(Ua, Va; Sas (US* —43*), adjoints). (4-8) 


The interaction part of the Lagrangian on the other hand is given by 


La 2 Vert Faq ME (UZ * — Af — Bf) adjoints + 8. (4-8) 


Here we introcuce the unitary transformation of the field variables such that the 
free Hamilton density is eliminated from the Schrédinger equation, then we see, 
as was shown in J, the transformed variables become the solutions of the free 
field equations, therefore the expressions (4-8), (4-8) are reduced to 


H=h8 q, Wg St adjoint—Z(U, Us. Vo:4, adjoints), (4-9) 
L= Ey Ue st Tua Qk (Us * —Agi) + adjoints + 6, (4.9') 


where we used for the transformed variables the same letters as the oid ones. 
The next task is to seek for the generalized interaction Lagrange density 
by the method described in section 3. For this purpose we must first calculate 


[Z(X), L(¥")} (4-10) 


In order to calculate the commutator (4-10), we transform the Lorentz frame 
in such a way that X and X’ refer to the same instant of time, In this system 


tele 
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we can calculate the commutator by using the ordinary commutation relations 
referring to the variables at the same instant of time. If one notices that 2, 2’, 

0 (, . . . 1 . . 
A’ and @ do not contain any derivatives of the field variables, one can casily 
verify that the required commutator has the form 


Pr, ¥/1 ( lanl lan aN ) Xm s - 
[Z(X) , LX $: i 5 15 oj dN = i. Ogs pees) ete 
a Ox; 
ay a 9 D(a’ ma” ae. 
By ays 4 Oz 2). + adjoints + 
re 


+terms containing ¢—functions but not its derivatives) |. (4-11) 


Let us return to the original coordinate system. Then noticing the fact 
i) M) 21 f ; X ¥ es 
Mia= 4a, (4-11) becomes 


se 8, (X¥— eg 


: + adjoint + 
Oty IX, 


[ZX , L(X") |=th {Be 43 By 


+(terms containing a D-function or its first derivative)}. 


According te the prescription described in section 3, we now calcutate 
L2(CI. Then we find 
Lo Ci=de. 4 Sh iW, adjoint: (4.12) 
Finally let C in the expression (4-12) be parallel to the xyz-plane, then 
we obtain 
LOE( C= —#i 2.43% Ft abjoint}. (4-13) 
Further, the fact the &, 4, 9 do not cotain any derivative of U, results in 
[ZP{C], LX) J=9, 
whence the polynomial (3-5) contains no terms higher than (4-13). We thus 
find 
Le GQlHL tr LPS — Hf Fas Aes B54 adjoint} +2 (4-14) 
which is just equal to the minus of the expression (4-9). In this way we have 
furnished the proof of the equation (4-1). 


5. An example. 


We consider here the modified theory of #-decay introduced by Konopinski- 
and Uhlenbeck® as an example of our generalized formulation. It is the essen- 
tial feature of the K—U theory that a space-time gradient of the wave function 
of light particle is contained in the interaction energy of the system consisting of 
nucleon and light particle. Therefore it is sufficient to consider the following 
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simplified problem though it does not correspod to any existing sy stem. “There 
coexist two kinds of material fields with rest masses M and m and their interac- 


tion Lagrange density is given by 


sil wey acne (5-1) 
X 
with 
i= D'r,? 
as 
i Ae 
S=—ig'¢ (5-2) 


where @ and g are respectively the field variables having the rest masses M/ and 


m and satisfy the commutation relations as follows : 


( [0,(X), PLEX) = — ire aon =x} op Di(X-X’) 


Vy 


ae i a D, Vv 
} x t Pr f ‘As =—=— iF —— 2 X— ) ex 
[y,.(X), A(X] ir. ve - th (Xx (5-3) 


Uy 


[P.(X), P(X) |= (PX), PAD] LPM), 9-41. 


[oh (X), 9, (X") J, =0 


I 


mc : : 
and —“".. g is a constant which 


Me 
h h 
measures the strength of interaction between the fields. 

Now the commutator [ZY), ZCX’)] composed of the interaction Lagrange 


density at the two points X and A’ which is a space-like pair is easily calculat- 


in which x, and x mean respectively 


ed and gives 


[Z(X), (x) ]=(4 


0 6 ee < 
Jee [At 2 1G ng 919) wee SE 
Ax, | Oxy 


—x (g'¢’ +e") D: Or x| | : (5-4) 


i Be Sos en, Se 2 = oes ; ~ nas 
We get, therefore, according to our prescription by performing the four-dimen- 
sional volume integration of the equation (5-4) the following expression : 


rercj=2( 2 F_) ev 2? 5 
P1C1=A 4-2) at) 9). (5-5) 
Moreover we know 

Cc 

\ [Z2IC], L(X)] do! =0. 


or In this way we have the generalized Schrédinger equation of our system as 
ollows : 


vy Ad, he | 
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re RE, = 
{Z,6e}-—S ic | PICl=0 (5-6) 


with abbreviation of 


LpCj=—i(£)/, ee) +2(4 \ \Or ey). GD 


In this case the situation was especially simple so that the generalized Lagrange 
density depends only on the inclination of C but not on its curvature etc. 


although the system under consideration does not allow the ordinary canonical 
description. 


In conclusion we express our cordial thanks to Professor 5S. Tomonaga for 


his kind guidance and encouragement. 


1) 


2) 
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The energy level of the atom with an electron-hole in its atomic core is the 
inverted doublet. F I, Ne II, Mg IV. and Al V atoms have such an electron- 
configuration, i.e. Is°2s°2”, in their normal state. Their radial functions were 
obtained according to the method of self-consistent field. These tabular functions 
can be analytically expressed in a sufficient accuracy because their principal 
quantum numbers are small. Such analytical expressions were obtained and, by 
making use of these results, the doublet intervals were analytically computed by 
the present author”. 

In this paper the result of the similar calculations for inverted *P’s of Cl I, 
A It, K Il and Ca IV will be reported. The calculation is carried out using 
the self-consistent tabular radial functions of Cl, A, K, Ca Is°2s° 2p° 38° 3p° which 
were calculated by D, R. Hartree and W. Hartree”. The analytical expression 
of the 3s function can not be determined in a sufficient accuracy because the 
nodes of the function are too many. Therefore we calculate all parameters and 
intervals according to the method of numerical integration. 

The results are shown in Table I. The meaning of the notations are the 
same as in I except for s’ and s”. The corrected screening constants GE Sa 


Table I. 
as ee ee oe 
7 C11 A Il K I Ca IV 
17 18 19 20 

C10,31 0.619 0.616 0.608 0.612 
710,31 0.210 0.209 Vii 0.213 
620,31 0.098 9.096 0.094 0.092 
C20,81 —(.016 —0.016 — 0.015 —0.015 
21,31 0.110 0.109 ()-L07 0.105 
C21,31 0.028 0.028 0.028 0.028 
630,31 0.021 0.021 0.020 0.020 
C031 0.004 0.003 0.002 0.001 
CaL3t 0.015 0.016 0.017 0.018 
Cais 0.007 0.008 0.009 0.009 
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a 4,04 4.04 4.04 4.05 

5 9.26 9.02 8.82 8.63 

r-3 (au) 5.73 8.95 13.02 18.15 

CPij2—"P3/2) (cma!) —649 —1091 1700 — 2529 

sf 8.71 8.49 8.30 8.12 

(7-3)” (a.u.) 7.03 10.63 15.12 20.69 

(2P3;2—*P32)’ (cm-1) = 190 —1296 —1975 — 2883 

sf 8.77 8.55 8.37 8.19 

(3) (a.u.) 6.87 10.42 14.85 20.35 

(2P1j2—2Ps]2)/” (em=1) | —778 —1270 —1940 —2838 
observed?) ‘ 

2Pije-*Pye (em-1) | —881 —1431 —2164 —3130 


are now given by s’=16s/17 or s’=(14s+2)/15. 
We see that the calculated values of the intervals are smaller than observed 
ones.” The same fact was seen in I and Tutihasi’s rerults® too. Its reason was 


considered in I. The parameters Cy» uty vay of o are almost constant for the 
atoms with the same configuration and the large atomic number. 

In conclusion the author wishes to express his hearty thanks to Prof. G. 
Araki for the interest he has taken in this work. 
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Introduction. 


The °P intervals of a beryllium atom with an electron configuration 15° 2s 2p 
were theoretically calculated by G. Araki”. He computed the parameters involved 
in the interval formula using hydrogen-like radial functions except a parameter 
y. He calculated the Jast parameter using a self-consistent radial function. 
Since the principal quantum numbers of one-electron functions are small in this 
configuration, Siater’s method” is applicable in order to obtain the analytical 
expressions of the self-consistent functions. In this paper these analytical expres- 
sions will be obtained and the calculation of the above mentioned intervals will 
be repeated, by making use of them, according to the general formula of Araki”. 

Further the calculation will be extended to the triplet 15° 2s? 2g° 35° 3p° 4s 4 
3P of a calcium atom. In this case Slater's method can not be applied because 
the one-electron radial functions with large principal quantum numbers have too 
many nodes to determine accurately their analytical form. Therefore the calcula- 
tion will be caried out by the method of numerical intergrations. 

It will be seen that our result is unfortunately worse than Araki’s for be- 
ryllium and as for calcium the calculated intervals are far from agreeing with 
observed ones. 


$1. Analytical Self-Consistent Functions of Be 1s’ 2s 2p. 


The self-consistent radial functions: of a beryllium atom with an electron- 

configuration 1s°2s2% were computed in tabular forms by D. R. Hartree and W. 
. a me ‘ ‘ ; 

Hartree® according to Fock’s method which takes into account an effect of an 
exchange. We obtain the analytical expressions of these tabular functions by 
Slater’s method. 

One-electron functions are written in the form 2,,(7) Y,,.(48,¢), were Yin is 
a normalized spherical surface harmonic of /-th degree, and w,/ and wm are the 
principal, azimuthal and orbital magnetic quantum numbers of the one-electron 
state respectively. The result is given by 


Ry(r)=13.661 exp (—3.607) (1-1) 
Ry (rv) =2.905 ‘exp (—3.07r) —1.294” exp (—1.0317) (1-2) 
Rx (r) =7[0.784 exp (—2.71r)+0.698 exp (—0.826r)] (1-3) 


mer (Fe 


es Tis 
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where ~ is measured in atomic units and the radial functions are normalized. 
The 2 


2s-function is slightly modified so that this is orthogonal to the 1s-function. 
Hartree’s Py(wl) is equal to our rR,,(). 


§2. Triplet Intervals of Energy Levels for Be I and Ca I. 


The atoms with 2s and #/ eiectrons outside their cores consisting of clossed 
shells have triplet terms. The general formula which represents intervals of such 
triplets was derived by G. Araki®. This formula is given by 


ut Lin=(L41){Z-—e- €4+3 (2Z— 1) 7} EE 2 
Ti Wes reer 73 —¢ 8 OL E38) y} er (2.1) 


where Z is the atomic number, Z is the azimuthal quantum numbcr of the atom, 
# is the Bohr magneton, and o is a screening constant due to the spin-orbit 
interactions between the w/-electron and the core electrons. The parameters C 
and y are due to the spin-orbit and spin-spin interactions between the ms and 
ul electrons respectively. These parameters are given as follows: 


soe” is 1 F 2 . 
=\ 5 [Rulr) Par (2-2) 
= S220 + 1) Car, at +3 Sore nt) (2-3) 
fs (Cno0, wt 2 Coco, ni) (2-4) 
2 
SS ee Goer (2-5 
(1) a ) 
Cn, n= -={"\"+ os [Raw (1) Ru) rire] ar; dre (2-6) 
* r “J0I0 Fo Ors 
ora 7) 
rare : =|, { MH Roy (1) 2 Rae 2) RA) Ru(2) kdridre, (2-7) 
ney) pada on 0 ro drs 
ss il Oa. “1 1 Oa, +1 Ran (1) Ran (2) 
Eni ALE (| (ieee Baath tient) Bor SG) RD 
Se pr aete s ro W—-1. ar, +3 In re 
an diss a) 8000 en) RuCl) Rul 2) rirzar are (2-8) 
soa Phe 5 Y2 a, 


Qty rs v+l for i, S%s 


et re he lores ef: 


(2-9) 


where the summation in o is to be extended over all orbitals in the atomic 
core. a 

According to these general formula, we calculate the intervals of Be Is" 2s 
2p*P and Ca Ls" 25° 29°33? 3p° 4s 4p°P. The calculation of the former triplet is 
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carried out using the radial functions obtained in §1, whereas the latter is com- 
puted by the numerical integration using the tabular radial functions given by 
D. R Hartree and W. Hartree®, because the nodes of 3s,4s and 4 functions 
are too many to determine their analytical expressions in a sufficient accuracy. 
The value of the physical constant which, is adopted in the present calculations is 
aR cm7!=5.822 cm7!. The results are shown in Table I and II together with 


the observed values”. 


Table I Values of parameters 


C10, 1 =0.67194 Cio, 1 =0.18452 
Be. Z=4 _ ‘ 
Coo, 21 =0.10299 Co0, 23 sett 011479 
7% =0,28666 (a.u.), C=0.37784, 7=0.041196, o=2.4010. 
Cm =O 
Cio, 1) =0.719, Eco, u =0. 098, ¢ Q21¢ 41 =O, L12, C50 41 =0. 033, €. G31, 41 =0.032, Cao, 4s =0.003; 
ide 41 =0.210, Cam = = ONO As Bos. 4 =0.026, fe 41 — 0.004, laa = OL00Re 
fen =0.005, 70.719 (au), €=0.054, 7=0.004, o=4.10. 


Table If Triplet intervals. 


| [ap lap | apie? } Oar am 
| (cm) (cm=}} |) SP ee 
ne Be — Cale C z 5.1604 Aa 0.4615 4 4681 
Zend Obs ~ ase ae aes Serre 
Ca Calc i. 66.4 E 33.1 ¥ ui 2.01 c 
z=) | op.» | 165 —  o 2.02 


We see that the calculated values of the intervals are smaller than observed 
ones. Especially the agreement with» experiment is worse for calcium. The 
theoretical value of the ratio (@?,—*P.)/CA—*A,) is larger than the observed 
one for beryllium, whereas they agree with each other for calcium. This means 

Se tie aah 4 : é . 
that +7* is too small in tne case of calcium, and therefore its 4p function is too 
diffused. 

In cones the author wishes to express his hearty thanks to Professor 
G. Araki for the kind interest he has taken in the present work. 
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Alkali-like atoms (or ions) have a valence electron outside its core consisting 
of closed shells, and their energy levels are doublets. The general formula for 
their intervals was derived theoretically by G. Araki. It is given by 


Ly —*Lray=(2L4-1)(Z—2) pr, 


where Z is the azimuthal quantum number, 2 is the atomic number, yp is the 
Bohr magneton, and @ is a screening constant due to the spin-orbit interactions 
between the valence electron and the core electrons. In my previous paper 
the intervals of Li I, B I, and 0 IV *P were calculated according to this formuia. 

In the present paper the result of the similar calculation for the intervals of 
Si IV will be reported. Self-consistent one-electron radial functions were com- 
puted by W. Hartree, D. R. Hartree, and M. F. Manning for electron-configura- 
tions 1s? 25°2p°3, 1s°2s°2p° 4p, and 15° 25° 2p* 5p. 

The analytical expressions of the above mentioned tabular functions are 
obtained by the Slater’s method for the first configuration. All functions are 
normalized, P(1s) and P(2s) are made to be orthogonal to each other, and 
P(2p) and P(3P) too. 


LUNs) 93.967 exp (— 13.027) 

P(2s) : 27.72r exp (—12.05r) —57.04r? exp (—4.64r) 

P(2p) : 7° {52.45 exp (—5.17r) +6.44 exp (—3.33r) } 

P(3p) : 26.397? exp (—4.50r) —7* {64.76 exp (—6.46r) +2.91 exp (—1.717) }. 


The interval of 1s?2s?2s°3p°P is computed by using these analytical 
functions. The other intervals are calculated by numerical integrations, because 
the radial function has too many nodes to determine its analytical expression in 
a sufficient accuracy when its principal quantum number is large. The results are 


shown in the following tables.* Cyrm:’S Of a: with the same 2’, /’ are nearly 


the same for 34, 4/, and 5f. Cont s and Coim's have negative signs, whereas Crow S 
have positive signs. o is nearly independent of the principal quantum number of 


* ‘The exact meaning of the notations was accounted for in the reference (2). 
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Fable I. Calculated values of ¢’s and Vs 
ee 


Ciost «0.59844 | 2931 0.08806 fost «9.08860 
C14, = 0.624 | Ceost (0.085 fein §=—0.095 
C1051 0.621 | C2051 0.082 Hy C51 0.092 
21033 ey 20522 i cciiael C20g, + —0.01362 Zois1 + —0.01685 
C1041 0.205 C2041 0,016 C2141 —0.016 
Cit —«.206 20st ~- 0.016 fou1 —0.016 


Table II. Calculated values of g, s and #—%. 
(s is the screening constant calculated from the value of 3) 


TE ne ak, aileadie ae ase anaes ae 


Configuration 52 2s? 2f8 3p 15? 2s? 276 4p | 15? 252 276 5A 
6 | 2.7509 2.83 2.81 
5 7.1866 7.52 7.71 
rs 3.9048 a.u. 1.42 a.u 0.66 a.u. 


Table II. Doublet intervals of Si IV, 7=14: °P\4,—°P,8¢ 


ee 2 CP ST 


L22r2p4g | 192 Qs Bee 5p 


Configuration 


383.6 cm-1 
460 cm-t 


Calc. value 
Obs. value (§) 


138 cm-1 65 cm-1 
162 cm-1 75 cm-l 


the valence electron. The calculated intervals are slightly smaller than the 
observed ones. This was the general tendency®® of the result calculated by 
using the self-consistent functions. 

In conclusion the author wishes to express his hearty thanks to Prof. G. 
Araki for the interest he has taken in this work. 
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Resumo. La metodo de Welton, kiu sukcesis je derivado de la nivelSovigo 
de hidrogena atomo en intuicia maniero, estas plibonigata kaj tiel sin montras, 
ke duonklasika komprenebligo valoras ec en la demando de nenormala magneta 
momento de elektrono. Plue ci tia modelo estas komparata kun la _ preciza 
kvantumteoria kalkulado kaj la regiono de gia valoreco estas diskutata. 


§1. Introduction. 


Recently Welton” succeeded in explaining semi-classically the experimental 
results of Lamb and Retherford” by calculating the mean extension of the posi- 
tion of an electron which is caused by the coupling of the latter with zero-point 
fluctuations of electromagnetic field. (The same idea was once suggested by 
Nambu and Ono®.) This method seems to us quite remarkable, because it offers 
an intuitive footfold to the elaborate quantum mechanical calculation of Lethe, 
Tomonaga, Schwinger? and others” concerning on the reaction of radiation field. 

Welton’s simple model, however, failed complctelv in the problem of the 
anomalous magnetic moment of the electron. Thus the relative correction for the 
magnetic moment derived by him turns out, in the natural unit 4=c=1 awhich 
will be used throughout this paper, 

: : 2 
garner Han (11) 
which is of the equal order of magnitude to the experimental results obtained 
by Kusch and Foley®,, but, to our regret, with the wrong sign. The self-con- 
sistent subtraction (Tomonaga-Schwinger theory), on the other hand, has given 
a result which agrees with the experiment. 

Since in this case the vacuum polarization effect, or virtual pair creation 
and destruction, plays an essential role, one might be inclined to think that such 
a problem is by nature beyond the reach of a classical treatment. Nevertheless 
we should like to propose here a new semi-classical model, which, as we hope, 
may indicate that it is still possible to take into account the effect of vacuum 
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electrons in an intuitive one-body treatment. 

Our model is based on the so-called Zitterbewegung of Dirac electron dis- 
cussed about 20 years ago by Schrédinger”. It will be seen that this concept 
of Zitterbewegung is quite useful for intuitive understanding of those properties 
of Dirac electron which are due to its virtual transition to negative energy 
states. In fact we shall see that, when one properly combines Welton’s fluctua- 
tion with Schrédinger’s Zitterbewegung, one is able to obtain a right semi- 
quantitative result for the magnetic moment of the electron. 

In §2 we briefly describe the essential points of Welton’s idea and analyze 
what points are overlooked in his model. Then in §3 we epitomize Schrédinger’s 
theory of Zitterbewegung and apply it to some typical problems. Based on these 
considerations we propose in §4 a new model for obtaining radiative corrections, 
calculate in this way the anomalous magnetic moment of the electron and also 
give an intuitive image to our method of derivation. In §5 we investigate the 
correspondence of semi-classical method of Welton and us to the rigorous 
calculation of Tomonaga-Schwinger formalism and discuss the limits of the 
validity of the former. 


§2. Criticism of Welton’s model. 


Welton has treated the radiative correction for the magnetic moment of 
the electron in the following way. Suppose a magnetic dipole with a definite 
moment ye lying in a homogeneous magnetic field 2, the interaction energy being 
of course —8. When, however, this dipole is coupled with zero-point fluctua- 
tion of the radiation field it will swing its head to and fro, so that in the average 
it will make a certain angle @ with the direction of the magnetic field and the 
magnitude of the energy will be reduced by a factor cos#, in other words the 
effective magnetic moment will become pcos #. (Fig. 1). 

Thus it is from the beginning obvious that in this way 
one will obtain a negative correction to the magnetic 
moment of the electron. 

In deriving his conclusion Welton has carried out his 
calculation classically and cut off a quadratically divergent 


integral at the Compton frequency, a procedure which may 

Rie. appear at first somewhat unreasonable. But one can easily 

verify that a more rigorous treatment yields a similar result 

as long as one makes use of this model. In fact, when one calculates the ex- 
pectation value of the spin operater (¢.), 


(a.)=(|9*a.gdo, (2-1) 


where ¢, ¢* are quantized spinors for electron field, emplpying for #, the usual 
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representation 
1 0 0 0) 
OF —Pro 0 \ fares 
Css 22 
SD ee ee ee ie 


AO b_O POs 


one finds of course for an unperturbed state %, with only one electron correspon- 
ding to the single electron wave function 


‘¢ 


/ I-% 
) we 
0 (2-3) 
6) 
(Pi; (| ya. at) Tr y=1, (2-4) 


while for the state perturbed by the coupling with vacuum electromagnetic field 
2 a ee a a RRA S » (2-5) 


that expectation value turns out 


: Bef k dh ’ 
(w*, ([yrogde ria | es ; 2.6 
) an J, (£4, +h) £, \ ) 
E,= VP +m. (2.7) 
If we assume £ < m in the above expression, we have a relative correction 
2 
1 26 (hdl, (2-8) 
370 


which differs from Weilton’s expression only by a factor 2/3. The integral 
diverges for large 4, to be sure, but by virtue of the positron-theoretical subtrac- 
tion and Tomonaga-Schwinger renormalization—these are not taken into account 
in (2-6)--we can cancel the diverging part, so that the cut off at &~m is 
justified if one aims only at a semi-quantitative conclusion. Thus one has to 
seek for the reason of the wrong result not in the procedure of the calculation, 
but in the used model itself. 

In order to make clear what points are overlooked in Welton’s model, we 
decompose the interaction energy of an electron in an external field, 


| (ray, A) do, (2-9) 


where A denotes the external potential, which, for simplicity, shall represent a 
pure magnetic field, i.e., we put dv A=0 and A,=0 Making use of the projec- 


tion operator 
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a Feepene (10 


we can write (2-9) as 


cf(prag, A) du=|yryed-(a) +e (ad) A- + PA) + ac rot A)| dv 
(2-11) 


In this form one can easily recognize that Welton has considered only the last 
term and has replaced 24 by 2 (non-relativistic approximation). 

A simple calculation shows that the third term in (2-11) does not contribute 
to the additional magnetic energy, so that we may conclude that the positive 
correction which compensates the negative effect found by Welton and yields 
the positive correction given by Tomonaga-Schwinger formalism, should originate 
in the first two terms. As is evident from their form, they represent that part 
of the coupling energy which is concerned with transition to negative energy 
states. Thus the defect of the Welton model consists in the neglect ot negative 
energy states, as was already pointed out by Welton himself, who described 
somewhat vaguely that the positive correction found by Schwinger is due to the 
magnetic interaction with vacuum electrons. 


§3. Schrédinger’s Zitterbewegung and its applications. 


i) As is well known Schrédinger clarified the characteristic behavior of a 
free Dirac electron most vividly in terms of the “ Zitterbewegung.”’ According 
to him the velocity operator a and the position operator a can be divided into 
two parts, the one which commutes with the Hamiltonian operator A and the 
other which anticommutes with it. Such a decomposition is indeed possible and 
uniquely determined when the operator considered commutes with the square of 
the Hamiltonian*, what is the case with @; and o# can be derived from a. 


“,=G,+4@ 


(7a 92,3) (8-1) 


where — denotes the commutable part and ~ the anticommutable part. Expli- 
citly written these are given by 


@=H"f;, 
aj=a, (0) ett — p*int a, (0) 5 (3 “ 2) 


* When for an operator Q, [H2, Q]=0 holds, we have Q=O0+ O, where 
— al. ~ 
G=1 (04H 0m = (Qt HOH), = FH OM = (O-HOH™). 


In this paper we deal mainly with such operators, 
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The former is the macroscopic velocity; in the latter @(O) is the value of @ at 
t=0 and of course anticommutes with A. And 
%,=%,(0) +H pyt 


~ L ~ 9 ~ 
a a Te (0) £ se er ta é,f7-'=—_ HG, (3-3) 


_ 


where %,(0) is the initial value of the macroscopic position and can be put equal 
to zero without losing generality. 
The magnitude of the anticommutable parts are 
at Ps 
=H (l_—A-*p%) ; (3-4) 


so that for a very slow electron 


|a,|~ 1, 


1 


2m 


| %5| ~ (3-5) 
One sees that a rest electron (more exactly, an electron with momentum 
zero) has no macroscopic velocity, to be sure, but performs an oscillation with 
frequency 2m and amplitude 1/2m. One may notice that this amplitude, when 
multiplied by ¢, is nothing but the magnitude of the magnetic moment. 
ii) In an eigenstate of the Hamiltonian operator for an electron, the 


anticommutable part Q of an operator Q has of course the vanishing expectation 


~~ aS 


value. On the other hand, to the matrix element of Q between a positive and 
a negative state contributes only O and not QO. Thus O is that part of Q which 
is concerned with pair creation and annihilation. 

Now we turn to the expectation value of an operator R which is the product 
of two operators S and 7, 


R=S-T=(S+S)(T+7). (3:6) 
The commutable part ot R is given by 
R=S5.7+5S-7, (3-7) 


since the product of two anticommutable operators is commutable. In this way 
the anticommutable parts of the individual operators may yield an observable 
effect. Iwo examples for such a phenomenon will be described in the following. 

iii) Scattering crossesection. When a charged particle of momentum p 
without spin is elastically scattered by a fixed external potential VY into memen- 
tum g(|q|=|p!), the differential cross-section is given by 


da~| {er 9-®). 7-KO™ do? (3-8) 
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But if the particle obeys Dirac equation (as is the case with the electron) one 
must multiply the above expression by an angle-dependent factor 


1 + At : 
5 Sb Ms Ay =1-£, (1—cos 8), (3-9) 


6: angle between g and q, 


i.e. for a slow electron we have the correction factor 
1—-2_ (1—cos 6) (3-10) 
2m 


As is well known this factor (3.9) is due to the circumstance that the incident 
electron is in a positive energy state with a certain spin direction and the | 
scattered electron is found in a positive energy state with an arbitrary spin 
direction. But heretofore no intuitive explanation has been given to this cor- 
rection. 

Now this factor can be derived as a consequence of the Zitterbewegung : 
When we substitute (8-1) and (3-3) into the initial and the final plane waves 
respectively we have 


iPr B+) fq +H) (3-11) 


and, since the parts ¢ (©) and ¢&@) behave just the same as when the 
particle is spinless, the characteristic correction factor for the scattering cross- 
section of a Dirac electron turns out 


eG &) pf (Ps ©) 2 (3-12) 


From this expression one has to pick up commutable terms according to the 


prescription of (3-7). In the case of a slow electron | a | is nearly equal to 
1/2m both for the initial and the final electron* and the observable part becomes 
to the second order of p/m, 


{1-4 @—a)*|z} \" pail peg a le Coa) (3-13) 
2 ) 2m? 

in agreement with (3-10). It is clear, therefore, that this reduction of the 
scattering cross-section is due to the interference effect of the Zitterbewegung of 
initial and final states. 

It is to be remarked that the radiative correction for the elastic scattering © 
of a slow electron has again the same angle-dependent form as (3-10), because, 
as Welton has clarified, the reactive part of the correction can be interpreted as 
caused by the position fluctuation (Welton’s Zitterbewegung!). The detailed 
discussion about the scattering problems will be given in our later works. 


* We have to employ not the average but the maximum displacement in order to secure numerical 
agreement, 
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iv) Magnetic Moment. Suppose, for simplicity, that an electron with vani- 
shing momentum lies in a homogeneous magnetic field B in z-direction. One 
can employ the external potential 


am -+ By, A= + Bx (3-14) 


and examine the expectation value of interaction energy eé(a, A). Since the 
electron has no macroscopic velocity p/,a@ consists only of the anticommutable 


part, so that the energy expectation value is given by the product of the anti- 
commutable parts of a@ and A. Substituting (3-3) and (3-4), 


ee Bl es 1 a HT 
» A= —_— BG. y= ——. Ba, (- ) 
a 5) ay 9 a, fy oy 
Vo fe oa a & 
Se 7a,@,, 
2 2m 
A Fe | nab gle ee b Pete one oe 
= lisiaeaer: wes ila we Den 14 yA 
so that 
ea, A= 2 (1) @a=a)=B- a, (8-15) 
where : 
O,=—1 6, dy=1 G, a, (3-16) 


has a commutable part of magnitude 1 for a rest electron. 

Thus we have verified the “normal” magnetic moment is ¢/2m, This 
way of derivation strongly suggests that one had better represent the normal 
magnetic moment as a ring -current of diameter 1/m caused by the Zitterbewe- 
gung, while for the additional magnetic moment due to the Pauli-type interaction 
Lystuty Muy with 
aA, Ody 
Az, Ox; 


7j=ta,=f, m=P, Puy ’ 44=11, 


a magnetic needle is perhaps a more appropriate model, although these are 


equivalent to each other. . 
v) In §2 we have decomposed the interaction energy into four terms 


(2-11). We see that the third term is the commutable part of a multiplied by 
both parts of A, so that the other terms come from a. The last term has an 


appreciable commutable part, which is the product of a and A, while the 
remaining two are practically anticommutable ones, as will be verified more 


precisely below. 


§4, Improvement of Welton’s model. 


i) Welton asserts that, while the infinite energy of the vacuum electro- 
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magnetic field due to its fluctuation has no physical meaning, an electron 1p 
vacuum performs a sort of Brownian motion caused by this zero-point oscillation, 
which yields certain observable effects. He puts namely 


9 


ar 


mas =e DLE, (Ic) &®, (4-1) 
k 


where /,(k) denotes the Fourier ampiitude of the electric field produced by the 
vacuum fluctuation. ‘The above x corresponds to % in our notation, and we can 
rewrite (4-1) into 


diy _ & ~ EK) ym (4-2) 
at Wi = 1R 


where we have employed a first order differential equation instead of the second- 
order one, because the former is more adequate for mediating between classical 
and quantum-mechanical equations of motion. 

Here we claim further that the anticommutable part of the electr6n coordinate 
%, is also coupled with the vacuum field fluctuation. Now when. no external 
force acts on the electron 7, performs, for a rest electron say, already an oscilla- 
tion with frequency 20 and amplitude 1/2, so that the “free” equation tor 4; 


is 


— + 4,(2¢m) =0 (4- 3) 


If, moreover, the same external fluctuating force is acted on it as in (4-2), the 
equation of motion becomes* 

e E, (ke) cikt 

. ’ 


ae E,+%, (in) = ——2 3 


at mM 1k Sa, 


which together with (4-2) makes the basis of our following arguments. 

ii) In the above reasoning (4-4) has been derived in a simple analogy to 
(4-2), and of course needs to be justified by a more strict consideration. So we 
interpose here a brief outline of such a verification.** 

According to (8-3), (3-1), and (3-2), one has 


2 aD Hata Dah odin A 
OX Pp); +0.0,772 
RNG ES E58 (4.5) 
2 (f° + 17°) 


where p's and o's are related to «’s and 8 in the same way as employed in 
L 


s 
By Seat eRTS lsh) : 9 - 
Dirac’s book."” (4-5) gives indeed, when no external force is exerted 


* The minus sign is due to the fact that 4+.=x commutes with e(ad). 


** A more detailed: discussion has been carried out by 5, Tani, Tis work will appear in this journal 
soon, 


sinsielin 
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PIG. php g| a= 2 (24F7), (4.6) 
at 
and when the perturbation energy 
ff’ =——e (a, A) (4-7) 
is added, 
= x +a (21H) =i[H’, w] (4-8) 
= hrs ae 8A-+ (terms involving p or derivatives of potentials). 


For an electron with vanishing momentum one puts p=0, and for a.rough 
evaluation one is also allowed to neglect terms involving derivatives of potentials, 
because in the following computation one is always confined to the region 
£m, & being the srequeney. of the vacuum fluctuation. Further we put P=1 


and .4 = — >} zai = and (4-8) is reduced to (4-4), what was to be proved. 
* 
iii) Now the ladies of (4-2) and (4-4) with the boundary condition that 
when ¢-0, %,=0, spats ec’ cau be obtained quite easily: 
2mm 
ra = (Je) pi = (he e Ek) 
# j= Li %,(k) sete BU ere (4-9) 
Se. Ls 2imt 45% de stkt x k = + ef; je) Ae Ke) 
Seog onl the nai er mk (Qm+ kh) ( ) 


Therefore the time average of the square of the position fluctuation turns out 
<(42;)?> Ao 2 | #;(h) +%,(We) 
31 |2(He) + |2,(0e) P+2R"(—B) 2K) } AA) 


The first two terms on the right-hand side of (4-11) represent the commutable 
part of the correction while the last term gives a modification of anticommutable 


part, so that we obtain as the corrected value of %,, 


1 
S egheilt *( =I) ¥,(00)} 
5p | + agape 2 DEM —B) AB) 
== a {lta S1z,*(—R) 7(%)| (4-12) 
Qn 
Inserting (4-9) and (4-10) into (4-12) 
yy Tope ERY? | 
= 1.4 2 51 |. (4-13) 
Ze a p< (m+) . 


Here we use, in accordance with Welton, for the vacuum fluctuation electric 
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field 
sige eye ea \ E db, (4-14) 
k 3 t 
and arrive at the result: 
z= (1+ 4) (4-15) 
2m 
with 
ee ane 
3x J 2m+ 
When we cut it off at £~ m 
3 
Se ee (4-17) 
s ra 73 


The readers may remember that the magnetic moment of the electron was 
given by ¢|#|, so that 0, is nothing but one radiative correction for the magnetic 
moment. 

In this way we have really derived a positive correction, which, when added 


2 
to the negative carrection = deduced by Welton, yields the correct value 
. 7 
ea 
Dvotar= 01+ O2= —_- (4-18) 
2a 


Of course the agreement of the numerical factor cannot be taken seriously, 
because an error of order 1 is unevitable in the semi-classical treatment, as will 
be seen in $5. Ilowever we hope to have clarified that a positive correction 
can indeed be obtained owing to the effect considered here. 

iv) Roughly speaking we can express the content of the above computa- 
tion by means of an intuitive image. In a homogeneous magnetic field the 
normal magnetic moment of an electron is represented by a ring current, as was 
mentioned before. (Fig. 2). The arrow of dotted line shows the equivalent 
dipole. When the electron is coupled with the vacuum fluctuation the plane of 


ae to 
A 


f° 
4 \ 
| 
| 
| 
j 
( 


Fig. 2. Fig. 3. Fig. 4. 
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ring current will roll and pitch so that the equivalent dipole will swing its head 
(the effect considered by Welton) reducing the effective. magnetic moment, but 
at the same time the ring itself will vibrate in its own plane and when properly 
coupled with the fluctuation of the center of the ring (), it results in the 
magnification of the diameter of the ring current, increasing the effective magnetic 
moment. (Fig. 3) The second effect surpasses the first and we are left with 
the positive correction, which can be represented by the original ring-current 
plus a small additional dipole as in Fig. 4. 


§5. Correspondence to the precise calculation. 


When we take into account the radiative reactions according to. the Tomo- 
naga-Schwinger formalism and write down the expectation value of a certain 
operator Q with regard to a rest electron, we have, besides those which can be 
attributed to infinite mass and charge, finite terms, for instance, of the following 


types 


# (0) $k) OQ f(Ie) $(0)-A(—h) A¥(—k) (519 
(u—L,—k)? 
J(k) $(0) Oy (k) $(0)-A(—k) A*(K) (5-2) 
(a—L,—k)(—m—L£,—k) 
G(R) $0) O9' (0) $'(e)- ACh) A*(e) (6-3) 


(—m—L,—k)* 

where A’s and ¢'s are the Fouricr amplitudes of clectromagnetic potentials and 
Ar pe 

electron field spinors, A and ¢, ¢ including annihilation operators and A* and 


pt, ¢' creation operators. 
nterchang 

which may be well called vacuum fluctuation or zero-point oscillation and we 
can replace it according to the notations employed in §4 by A(/)°/#*. Further, 
since we are aware of the fact that the integral with regard to & surely con- 
verges, resulting in a finite correction, we can safely confine ourselves to the 
case & <m and neglect (4/m)*, and the above expressions are, apart from a 
factor of the order 1 due to the electron ficld amplitudes, reduced to 


Perey oe Et Ae) E*(k) 
Bo” BQm+k)” BE (Qm4+h)?’ 
respectively. In these one will at once recognize the characteristic forms of 
z(k)*, #(k) Z*(—k) and #(K)? derived in $4. Thus we can infer that mx(4) 
and mx(*) introduced as Fourier components of position fluctuation corresponds 
to the translation operators in momentum space by an amount # with and 
without pair creation respectively. 


xsome average value of Q, 
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The above statement is quite provisional, more detailed analysis will be made 
in later works. Nevertheless we can remark that our semi- classical derivation 
corresponds to the following approximations : 

i) The recoil of the electron is neglected. 

ii) The numerical factor of order 1 is neglected. Tt will suffice, however, for 
a semi- quantitative estimation provided that one employs a suitable classical image. 

iti) The non-relativistic formula is out off at k~m, since a more rigorous 
treatment is sure to yield a convergent result. 

Welton’s model corresponds, in addition to the above three, to a fourth 
assumption : 

iv) Virtual pair creation and annihilation can be neglected. 

This was permissible in the case of the Lamb-shift, but proved fatal in the case 
of the anomalous magnetic moment. 

As for the positron-theoretical subtraction it is utilized only as far as it 
guarantees the convergence of the result. Apart from this point the characteristic 
differnce between one-body treatment and many-body treatment (subtraction of 
the vacuum) does not appear in this stage of approximation. If, however, Z(ky* 
should play an essential role this difference would become appreciable. Indeed 
we have to subtract a certain part of |Z(4)|? in a positron-theoretical treatment 
instead ot adding it in the one-body treatment. Of course when the virtual 
quantum has a mass comparable or greater than the electron, this subtraction 
procedure becomes quite important, what is the case with the cohesive meson 
hypothesis.” 
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1. Introduction. 


The mathematical formalism presented here” owes its origin to the recent 
development of quantum. electrodynamics. The theory of Tomonaga” and Sch- 
winger,” which deals with the reaction of the interacting fields in a completely 
relativistic way, has led us to a deeper insight into the nature of the interaction 
of the elementary particles. This reaction of the fields manifests itself in such 
phenomena like the self-energy of the fields and the modification of various 
physical quantities, and may be considered as effects of the zero-point fluctuation 
of the quantized fields. Mathematically, it means that a quantity composed of ¢- 
number wave functions has a non-vanishing expectation value even in the lowest 
state. “Thus, for instance, the product of two quantized waves ¢*,¢’ describing 
the electron field, or A, A’ describing the radiation field, will not have in general 
a zero expectation value even if there are no electrons or no photons (vacuum). 
In order to avoid this zero-point fluctuation, we usually decompose field quantitics 
into creation and annihilation operators, and rearrange the products of these 
operators so that they become sums of two terms, the one giving no fluctuation, 
while the other corresponding to pure fluctuation effect. Then the latter may be 
subtracted unless it gives risc to any physically observable effect. This was the 
the case for the zcfo-point energy of the radiation field and the total energy of 
the completely filled negative states in the hole theory of Dirac electron since 
they did not depend on the field variables. The self-energy of the electron arises 
from the one-body fluctuation in the essentially two body operators of the in- 
teraction energy of the form ¢*¢ ¢*/f’. In this case the fluctuation term turns 
out bilinear in ¢* and ¢, so that it may be amalgamated to the originally exis- 
ting mass term, thus making only a mass renormalization which is physically 
undetectable. In some cases, however, the fluctuation terms do really cause 
observable effects such as the anomalous interaction of the electron with external 
field. 

The above mentioned separation of the fluctuation terms’ may be carried out 
in any quantity by the prescription that we rearrange the field variables in 
such a way that the creation operators (marked with asterisk) stand always to 
the Jefe the -e-ibiation operators (without asterisk). For exchanging any.two 
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variables into correct order we make use of the comutation relation between 
them. We are therefore allowed to regard every quantity to be a well-ordered 
fanction of the field variables which may be written as 


F=f (a*, &, »-)-g (a,b «)s 


where each of the set a*, d*,... and a, 4,... is commutative or anti-commiutative 
according to the statistics. The well-ordered character is preserved on addition 
of two such quantities, but unfortunately it is not on ‘multiplication. Hence a 
rearrangement will be necessaly after every operation such as simple multipiica- 
tion of two quantities, transformation of representation, and making commutation 
relation. To give a clear perspective of this rearrangement process we shall 


introduce in the subsequent sections some new algebraical concepts. 


2. Operators operating on well-ordered quantities. 


(a) Case of Fermi statistics. 

Let the quantized wave function of a fermion field be denoted by ¢ and ¢*, 
each bearing the meaning of destruction and creation operator respectively. 
Between these quantities exist some commutation relations : 


{P,(X), P(X’) }={¢,*(X), fs* (X’)}=0, 
{f,(X), ¢.*(X’) }=a function ofr XN 5, S3Gk7 (2-1) 


Here YX and Y’ are in gencral the four-dimensional coordinates, and r and s the 
spin coordinates of the field. The bracket { } means the “plus” type com- 
mutator: {A,B }=AB+BA. We shall write for short the commutation relation 
1b (X), ¢(X)} simply as {7X, sX’} (or more briefly, (XOX || Obl eae 
which is, of course, a ¢-number quantity. 

Now let us take a “ well-ordered” operator consisting of several ¢’s and 
P's: Prt Pe¥---Pa* Pupo--Ynr, the suffixes standing for both space and spin 
variables. Since the ¢’s and ¢*’s anticommute among themselves, the above 
expression is indeterminate only in the order of the ?’s and ¢*'s, together with 
a + sign. Hence it is: possible, as in the case of wave functions in the con- 
figuration space, to regard it as a “state” characterized by the coordinates of 
the n+’ “particles” $i ¢2-..fm, that is, 


Dy* bo® 0 dn® Dy Pore Par = (12.0.0; V2!...n'). (2-2) 


It changes sign against interchange of two “ particles”, and vanishes when two 
particles occupy the same state. The ¢* and ¢ are to be regarded as different 
kinds of particles, though not completely independent. With these assumptions, 
the operation of multiplying a ¢* or ¢ either from the left or from the right 


means an operation ot producing a new state of which the number of particles is 


changed by one. Of course we should make this interpretation only after re- 
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covering the correct order of the quantities which may have been destroyed on 
multiplication. Thus 


Bae De paren G19 a9) 
J,» (12.0.0; 1'2...2) =S(-DMr3 {eee ae eee 
‘ klaus: 1%. 72) 
e. 1 2...26 200 2 ert) a2. ote 41O wl ¥) 
Y*- (12... V2.) = S43, Pay CU is leas Bs | 


+-(—1)" (12.0 3 12!...97). (2-3) 


The meaning of the arrow > or <— will be obvious. The suffixes which charac- 

terize the states are here used at the same time as simple ordinal numbers. 

According to the above interpretation we introduce now such quantities that, 

operated on the state (12...2; 1/2’...2’), are capable of creating or annihilating 
£ 


; a: 
a particle ¢* or ¢. If we denote them by ¢* and ¢, + and — meaning crea- 
tion and annihilation respectively, then the relation (2-3) can be written by 
means of these operators as follows: 


> + 
h *¥—h *¥ 
Y; =¢, 5 


v, =%, + iln? } he , (2-4) 
$=, 


z 
Jt=g,* + 3%: {2, ae 
We have included in these operators the sign function (—1)*" or (—1)"~*, so 
that left-hand operation and right-hand operation must be distinguished with 
respect to the sign function. This distinction is made by the symbol ~. Of 
course we can also express them by operators which explicitly indicate this’ point 
as was done in the sccond quantization process. Thus 
+ + ~ 
GM lh CaM oe AK gly b,*=0;* Ga* wtf at rs 


+ t+ = - 

f=" 05% ...0y* 51 09...0,-1T py Pp = F109" ...Ty* IF, Gy, 17, y 

os re = = : , (2-9) 
: : a! 2 

f,*=T7,* o% 1.2.0 y* 0, 0q--On, PT=T,* Of 1---Oy* F102» Oy, 

= = he? 

$,=t, Fy ptr FN AFN » t', =T,6,41-+-ON-1FN >» 


Pe Or! 
o*, (42 “1 i ea(-7%p s wate | S aes (2-6) 


where 
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and Wand JM’ are the total number of the states for ¢* and # respectively (we 
are here treating only the case of discrete states). Although the operators 


+ + ee ee : j pee aT Ae 
g*,¢ and ¢*, are quite different from each other, there are simple relations 
between the products of two operators : 


cS ee Ek (Ses é zy 

?," jt=—$," *, 2. =—$, Ys PrPs =—$,95"5 

+ ¥ = er eek ae + Oe: 

jit he =" Sie Si }, ¢; = Pe Pss f, $* = $90" 

where the alternative signs should be changed simultaneously. 

Commutation relations between the new operators are easily deduced from 
(2-+5).. We get 


Ee 
1b,*, ets {¢,, p,} = 045 


- She . - ber np Her yy 
Les ¢,* } ane { ee (ie } (¢,., y,* nz 1D. y,* frm =0. (2 8) 
Similar relations hold for the right-hand operators g* and ¢. 
If we introduce further new quantities by 


T= VUr,i} 6, V= Wd lart, (2-9) 


the commutation relations for them become just the same as those for the original 
quantized field quantities : 


AEE vx P=0,, V}={r, 5}, (2-10) 
all other anticommutators being zero. However, the number of states is doubled 
since there are quantities with as well as without the asterisk which are regarded 
as distinct, and the symbols + and — now play the role of the asterisk in the 
original field. 

We shall reserve detailed investigations about the above defined operators 
for later sections, and turn to the case of Bose statistics. 

(b) Case of Bose statistics. 

Let the quantized wave function of a boson field be denoted by g* and g, 
each responsible for creation (emission) and destruction (absorption) of a boson 
respectively. The process of going over to new operators is quite analogous to 
the case of the fermion. A state (12...1; 1'2’...2’) shall mean the quantity 
01* Qo*..-Gn* Gy .'...P,' where y*’s and ¢’s are respectively commutable among 
themselves, and 


[e,(X), o*(X') ] = [+X, sX’]=a c-number function, (2-11) 
[A, 2] being the ordinary commutator AB—BA. The “ wave function” (12... 
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t / , si aCe - q % . me . , 

* ..#) is symmetrical with respect to interchange of “particles ’, so that more 
“cc ceria = ” a Nes ‘i e 1 3 a 

than one “ particles”? can occupy one and tie same state, contrary to the fermion 

case. The: multiplication formula is now given by 


E> 
O° e642 1h l2!. cabal 2.gou j1!2' .2.0')5 


- n 
Pot ioe. 12.28) 9 a Le 4\(12.02—1, £4 1..-75-1'2!...0') + (126.75 Fall i 2 


— < 
a y,- (12...%; 1/2"...n') = (12...2; 12. 0 r)s 
3 
4 


+ iv 
g,*- (12...2; 1'2’...2/) =D’, 7] (12...; PO 1 a et) ee A 2 ee’). 
(2-12) 


Introducing such operators that generate or destroy a wave field g* or ¢, we can 


write (2-12) as 


> + > - - 
¢.* =p, 9,=9,+ sa r, ‘ g, 

es + < + Sly 

Pr=Prr Pr =P, + Lah [z, 7]. (2-13) 


~ In the present case, distinction of left- and right-operators is unecessary since we 
“4 need not to do with the sign function. The commutation relations are 
| 
; 4 =_ + =e 
3 4 | Eee aun 
2 [e.*, Gs" ]=[P.» Psl= 95» (2-14) 
> other commutators being zero. Introduction of new operators, analogous to 
isi 47 
ej (2-9), defined by 
ay es + + + 
Ka * = 

¥ Serer oF 0 == Ls 

ae ee . = * = Sie a . og 

oe a= pai les 7 Gis Ge pe Gi [2, r| (2 : 1) 

a Z 


recovers the original commutation relations : 
_ + = if 
(kaha 4 =[% ¥J=[r,5]; (2-16) 


other commutators=0. 


Unfortunately, however, this analogy to the second quantization is not 
- + 


- + 
complete. The new operators g* and g* (or g and w) are not Hermitian con- 


(Of course, to terms like “ state’? and “ Ilermitian opera- 


jugate to each other. 
> should be given a mathematically precise meaning, which will be attempted 


as follows. Let two operators g and p (in the sense 
m theory) be related by the commutation relation 
ed function p"g"=(w,m). Then the multiplica- 


tors’ 
ater.) This we can see 
of the conventional quantu 
[g7,f]=1, and take a well-order 


tion law reads 


ie (1, m)=(n+1, 2), 


: 
4 
= 
4 
a 
a 


336 Y. NAmBu 


oF m) =n (n—1, m) + (2, m+1), 
7 (#,m)= (2, +1), (2-17) 
7 (x. m)=m (n,m—1)+ (+1, m2). 
Hence the “ matrix elements” of 2 and > in the representation where ” and ™ 


are diagonal are’ given by 


0 ia 


reer in sn 0 
Pq = ee) ; Ps a= 


wo 


(2-18) 


a) 
w 


They are clearly not Hermitian conjugates. In order to amend these defects, we 
modify the definition of the state and put 


C12 tn le sant) Ta D1* Pa ++ Pn* Py! Pol -+-Pr's (2-19) 


where «,8,7,... are the number of particles simultancously occupying the same 
state. Then the matrix elements get changed to 


ea 0 vi 
lho femal — 6 ar 
Pp; o = V2, O ’ DP G= . (2-20) 


That such a definition is reasonable will be further demonstrated in the next 
section. 

We see thus the new operators defined in (a) and (b) exactly duplicate all 
essential features ot the second quantization operators, not speaking of their 
physical implications. On this reason we should like to call the present procedure 
the third quantization and the new operators the third quantization operators, or 
for short the g-3 numbers. An ordinary operator expressed by means of the 
quantized field quantities (g-2 nambers) may be regarded here as a vector or a 
wave function in the representation of she sccond configuration space, onto which 
the g-3 numbers operate in turn, transforming it into another vector. Because 
of this conservation of the quantization character, a sequence of g-7% numbers is 
now conceivable of which the g-l numbers will correspond to the ordinary c— 
numbers.” Ther are, however, many points that need more careful investigation 
such as the definition of vectors and linear operators for them in the called g-3 


Hilbert space. They will be treated, though quite incomplete, in some detail in 
the next section. 
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3. Vectors and operators in the q—3 Hilbert space. 


Let ¢*,g¢ and g*,g be the aforementioned g-2 numbers obeying certain 
commutation relations. We call them elementary vectors in the g-3 Hilbert 
space, which describe the properties of the corresponding elementary particles in 
the free particle (inertial) reference system. A general vector A is the well- 
ordered function of these elementary vectors : 


A= a a a p,* *. - Dir pee. Duy Pops Dei Doin ery (3 = 1) 
where a,f,... take the values 1,2,..... In the representation of the second con- 
figuration space it is written as 

a B a’ p’ 


92 ‘y7/ / 9ror / Mow yyy wr moe dA 2 
A= (1s a ee ee ar ede ibe) (3-2) 


while in the alternative representation, that is, thep roper g-3 representation, it 
reads as 


A=Va (nL yee Lgeee5 GyeesBereees coe Larreee Loree} ee eon (3-3) 
The norm and the scalar product of vectors shall be by definition 
NIgi V1) ..) aa! pl..., 
and (lz. yy 12.) ) 0 (3-4) 
unless all of the state variables coinside ; and for composite quantities like (3-2), 
JA =D aeeP OM 
(4, B) =3 a# 4 |I@IL (3-5) 


This definition is compatible with unitary transformation of the elementary 
vectors ¢*,¢ and g*,g. If, for example 


t/=Saato ¢=Dbabe (3-6) 
with (a,) and (4) being unitary, then 
If =X | al? Poll = 3S 2ee!=1, 
ed =O | Oe PPI =o Bae P= 1. (3-7) 
Moreover, 
|! fd [=I Bh aashe 3 ant =I BS Gut aye) Sas 


Ay, Vy 
Qop 5 


= = > : > 2 (?== 1, 3-8 
— > ; | Qi~,. 23 Qy5 AK | > | Nk | | Ao; | ( ) 


Il ea’ g? || =| ue D 40595 I=z | Bap Boy + E45 Bon P42! pa | Bix Den |” 
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ST | Bau [2 | Say [2] Bag 2 | Son ( + Sra B8e Big B45 + Oh Soe Bi Brg} 
k>§ 


soa | Bel” | Dox Pah Orr i. | O24 | + 514. B84 O15 5 = 1+ Oe - (3-9) 
s ag 


In general, we can prove that 
I fuels Par =I, 
oy’ of... go” ||=a! Bl...w!. (3-10) 


This is just the same relation as in the case of ordinary wave function in the con- 
figuration space. (3-10) equally holds if we replace the d’s and the g’s by ¢*’s 
and *’s respectively. These two kinds of vectors are, in our present convention, 
regarded as representing different kinds of particles. Mixing of them is not here 
considered as it leads to more complicated situations. 

Once the vectors and their metric in configuration space are defined con- 
sistently, it is now an easy task to introduce in this space linear operations, and 
also translate these relations into the named third quantization form. We shall 
not carry it out here, but only refer to the works by Fock® and others on the 
second quantization. There are, however, some interesting features in our case 
which appear to merit special attention. As was mentioned in Section 2;-a left- 


+ < 

(A) or right- (A) multiplication can be considered to be a linear operation in 
the second configuration space. From them we can construct new operations, for 
example, 


(A X= AX l= (444) -% 
ACY | 4x | A= (At A) (3-11) 


where .4 is regarded as an operator, while X is the vector on which they 
operate. It is to be noted that left-hand and right-hand operators always 
commute : 


>< + 
AXB=AB-X=BA-X. (3-12) 
Now we take the equation for the unknown Y: 
(A, ¥]=ax, (3-13) 


4 being a c-number. This is the analog of the eigenvalue problem. A may be 
called an eigenvector or an eigenmatrix. If we write this equation in such a 
representation where A is a diagonal matrix, we see that 


(E,— Fin) Xam=AXans Eao=eigenvalue of the matrix A, - (3-14) 


hence A=E,—E,, if Xnm2= 0; that is, A is a difference of two eigenvalues of A. 
Product of two eigenvectors yields again an. eigenvector with the sum of their 
eigenvalues for its own eigenvalue : 


[4, X,42|=[4, X41] 4+ X14, XJ= Ai+4) 1X. (3-15) 
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The meaning of the eigenvector X may be seen from the following. Let ¢,, be 
an eigenfunction for A (in the ordinary sense) : 


AGn=Ln Pm » (3-16) 
Then AXGu=X(A+2) thy =X (Ent 2) $n = (Em +2) Xm. (3-17) 


Hence X¢,, is a new eigenfunction with an eigenvalue £,,+A, provided that X 
does not annihilate ¢,,. In other words, X transforms eigenvectors into other 
eigenvectors. Such a relation is not novel to us, but has frequently been used in 
deriving eigenvalues and selection rules for various observables. The Hermitian 
conjugate of the equation (3-13), that is, 


[X*, A]=AX*, or (A, X*]=—AX*, (3-18) 


where A is supposed to be Hermitian, shows that X* is an eigenvector with 
eigenvalues —A. Thus we have always positive and negative eigenvalues coupled 
with each other. An eigenvector with 4 > 0 may be called a creation operator, 
and one with 4 <0 an annihilation operator. But, of course, this interpretation 
depends on the physical meaning of A. Evidently 


(A, X*X]=[4, XX*]=0. (3-19) 


Such eigenvectors with zero eigenvalues constitute an algebra—the commutator 
algebra of A. The elementary vectors are special kinds of eigenvectors XY and 
X* for some A (energy, momentum, and charge operators) which obey simple 
commutation relations. A remark that may be added here is that in the equa- 
tion (3.14), the eigenvalue 4 is given by the difference of two energies or other 
physical observables, which is the only quantity that is really observed. This is 
understandable because X is an operator of dynamical nature that concerns the 
transition from one state to another. Such a viewpoint seems to promise some 
advantages over the static eigenvalue problems for stationary states. 
The integral form of the commutator equation (3-13) is 


ett Ne“ Mt =e X, or UXUI=AX, (3-20) 
t being a parameter. For the product of two eigenvectors (3-20) becomes 
OX, X,U1=A, Ay X. (3-21) 


A|=1, and X remains invariant 


if U is unitary, A is a complex number with 


under such transformations except for a phase factor. 
Hitherto we have assumed the operators to be Hermitian or unitary only in 


the ordinary sense, but a question naturally arises as to whether such properties 
also exist in the g-3 Hilbert space. In connection with this, it is interesting 
to not that a different, or rather more concrete, definition of the metric is possible. 


In fact, let 
{Pr fs } = On a 3 ? 22) 
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and put 
I $= MOM = Tr b= THAD eh (3-23) 
Then ) 
ete =Mb IAG = MIAH MENG =L (ES) 
Wee =MOE GIL = MEAP AL, (GY) =H"), B24) 
NP. G.=MLPG GH = MGA DME KHL ES): 
In general, 
ak bat fu ld a | 
= MGS Pn kPa Grane Pr POP Ie Wi len $nl (825) 


If ¢,’=9, we first displace ¢% and ¢,, to the left and right side of ¢, and ¢,* 
respectively (no sign change), then we can take the trace independently of other 
factors : 


Tr bi bi f)* O! =Tr by" fu=1. (3-26) 


This procedure goes on until all the factors are exhausted. The orthogonality 
holds for the scalar products of differnt states as shown by 


(Yor $s) = Meh =—y Tr Ate*s fu} = Opes 
(¢,*; .) — MY,$,=9. (3-27) 


In general we can easily show the orthogonality between any different states. 
The case of a boson field is somewhat embarassing because the trace di- 

verges as it contains an infinite number of quantum states. So we modify the 

definition of the matrix elements of g* and ¢ by a convergence factor : 


(n+1|9*|n)=(x|e)ut+1)=Vn4+1 2". (3-28) 

2 1 : 
Then, Tp ote it ee ' 3.99 
hie? 2" (1—x)? ‘ ) 


and in the limit x0, 77 y*g=1. This modification is also equivalent 


to defining the metric by 
Il ¢ l= Me* For Tr (gt FoF) /TrF*, 


= exp (—Say*y/20), (3-30) 
together with 


[¢,» y,*| = Ors ae be 


(w+1| g* |n)=(x|¢\x4+1) =V¥u+le” (3-31) 


, =—=, x 
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a corresponds to the factor exp (—1/@). Thus 


Ill=Se+h e/saat, 
or = Sr -2) (WD 2t/Sie"= 2, 
(2). 
Lote |= Dt D2 e/a" = Th (042) (#4 D) — (nD) fv" 
2! 1 


(3-32) 


They agree with the original definition by putting 2«=0. This means that we 
take only the first non-vanishing diagonal clement. As is seen from above, such 
a definition is invariant with respect to the unitary transformation of the basis 
Of course, it is not essential to take the limiting case x0, or 6-+0. Any 
value of § (some analog of temperature!) may be admitted. In conformity with 
(3-30) we may also put for a fermion field 


I AYP) = 


[+a 
Fs exp (—Diay*y/20), 
ee Pe eae male 3°33) 


In general, we can introduce some suitable convergence factor #, in terms of 
which the metric is defined for any quantity 4: 

td f= 97 (A PAP) / 77 yk 

(A, B)=Tr CASPRP YY TY F?,; (3-34) 


where A* is the adjoint of A. 
Now let us consider linear operators in the above mentioned metric space, 


such as 
-  4.N¥=AX=Y, 
i (A—A)-N =i [A] X=Y. (3-35) 
We shall use [pS notations LA] and {A} for the commutation and anticommutation 
instead of epee A and A +4. Then for any two vectors X and Y, 
ey, AX) =M(Y*FAXF), 
(Y,2[A] X) =MG V*RAXF i EAL ye (3-36) 
Ience if A commutes with the metric operator /, we have 
(Y, AX) =M(V*FAXF) =M( VEAP XE = UArY), A), 
(VY, [A] X) =MGY*FAXF—1i YtKXAF) 
= M(i V* AFXF—-i Y*FXFA) =(-1 [Y, A*], N= CLA] Y, X). B-37) 
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Thus we can speak of a Hermitian operator HT defined by 
(Y, HX)=(AY, X), 


which can really be satisfied in the above mentioned case. Clearly such a condition 
is fulfilled if F is a function of A in (3-36) and (3-37). More generally, assum- 
ing that A is the Hamiltonian of a dynamical system, we may take for F any 
function of the constants of motion. The particular choice 


F=exp (—A/26) (3-38) 


is probably the most interesting since it is just the Boltzmann factor, although 
it is not yet certain whether such an analogy is merely superficial or not. 

The problem of the orthogonal system of eigenvectors and the spectral 
decomposition of Hermitian operators is very important. But we shall here 
content ourselves only with the analogy to the ordinary spectral theory and not 
go too far into mathematics. 

Thus far we have treated the degrees of freedom to be discrete. But the 
transition to cotinuous degrees which is encountered in the actual case does not 
cause much touble, at least so long as we consider only those quantities like 
(2-9) and (2-15) of Section 2, and not those like (2-8) and (2-14) which 
have delta-function type commutation relations. On the other hand it seems 
quite dangerous to regard the totality of the elementary vectors ¢,¢* and ¢, ¢* 
in space-time as independent states while the actual degrees of freedom make 


only a three-dimensional manifold. This point will be clarified later. 


4. The wave equation in the q-3 formalism. 


We shall here consider the theory of Tomonaga and Schwinger, and attempt 
to write it down in terms of our present formalism. There are two methods of 
approach, the one starting from the pure Schrédinger representation which was 
originally done by Tomonaga, and the other from the pure Heisenberg represen- 
tation as appears adopted by Schwinger”. However, Schwinger's deduction is 
somewhat obscure. We shall therefore first treat the Schrédinger picture and 
then try to formulate the Heisenberg picture in a more reasonable fashion. 

Let the Tomonaga equation of motion for the Schrédinger functional ¥[C] 


and its conjugate &*[C] be given by 


iv [cl=H¥ [Cc], i 6 ¥*(C]=H¥*IC), (4-1) 
7) 


0 
where His the interaction Hamiltonian density. In the case of the interacting 
electron and electromagnetic field, 

H=—j, Ay, Ju=ety ud . (4-2) 


The transformation function U[CC,| which transforms a Schrédinger functional 
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W[C,] at the surface C, to Y [C] at the surface C obeys the equation of motion 


= U[CG\=H (4) U[CC], xe, 


—i se UTEC\=CCG\ AG); se Ci, (4-3) 
with 
eco, |=8(0C,C]=0- [CG]. (4-4) 


U[CC,| is a unitary operator composed of the quantized field quantities. Hence 
we can look upon it as a vector in the second configuration space. Then (4-3) 
becomes 


if u[CG]=H (a) U LCC) (4:5) 
OCo 


where Hi and A are understood to be expressed in terms of the g-3 operators. 
Integral equations equivalent to (4-5) are given by 


Cc-> 
U(Co|=1-:| H(2') U[C'C] de’, 
Co 


UlEC\=1—i [ 7) UCC | ae’, (4-6) 
Co 


which lead to 


oO Cl > 
U\co,|= (iif a H' dx'— \# ‘ae! H" det.) +1 


Co Co 


cr cr 
a ar dal —| Hae Hi dali oo, (4-7) 
Cc 


‘0 
and 


U [CO j= (1-1 | ae = Hall ea SV A 


Co c 


» 
o ae Hide! -| Haat TP eee (4:8) 
o Co 
By interchanging the order of integration in the latter, it is casily verified that 
the both expressions coincide. . 
The transformation from the present interaction representation to the Heisen- 


berg representation for any quantity O[C] expressed in terms of the elementary 


vectors on a surface C is performed by 


g{cal=v [acl etelv [CO]=U [GC] 0 (CG) O [Cl], (4-9) 
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or, using (4-7) and (4-8), 


C> C> C> 
OICCl=t +i 7 dx'—{ ia ix'| OP eee 
s Co Co cr 


Ce CcC< Cc-> 
x (1 | A’dx'—| i az\ AH" dx" —---) QO[C] 
Co 


Co! co 


Ce Ce eChe Cc 
= (1-i| H' de —\ HM! dic\ HM de" —~--) (Ld { H dc —| 
Co cr Co 


Co 


C+ C+ 
it'd Hi" dic! — ++) x 
er 


x QO[C]}. (4-10) 


Alternatively (4-9) obeys the equation of motion 


i = - O(CO|=|7@) Ci1GG i= (7 (4) —H(%)) Q[ CG] 


=[H(%)]-Q(CC]- (4-11) 
(4-11) can be replaced by the integral equation 
: 
Q[cal=e[cl+i \ [7(2’)]-O [CC] de" (4-12) 
Co 


which leads to the development 
Cc Cc CG 
o(caj=a 4: \l7@)1 7 ae { [A (+")] ax! [A (x")]dx"—--) OC]. (4-13) 
Co Co cu 
This must agree with the expression (4-10). In fact 


C> re > C> nC € C< + 
(i +i) Wade —| Hae! Hi" di” — =) (13 | H' di —{ MW dd \ 1" de! ~~) 
Co o 


Co Co C3 Ct 


, O > < C-> C< Cs C> C<e Ce 
ane \a@ Boyes (| Hf a{ H! dx'—| Hdd \ Hl" 2" —| H' de! Higa 
Co Co Co 


Co cr Co cr 


Cc 
Eee, (27 dec! 4 
Oo 


C> Che C> Cte C+ C> Cée Ce 
+ (fas! 1 dal | Habel | dal! [at dal [abe de! Hate) = 
i) ‘ c " 


Co C Co Co vo Co cr 


Cc 
ee (U7 ae 
Co 


Cc-> Cc 
Ss (j Ef dx'| 
or 


C Co ec Co Co Co ec 


OQ C' e. 
=nigs (77 ge \ a dx!) PAT Si (4-14) 
0} Co cr 


using the commutability of left- and right-operators. 


te ae rose 7st on oF “A Ty 
VeR dx me hag dx'\ H dt —{ A" de"| Hi de! —\ ide! FT) 
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On this occasion it may be instructive to derive the equation of motion 
(4-11) in the interaction representation starting from the pure Heisenberg picture. 
The Tomonaga equation was derived from the pure Schrodinger picture: 


i wy =(K+ Hy) ¥o, (4-15) 
Oe 

where fi, is the inertial Hamiltonian (integrated over space), by the trans- 
formation 

Y.=S8, H,>S'H,S, S=exp(—#?2). (4-16) 
On the other hand, the equation. of motion in the pure Heisenberg picture for 
any quantity @, is 

12 Qy=[Ho+ He, Ol= (H+ AD “Oo: (4-17) 
As the total Hamiltonian A,+H; itself is a constant of motion, we may insert 


for Hy and H, in (4-17) their initial value at time #=0. Now we perform 


the transformation 


Q,=SO, S=exp (¢[A]t) (4-18) 
which changes the equation of motion (4-17) into 
—i 2 Q=[i/] 0 (4-19) 


with 
[H/J=S"[A]S. 


The transformation (4-18) and (4-19) means that 
Q=S"Qy=exp (—i[Mh])-Q= (I (ELH) )") Qo 


WL 


oo Bi ry Oe —=s'4'"' -—r—~ 
= 3 OO" [i eh Ol) 
or = exp (—ifh) éep. GH OOM Que se i (4-20) 
and [A J=exp (-2[A] 2) [7%] exp (@ | ZZ] 4) 


= Pac dl Fase gk sail get TT, eitot | (4-21) 


Thus these transformed quantities varies with time according to their inertial 
motion. The equation (4-19) directly leads to its super-many-time generaliza- 


tion 
i 7. O[C]=[ (49) OC] (4-22) 
in which Q[C] means that it is regarded as expressed in terms of the elemen- 


tary vectors on a spacc-like surface C. This is the equation of motion in the 
> 
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interaction representation for a dynamical variable Q in contrast to the ordinary 
equation which describes the motion of the wave functional Y. When _ the 
Hamiltonian [//;] is expressed in terms of the g-3 operators, Q[C] just plays 
the role of a wave functional on which they operate. In other words, the 
Heisenberg eqution is turned into a Schrédinger equation. The integral form of 
(4-22) is 
Acl=aql+i | U7) 4s" OC (4-23) 
Cc ‘ Cc c 
Pees \ [H’]de'—( [A] dx'| LH dx! —-)-OLG). (4-24) 
Co Co Co 
The difference between the equation (4-11) to (4-13) on one hand and (4-22) 
to (4-24) on the other comes from the fact that, in the former case, we consider 
the change of &[C] due to the interaction while the operators are assumed to 
be varying as free; in the latter the situation is contrary, and the operators suffer 
changes through interaction while the wave functional vector is moving as free. 
In order to obtain agreement, we have only to interchange the role of C and Cp 
in cither expressions. 

If the operator [/%;] in (4:22) turns out to be Hermitian in the sense of the 
third quantization (as an ordinary operator, 7, is of course Hermitian), then we 
can speak of the conservation of the norm of the vector O[C]. According to 
the second definition of the norm in Section 3, this will be the case provided 
that 7; commutes with the metric operator /. But it seems fairly difficult to 
investigate this problem from such a viewpoint, so that we shall touch it later 
by using more explicit expressions for the g-3 operators. 

Another important problem is that of the supplementary condition. Here 
the Heisenberg picture alone docs not suffice since the supplementary condition 
is inevitably connected with the wave functional. To dispense with the explicit 
use of the wave fumctional, it may be proposed to restrict the Hamiltonian 
operator itself to the suboperator which operates on the allowed domain of the 
wave functionals. Thus we replace the Hamiltonian 7 by PHP=PH= HP, 
where P is the projection operator for the subspace in which the supplementary 
condition AZ =0 holds. However, the construction of such a projector would 
meet with various difficulties so that it does not appear adequate, although the 


conventional formalism is also accompanied by inconveniencies. (Zo be continucd.) 


References. 


1) Outline of the present article is reported in Prog. Theor. Phys. 4 (1949), 96. 

2) Tomonaga, Phys. Rev, 74 (1948), 224; Tati and Tomonaga, Prog, Theor, Phys. 3 (1948), 391, 

3) Schwinger, Phys. Rev. 73 (1948), 416; 74 (1948), 1439, 

4) Fock, Zeits. f, Phys. 75 (1932), 622. 

5) The g-1 number is the one-body wave function (fermion) or the classical field (boson); the ¢-2 
number is the ordinary quantized wave, 


347 
Progress of ‘Theoretical Physics Vol. 1V, No. 3, July~Sept., 1949, 
On the 7-Decay of Neutral Meson. 


Hiroshi Fuxupa and Yoneji Miyamoro. 


Physics Institute, Tokyo University. 


(Received May 16, 1949) 


Introduction. 


Recently Tomonaga” and Schwinger? have independently developed a covari- 
ant formulation of quantumeiectrodynamics (super-many-time theory), and have 
successfully applied it to the explanation of the Lamb shift in the hydrogen atom 
and the anomalous magnetic moment of the electron. They have shown that, 
although the present theory of fields, in general, gives infinte answers to such 
field reaction problems, since it cannot be formulated in a Lorentz- and gauge- 
covariant way without introduction of the singular delta function of Jordan and 
Pauli, it is nevertheless possible to avoid the divergences by amalgamating them 
into the mass and charge, and that the remaining finite term can well account 


2) But there remains the question, whether or not 


for the experimental facts. 
such finite term; as is separated from infinity, can be free from any ambiguity 
arising from the pathological character of delta function of Jordan and Pauli. 
One typical example of the appearance of such an ambiguity is the photon 
self energy. As first pointed out by Schwinger,” the photon self energy should 
be zero from the gauge covariant point of view, while, completely against 
Schwinger’s prediction, the recent calculation by Wentzel® leads to a finite but 
non-gauge covariant result for the photon self energy. It is evident that this 
inconsistent result comes from the mathematical difficulty of obtaining a definite 
expression for the singularity of the light cone of Jordan-Pauli’s delta function. 
A very similar situation is also encountered in the 7 decay of neutral meson. 
By using the method of evaluation which has been applied by Schwinger” to the 
calculation of the anomalous magnetic moment of the electron, we have obtained 
the convergent but non-gauge covariant result for the 7 decay of neutral meson. 
Further our result is inconsistent with the recent discussions of Dyson, Sawada 


1) S. Tomonaga: Prog, Theor, Phys. 1, (1946) Bile 
Koba, Tati and Tomonaga: Prog. Theor. Phys. 2, (1947) 101 and 198. 
2) J. Schwinger: Phys. Rev, 74, (1948) 1439; 75, (1949) 651 and his unpublished man scripts. 
3) Z. Koba and S. Tomonaga: Prog, Theor. Phys. 2, (1948) 218, 
{. Tati and S, Tomonaga: Prog, ‘Theor. Phys. 3, (1948) 391. 
H. Fukuda, Y. Miyamoto and 5. Tomonaga : ibid. in press. 
4) G, Wentzel: Phys. Rey. 74, (1948) 1070. 
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and Nanbu® on the equivalence between the pseudoscalar and pseudovector 
couplings of the pseudoscalar meson field. Thus, in the present state of the field 
theory, we cannot give an unambiguous iife-time for neutral meson. It is very 
desirable to find some general prescription which enables one to get the defnite 


answer to field reaction problems. 


§1. General Formulation. 


In this paper we shall be chiefly interested in the two. quanta disintegration 
of neutral meson which was discussed by Tanikawa® and Finkelstein? in per- 
turbation theory. To use the word of perturbation theory this process can be 
described by the following several steps: 


poPt4+PoP4+P4ne nt te. 


P+, P-,p and 7 represent respectively a proton, an antiproton, a meson and a 
photon. The matrix clements for these processes are generally divergent, since 
there is no restriction oa the momentum of the virtually created proton and an- 
tiproton pairs. However, our recalculation by perturbation theory yields the con- 
vergent life-time for neutral meson in contrast to those of the above mentioned 
authors. This seems to us to be due te some errors in the former calculations. 

Covariant formulation of wave fields is required in order to treat the process 
associated with infinity without loss of Lorentz- and gauge-covariance. Thus 
Tomonaga and Schwinger theory will be employed throughout this paper. 

In the super-many-time theory, the generalized Schrédinger equation, describing 
the system of a neutral meson, nucleon and electromagnetic field, is given by 


{ielo*t 7:9] A,+ H—the =} ¥ =0, (1-1) 


where the first and second terms represent the interaction energy between proton 
and electromagnetic field, and the intcraction energy between neutral meson and 
nucleon respectively. In (1-1) gy means the spinor describing the nucleon, A; 
the potential for electromagnetic field, Further +, is the projection operator in 
the proton state, and [y*z,7;¢] means the abbreviation for 


il 5. 
(PTH TTY"). 


The interaction term H is given as follows ; 


5) F. J. Dyson: Phys. Rev. 73, (1948) 929. 
Y. Nanbu and K. Sawada: Tectures at Tokyo meeting on October in (1948), 
6) Y. Tanikawa: Proc. Phys. Math. Soc, 24, (1940) 610. 
7) R. J. Finkelstein: Phys. Rev. 72, (1947) 414. He has overlooked the contributions from the 


product of the first terms in numerator and the second terms in denominator in the expansion of the 
wavenumber of photon, 
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for the scalar meson field 


H=flg* gl] V (1-2) 
for the pseudoscalar meson with pseudovector and pseudoscalar couplings, 
; D) 
i= “i Let rsrep] V+ i (Let rsrwe])” (1-3) 
and H=if [e* sy) V Ges 


and for pseudovector meson with pseudovector coupling, @,V in (1-3) 1s to be 
replaced by V;, where ’(V,) is the potential for meson field. We denote by yp, 
the reciprocal compton wavelength of the meson. The coupling constant is 
denoted by f Here the interaction energies with vector or tensor coupling are 
not written down, since, according to Furry’s theorem, they do not contribute to 
the two quaita disintegration of the neutral meson (see (A) in this section.) 

The matrixelement responsible for the y decay of the neutral meson can be 
obtained by the following canonical transformation. 


$=UY,, with U determined by 


: : O a 
—ielpt erg] ite 2} U=0 Te 
AALS AE rs ad gers (1-5) 
Now the original equation (1-1) is transformed by (1-5) into 
{U“HU—ike = | Y,=0 (1-6) 
0C 
On inserting the expression (1-2), (1-3) and (1-4) in U~'HU, we obtain: 
for (1-2) fVU-"[p.glU, (1-2) 
for (1-3) Ft a,vU>[9' rel U, eee 
pL 
and for (1-4) ifVU—" [g* re] U, (1-4’) 


where the term in f? plays no essential role in our problem, so it may be 
dropped off. The matrixelement for the 7 decay of the neutral meson, in which 
there appear no proton and antiproton in the initial and final states, can be 
deduced from (1-2’), (1-3’) and (1-4’) by evaluating the vacuum expection 
value of the bilinear expression U~'[g*Zg]U. Further, it is allowed to treat 
potential A, as if it were a c-number, if we are not intenested in the radiative 
correction to the 7 instability of neutral meson. Consequently, according to the 
well known formula for U-!TU (T being some general operator) 


fice fea 
(B(x) [B(X), Th] 7) 


U'TU=33 ( 


n=v 
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(where B=[¢" t 7i¢] A), 


7 (ac, j eke \ "FC S(X— XO) (7AM) + x 


U-9U= 3» (= 


n=0 


S(XO— XE) (yA“?) oe S(XO-O— XM) (yA™) gy™ i -8) 


Ch1 
U9tU= 3 oe a) fac fac { dCn.o*™ (yA) S(XP-—XOM) x 
ste — X69) FAS) (A) SCX —X), (1-9) 
where we have used the commutation relation 


[e's Pole Spe (XX) =— (78-¥)pa A(X-2), (1-10) 


4(x) being the Jordan-Pauli’s delta function for proton field. (x being the 
reciprocal compton wave length of the proton.) The vacuum expectation value 
for the expression [¢*, ¢,] can be constructed ; 


(E¢e" 1 $s) = Ste (X¥—X") (1-11) 


By virtue of (1-8), (1-9) and (1-11), the vacuum expectation value of 
U-'[g*Le]|U becomes 


(UU [e' Lg] U) =D (v" Lew (1-12) 


5 n Te Cc a 
where (g'Z¢)a=+4 (2) BO (fac.-{ aC) (facy--| acy) x 
s (stel=n 


Sp { S(X— wen) (7AM) SCX KO) (yA) SO CXO— Xe) (yA) x 
SCXOO— XE-Y) .2 (FAM) S(X° —X) Pe 


Following Schwinger’s procedure, we introduce the relation ; 
Cet +0 
j dc=—| (Lte(X9-? —XM)) dx, 
+0 
where e(4)=+1, according as % $0, noting that \ dX can be discarded, 


since we are not interested in the real yk in the intermediate state. Accord- 


ingly, when jac, is replaced by er e( XI? — XD) dX, we obtain 


(le? LeDa=+ 5 (SE) 3B [axe.-dx Sp{S(X-X®) (7A) x 


2 hc / G=0...n)J — 
(7A) so (XM— XD) (yAe) SCXOR EP) -++ (7A) S(X— X)L} 
(1-13) 
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aay ee $ e ; e 
where S(X)=—- e(X) S(X). Evidently ([¢* Z¢]), will cause the n-quanta 


disintegration of neutral meson. Before carrying through the evaluation of (1-13) 
we will now derive some general properties of the expression (1-13). (A) Here 
we shall show the Furry’s theorem? in our formulation. For the proof of this 
theorem, the following property of spur will be necessary ; 


Sp { (yar) (yee) +++ ans) (Fan) | = SP (Ven) (7An-1) ++ (a2) (Tax) | CL 14) 


Applying lemma (1-14) to (1-13), and changing the integration variable x? 
into X“*!-», the integrand in (1-13) with z=2—z becomes 


Spi a A X) (7A) ---(7AM) S¥@ (X¥°—Xe) (7 AG?) ..- x 
S*(X™—X)L*}, (1-15) 


where 
S*(X)(S*(X)) =— (78+%)4(X) (4(X)) 
pI Sa e=+1 for L=1, 7s rou 
e=—1 for L=Figs Tis: (1-16) 


Noting the fact that spur of odd number of 7’s vanishes, it can be shown that 
for Z of product of even (odd) number of 7's, : 


(1-15) = +(# )e- (1-13), according as w=even or odd. (1-17) 


Combining (1-17) with (1-16), 

(1-15) = +69. (1-13) according as m=even or odd, and = +1 for LZ=1, 
Tiger Ti and eg=—1 for L=7,, 71; Thus, on addition of (1-15) and (1-13), we 
find the theorem; neutral meson with scalar, pseudoscalar or pseudovector coupl- 
ing cannot disintegrate into odd number of photons, while neutral meson with 
vector or tensor couplings cannot disintegrate into even number of photons. 

Further, the expression (1-13) has another two important properties ; (B) 
gauge invariance and (C)  ([g*7s7:¥])n=—2([o*rs¢])n and 3 ([e*7s¢])a=0. 
These facts are evident without any proof, if we remember that U [et Lg]U 
is regarded as the Heisenberg representation of [g*Zg] in the presence of un- 
quantized potential. But the direct proof of (B) and (C) shall be given for the 
terms of order é in (1-13), which are 


(Lp* ZeDe=— (4) J) dara Sp 19 KX VGAY) SHANA) 


SX =X) LA SX ANG A SRA) PAD SOL XL 
SLX Ae ye oO (74) YO .oPAs (1-18) 


8) W. H, Furry: Phys, Rev. 51, (1937) 125. 
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The proof runs as follpws ; 

(B) The gauge invariance, i-e., the expression (1-18) is invariant under the 
transformation As he Dehne (fA). (1-19) 


Inserting (1-19) into (1-18), the terms bilinear in / are 


bagchy ( ae )| os Pe AX" ap A af M Spi SO XX") 7jS(MU =X) HSL AKL 


>) he 


SEL") SCTE A DS a ADL 
+ SCR) 7 SON eK Nene a) (1-20) 


Integrating by parts, (L-20) becomes 


Bf a ( ) “lax aX" A a,” “ {" Sp { So (X— x" ) iui (A i xX”) S( y= Xx) 


= 5X" = YORUM = Wee at) 7) (+3(X"— X’) x 
SOC X) — SOX" —X") 6(X'—X))L} 
=1(£) [ax r—aaj a sp{S(X-# SAL (1:20/)* 
ic / J—@ 
+ S(X—X') 7,5°(X-X) £}. 


By integrating by parts again, 


ae L re SoC ah 4r__ Ar2 __ ea) oe . ‘Te. 
—( z )f A)? Sp { —S®(X— X’) LO(X'—X) 
4 0(X—X") SCX X) L}=0, (1-21) 


where we have utilized the relations (7d4+%) S(X¥-A’)=—0 (X—X") and 


S(X!— X) (8-4) = +0(X'—X). The terms linear in A cancel each other in 
the similar way. 

(C) The identity (C). We can verify identity 9; ([¢* m7.¢]) = —22([¢* 75 ¢])> 
Performing the differentiation 0; on the left-hand side we obtain 


+o 
v=o 


ee Ge 1 a Wad agers? S(x"— YX 
9: (Le* rere = 2 (Le 9])o- ay [aye AU SP GAN) SCX" — X) x 
“ “He ao 


(7A) (— 8 Xt XgSOU XN) SO He a ie 
BAPAC) SENN GA 0K eel) Toa eae) 
— SX’ 4) 7,0(X— 2"))}. | (1-22) 


The second term on the right of (1-22) becemes 


* See note added in proof (1). 
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<_) {ax Spi (7A) S(X’—X) (7A) 7 ¢75(74)) SO (XX) 


+ (7s(7A) + (7A)rs) S(X-X) (7A) SOCK" XY} 
which vanishes by the property of 7; that anticommutes with (74). We have thus 
established the required proof of the identity. 
§2. Evaluation of the Matrixelement. 


In this section we shall give only the outline of the evaluation of (1-18), 
since it can be carried out in the same method as was used by Schwinger in 
computing the anomalous magnetic moment of the electron. 


+ a te aan bene AO, Alten Vt yi eT 
(ly*Ze).=— (=) | axax AAPM XXX ee (2°) 
where 
Ky (E19) =Sp{S°(n) 7, 5(—8— 9) 1 SE) Lt SQ) 15S (-F-9) e SO)L 


+ S(9) 75S(—F=7) 7S &) L—-> SOQ) 7S (—E—9) HSPEL} (2-2) 


For easier calculation, we supplement the fourth term in (2-2), which is shown 
to be zero. Inserting in (2-2) 


Ky --525,| 4 d'R 2 galiryk—x) b&&D ta? m) 
(X) 3. ny a(t7k—x) 


|a| 
si 1 +0 j ; ; Sout os 
and Sy) = (@z)' | edo rk») Fhe ng eames (2-3) 
we obtain 
ae b c a 6b 
K, = Si deter ae (a ake) ee ee Ey 
#8 D= earn) Oe (Getta) et * Tat Tal ) 
exp {i (26) +i (Hn) +6 (2, E7) tia (B42) $id +e) Fic WE +H) | 
x Spi ri(i(7h)—*) LG (T) —¥) 14-7) —9) I (2-4) 
By making the substitution 
a py pe eT (2-5) 
abd 


noting that, as for new variable, 2=/=0, and using the identity 


(4+ DGS A 
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(2-4) can be simplified as follows 
b c até 
dadbdcd'hd'h' d Lats )( rp -\x 
Ay = Fare Kab lal 1él/ el la+él 


; 2ab (ZR) ZAt ORY 
atbob+c 


Spirit, BB! —P) —*) LG, HB! —P)—2) 7-1, B+ P) —*)j, 
(2-6) 


exp {i(4€) +2 (#y) +7(a4+ b+c)(#? +2) — 


ah + Ok 
atbé+c 
v, and w by means of 


where P= Integrating over #’, and introducing the new variables 7, 


ae. uw (1+v), eee uz (1—v), and ie a (u—1) w (2-7) 
2x? 22 x 


we obtain 


eee +1 c) +0 my Bl) ns 
Ky, €,9) = aoe adhd" ee al a {au | ae iw {e- F> o-em fy 


[2 Spt A= P)—2) LG BP) 1 —1P—)| 


x | | 
1 


1 . = 
ae cay ie SPitetulieis\ bs 2) sha Tee ap ag 
es) 
~27.L 6 #-P)—*) 1) (2-8) 
where 
pa l+v bi l-v py 
Qu Qu 


Integrating over w, according to 


+0 . M 
| an dw emt 2, and (= ae e“7 — —2 log | a| +2{" £05 £08: dw (2-9) 
a w 


o | ze 


(2-8) becomes 


Ke, anes | aade grmssen a dy (= di [ 1 oy 
(FE n)= (Qn Gane get Ves a 1 2 Bs eS a_ ) x 


, tees ; A 2 /ta t 
Sp A= P) =) LG HP) —9) iin 


TW 
f } ee 
log ( a — A) | Sp {-= ti tp Lt ifyl—7P—)) 


Wir, =P) 2) Lr CG. XP») 1 |. (2-10) 
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oe 
er a ‘ cos 7 “ ; 
The divergent term \ ——— dw appears in the second term of (2-10). However, 
pigegh 
the coefficient of this term can be shown to vanish. For Z=1 and jy, the 
proof is trivial, since spur, following the divergent term, vanishes. For L=7j, 
; 1 3 ; , : : 
evaluation of spur vields the factor —  deegeoe which vanishes on integration 
ti au ye 
over wz. It is to be emphasized that we have the convergent result without any 
recourse to mass or charge renormalization. 


From the computation of spur in (2-10), the final expression for ([e*Le])> 


Os \2 +1 co 1/42 
a: fae 1, (e*¢])o= = of (=e } (ae | #4) _ A+ - Ly = - —X 
Bae he) — aewienige | 9 a w’—[](1—@) /4% 
(/ Peo? OP ss 2 L—o 2) 
(a I BEE oP [ee NP Ys be 2-11 
1( 2? ) 2 + ( ca 2° Je ) | ( ) 


where 4;3,0,4; that appears at first sight, vanishes on integration ; 


4 1 Pu is ene lorik 
for L=Fizs (era D= ae (GG) le) ee ea 


1: 2 10° eyed G52) 


9 => 4 E (kr) / -2 
— ee at Se (O2 F,9,F3.) = Hsia ip 
2° — [_](1—2”) /4x chet sl 2 wo} 
7 
(3 9,(3,4,) Fy) : (@-12) 
cyel. (4,9,k) ] 


where 7ij:—7s7s and (z7/) assumes (324), (134), (214), (123) as s runs from 
lL to 4; 
and for L=rwu=7s 


ig nese (Ge) sea lant meee , Se 
- 


(Fo Fas + Fos Fig + Fe, Fa). (2-13) 


Here we have introduced the field intensity 7i;=0;A,— 0,4,. We see that non- 
gauge covariant terms of the type A? and (A,F,) still survive in the expression 
([e* gv], and ([y*7ing])2, which is the serious contradiction to the assertion of 
§1 (B) that ([y*Ze])2 should be gauge covariant. This circumstance is similar 
to that of the photon self energy. We think that these inconsistent results arise 
from the pathological charactor of Jordan-Pauli’s delta function. If any prescrip- 
tion for the correct treatment of this singular function could be found in the 
future, oar nou-gauge covariant terms would vanish, with the photon self-energy. 
The further test on our results is provided by examining whether our results 
satisfy the identity 90, (lo'rs7P)2=—22(Le ne))2- From (2-12), we obtain 


*) >} Fe 9: Fjx= — 0: (P34 + 7%) Post FoF), where J is defined by 75 Yi=Tigr- 
cyel. (jk) 
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0; (Le* rs 129])o= pe (e* rie )2 


(Lt9,k) 
= % f+1 oe Ee, /Ax?( | ary ‘ j 
= het) (tt age 
Laie es adi we 2" #OF-L_JU—r)/46) 
(Fa kost fy loct Fal), CATES 
where we have used the identities 
Sey ee Lae 22 (Fa + Fi Fy + Pag Fe). 
(, igk) > aon 3,4) 
Opa Op (Oyc4e) fo =(0 


(Z,igk) evel. (4,J.4c) 
and 


Oy \a bel eae Fy} = 3a 1(— 01) (Fe Fut Fs Fat liek) | 


(Zi gk) cyel, (é,9,4) 
—[](Fo, ‘ah, Fut lyf). 


Comparing (2-14) with (2-13) we see that identity does not hold ; we obtain 
a very puzzling results that the identity docs not hold between the first term in 
(2-13) and the corresponding term in (2-14), though it holds for the terms of 
higher order in expansion of [(]/zx. Probably this is regarded as due_to the 
same cause which leads to the nongauge-covariant result. In the future theory, 


in which gauge covariance and. 3, (Letrs7ri:¢|)o=—2% ((e'i¢)})2 hold Sine 


ously, the first term in (2-15) might neeed since such a term as (of 


Fy, Fiy+ Fu Fo) cannot be deduced from 1 0, ({@*ringe|)2 in the eae a 
, F (L,%gjk) 
STA:Fy in ([e*ving))e. Therefore, in the present state of theory, we fail to 


give the unique life-time for neutral meson. So we shall give in the following 
two kinds of life-time, according as whether the first terms in (2-11), @-12) 
and (2-13) are retained or not. The matrix-element for two-quanta disintegra- 
tion of meutral meson reads as follows ; for scalar meson 


ed eva) ad Ghar as) 


for pseudoscalar meson with pseudovector and pseudoscalar couplings 


1 = 
exter 330; 1 (ee ALP, ae - Fi,F x), (2-16) 


(L, 7h) 2 bets jie 3x me 
eqel, (é.9,%) 
and 
| ag yz a : 
ae ay Seen ETE " is roalh; 5 9 2- 
5a (ged (4-5 I) VF cctisHin Fut Het dd es Va 


It is interesting to remark that the first terms in (2-15) and (2-16) do not 
agree with the result by perturbation theoretic calculation, while the secondterms 


(*) >} means the sum over (1,824), (2,134), (3,214), and (4,122). 
(,7,j 4) 


(**) See note added in proof (2). 
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; ‘ i r é Ft el 
in (2-15) and (2-16), and the first term in (2-17) also follow from perturba- 
tion theory. The perturbation theoretic results corresponding to the first terms 
in (2-15) and (2-16), which are derived by the special choice of the integration 


° 


: \fl (4’—A}) and 


1 Pp; * r 
= ( = ) f Orie; 2a 1A, (05,9; Ap— 8, 8,.4;) — A: Py is} 


he (2,4j7k)  cyel. (4,5, k) 


are 
Jae 


; x 
Variables, are ——— ( 


Lp ee 
ese 


Table: The life time of the neutral moson. 


i Il Expression for the life time 
Meson Coupling | birst term, First term | = mete oa oa; = 
| retained discarded | I | II 
= _ — —— ———_ — + = => Saeed» Sef ee 
: : | 1.1% 10-185 —| AO ty, sh eels /uttia\= i Oi 7 one 
Scalar Seal: 78 4 Wotan ( ) he =a ( oe ( 
sapien (1:7 x 10-7 (2-1 x 10°") agi i Mi Pas as Ta ) as 
Pseudo- Pseudo- | 0.9 x10 -16 1x 10-4 | ‘ah - 1s ( x 4 o 
scalar =| scalar | (0.6% 10-18) | (18x 10-9) | ieee TON Gy ) 2 
ean Re = ae: res = Sto  . ay 
Pseudo- Pseudo- | 8.4 «10-16 Tx 1Q-1 | oo - 18 ( x ‘ 
sealar vector (p60 10st) ) S CissclOst) | a “aale: eu 
Pseudo- Pseudo- | | 
yector / vector { #3 ie | i 


{ i 
1 
\ 


2x 


falte—fip, [r= 0.05, and f2f%e—(=% ) x 0.05 5 meson mass=200 (200) r.5 


ft 
nf aw\-| We 1 
conte (Se) (Gr) ge? 
{ <4 c 


The three quanta disintegration of neutral meson, which has not been 
The delailed account will 


where 


touched here, can be evaluated in the similar way. 
be published in the following paper. The rather long life of neutral meson, given 
in table suggests that the 7-decay of neutral mesons can not be the agency of 
extensive air shower,” and may greatly influence the interpretation of mixed 
showers. Further 7 — 3z decay which has recently been discovered by Powell” 
et al, will probably be of the same mechanism as 7-decay of neutral meson. The 
life of c-meson may be less than .LOT" seo because the length ef its track in 


photographic emulsion is at least 30002, Such a value of life can only be derived 


from our procedure. 
Further considerations on this problem will be treated in the following paper. 
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We have investigated the mathematical foundation of the indennite metric 


which was discussed by P.A.M. Dirac” and by W. Pauli”, then seen that their 
method is the only one which the total energy has a diagonal form concerning 
the numbers of positive and negative energy oscillators. 


(1) Hilbert Space with Indefinite Metric. 


(a) Our space of quantum state is that of indefinite metric. 
(b) Definition of the metric 
We define the innerproduct for any two vectors f and g by 


<fig>=(f 19), (1) 


where the symbol (,) in the right-hand side means the usual innerproduct 
of the Hilbert space ). And 7 is a bounded linear operator on . Thus 
follow 


<fit+hi g> = <f, g>+<f. g>>, 
<f.94+92>=<hU>+<hG>; 
Of, g> =a<f,.g> (2) 
and 
<f, Pg> =8<fg>, 


where a, f are scalars and # is the conjugate complex to 7, so that <f, g> 
also has the character of the innerproduct of © From the requirement that the 
normalization </, f> is real, we have 


Os (3) 
here the symbol + means hermitic conjugate. 
(c) Decomposition of the space 
We assume that the operator 7) is represented by 


n=1-P, (4) 


where FP is a projection operator which has characters P*=P and P°=P, and 
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Ta unit operator. Then it follows 
F=f wh, Bay (5) 
If the operator P projects an element of whole space H to its subspace 
37> | Oe \ 4 - ry 3 
R_(<f, f> <9), the operator projecting to the subspace R,(</f,f>>9) is 
civen by (Z—P). That is, a element of #_ is given by fL=WPf, and a element 
\ Hi } } ; 
of RR, by f,=(I-—P)f, so that any vector f may be decomposed into the 
direct sum 
f=f. +f.. (6) 
We show the structure of this space schematically by the Fig. 1 and Fig. 2. 


s 


cur— > G&ipsc> 


ai 


Lf p>) 0 <j Ff 2e=0 


<4 >= —| const | 


Fig. 1. Pictured three dimensionally. Vig. 2. Piclurcd two dimensionally. 
The line <f, f>=0 is as if the 
lightpath of the special relativity, 
(d) Operator 
The operator corresponding to an observable must be “ self-adjoint ” 


A*¥=7'A'NQ=NA*)n=A. (7) 


This is the generalization of the hermitic conjugate operator in the positive definite 
Hilbert space, and then the self-adjoint Hamiltonian HZ conserves the normaliza- 


tion <y, ¢> in accordance with the equation 


2 HY. (8) 
The expectation value of an observable A is defined by 
<A> = <f, Af> =, 047). (9) 
Any operator U (self-adjoint or not) can be decomposed as follows 
U=U,,+U,_4+ U_,4+ U_, (10) 


where 
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U,,=(I-P)U(I-P), 
U.-=BUP, (11) 
U,_=(1—P) UP, 
U_,=PU(I-P), 
then we have 
<U,.f, U..f> =\G—P) 0G —P)fr- \P>O (12) 
and 
<U,_f, Us-f> =|\(I—P) UPF. |f>0, (13) 


so that U,, and U,_ are the operators which always transform a vector into 
the subspace #,, U,, operated on f eliminates its f. part, and U,_ operated 
on f eliminates its f, part. Further ‘ 

<U__f, U_f>=—|| PUPf_|? <0 (14) 
and 

<U_.f, U_.f> =—| PUA Pf. IF <0, (13) 
which show that U__ and U_, are the operators always transforming a vector 
into the subspace F2_; U__ operated on f eliminates its J, part) “aad ~U_s 
operated on f eliminates its f_ pait. 

Now putting 


Ue Urs (16) 
and 
iat Ue = Ue, (17) 
we obtain 
(U,)*=(U,)'n= (U*),=0,*=U,, (18) 
and 
(U_)*=7(U_)'n= (U*)_=U*=—U. (19) 
If the operator U is sclf-adjoint, we have 
Ut, =U. =U, (18’) 
and 
O_*¥=— U_= Us. (19’) 


namely U, is a hermitic operator and U_ anti-hermitic operator. From (18) 
and (19), it follows respectively for any operator 


nU,*=U,*n and 1U_*=—U_*”. (20) 
Especially for the self-adjoint operator U, we have 
nU,=U,n and nU_=—U_Y. (20’) 
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(Il) Harmonic Oscillator. 


We consider a harmonic oscillator in this indefinite metric space and show 
the relation to Dirac’s method. We can describe a oscillator system in suitable 
unites by two variables 7, g satisfying the commutation relation 


(A, gl=1, (21) 


and by the Hamiltonian 
1 me eS 
ead (P+7)- (22) 


The # and gq are self-adjoint operators, and we can decompose these operators 
respectively 

p=0.+p- and g=y.+9-5 (23) 
here fp, and g, are hermitic operators having the character (18’) or (20’), and 
f-»q- anti-hermitic operators having the character (19’) or 20’). 

Considering a harmonic oscillator consistently with the decomposition of the 
operator in this indefinite metric Hilbert space, we must decompose the Hamil- 
tonian (22) into the hermitian and the anti-hermitian by the decomposition 
of (23). But inserting the expression (23) into (22), as is easily known, the 
cross term £,f_ or gsg- appears. We can not get a diagonal form of the 
Hamiltonian concerning the number of positive energy oscillator and negative 
owing to these cross terms. 

So, considering a harmonic oscillator hereafter, we always take as Dirac’s 
method, at the same time, two systems given by 


H,=+ (~. 49%) and H=— (porge); (24) 


then assume that total energy Hf is given by 
H=H,+H.. (25) 


Transforming ~, g to the new variables z, a* by 


has (u,, +ut), Naty (1,15 (26) 
and 
p= 75 (u_+ux), g-= “FR (u_—w2), 27) 


we have commutation relations as follows 


i [p+ g+l=[4, 4], i[p-,¢-J=—[*> “=, (28) 


i [Por a= A Deeg D+ LE ee] + oe 1+ es 29) 
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and 
ro idm pa es a Lake, wl) ee, u,|—[u., ¢]—Lee, or be (30) 


Here the operator z, and _ (not self-adjoint) has the-character (18) and (19) 
respectively, and is decomposed in the sence of (16) and (17) 


y=Uy,tu_. and wl=u,_+U_4, (oi) 


by the operators #44, %-, #-- and #_, having the characters (12), (13), (14) 
and (15). 

Now we assume that the state of this system is described by the wave 
function @(N,, N_), here W,, N_ has respectively values 0, 1, 2, 3, ---, and that 
the operators #,,, u.-, ¥_, and #,_ operated on the ¢(N,,N_) are given as 


follows 
4.,9(N,,2N_) =VN,$(N,—1,20_), 
u__$ (N,,2N_+1)=VN,9(N,—1,2N_4+1), (32) 
uw. $(N,,2N_) = —V2N_¢(N,,2N_—1) 

and 


u,-9(N,,2N_4+1) =—V2N_4+1 9(N,,2N_) 


na 
then the adjoint-operators mean emission. As is shown above, each operator is 
distinguished by the state being odd or even of DW. 

Consequently one finds easily for the operator # 


u,9(N,, N_) = wa, $(N,—1, Nu)s 
ui 6(N,, N_) =VNi4+1 $(N, +1, N), 


u_$(N,, N_)=—~N_ $(N,, N_—1) (33) 
and 
ui g(N,, N.)=—V N41 6(N,, N41), 
fore iL, It 
H,= +. (atu, +e =N,4+2 3 
+ 5 by OE 4. + y= te (34) 
and 


jie : 
H_=— (win +u_ut)=—(N_+ ), (35) 


1 
2 
for the commutation relation 


i(p.; q+ |=2 [eos g-J=1 (36) 


—_ 
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and 


t[f+,9-]=t[A-, 94]=0. (37) 

Thus N_ is the number of negative energy oscillator, so the state having 
even numbers of negative energy oscillator is the vector of subspace #, and the 
state having odd numbers the vector of subspace #_. The positive energy 
system and the negative, do not influence each other, and construct one system 
consistently. Starting from the Hamiltonian (22), we can get the commutation 
relations (36) and (37) by setting (32) or (33) for the operator #, but can not 
get a diagonal form for the total energy. Further we have the matrix repre- 
sentation ° 


(N,, N_| 0) W,', NW’) =(—1)*-0y, 9418 wr (38) 
from the condition for 7 
NQes=UutNn and Auk*=—u*yN. 


These results are identical with Dirac’s and Pauli’s one. 
We are much indebted to Prof. T. Muto and Prof. M. Nogami for their 
critical discussions on this work. 
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The Half-Life of Radioactive Decay 
of Free Neutron 


Naomi Shoéno and Hitoshi Hagihara 
Institute of Theoretical Physics, 
Kyushu. University. 


May 15, 1949 


Recently an experiment” was done in Ame- 
rica, which is the measurement of the hall- 
life of radioactive decay of free neutron. 
Assuming that the beta-decay is Yukawa's 
type, this process can be calculated mediating 
a m-meson as follows 


N->P+xn- n-+v-e, 
or 


yoe tart rtt+N>P. (1) 


And we must add the direct interaction” 
between the nucleon and light particles on 
this indirect interaction. 

The transition probability per unit time 
is given by 


w= 2% pyo| Hy |? 3 (Ex-Es). (2) 


A) The case that the mediating meson 
is charged scalar. 


We proceed the calculation 
the assumption that the wave length of light 
particles is longer as 1/*,=%/y,c, here ps is 
the mass of meson emitted in the interme- 
diate state. 

We have the interaction energy between 
the nucleon and light particles as follows: 


standing on 


Anf -f’ 2 ‘ 
A= — APS (p58 Ory VERO Vr dv, (3) 


where f,f’ is respectively the coupling con- 
stant of meson with the nucleon and light 
particles, of charge dimension, and p, pn, P, 


and P, indicate respectively the electron, 
neutrino, proton, and the neutron ; especially 
Ym is the wave function of negative energy 
state. 

Taking the wave function of free particle 
for these particles, one has for expression 
(3) as follows : 


H,°= Fe zs ie © {up pOuw,}{U: 7p Upo}. 


(4) 


We average | H;°|? with respect to the 
spin orientation by taking 


ua Het Be tig ont Fin 
= TEpidt ie. Peicmee one 

Hp+Ep Hrot Ero 
U, 9 En Up, Up,= a 1 


(6) 


then have 


= 2 op. 28 (LL 1 
ae ( 7) y- E,|E,JEr* Ere 
% {Ene | Eml-+e?(ppn) — (me?) (nnne?)} 


x {Ep+ Ep,— (PP) + (Mye*) (Me’)}. 


(7) 


Assuming the neutron is at rest, the state 


density of final state is given by 


E > Vv 
pr= (Fae) Pope dy 
a SRN er ae eee 
P| Ey,|+{e2P+e(pP)/P}E, 
epPE,E, , ; 2 
x (Onike)® dQ,dQp-dE,-V*. (8) 
Consequently the transition probability per 
unit time, which an electron having the 
energy dE, in the interval (Fy, E,+dE,) is 
emitted, is given by 
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7 Ep 


“dE, Xx 


x 
ru Ep(Ep+|Ep_| +e? p?— me*+mac®) —e? P?(Ep+| Fm lI} 


PUE,}d = 22h Ue \. pP (Fr Mae’) 


2p PEp 


x log 


Neglecting the energy of neutrino, the second 
term drops by the fact: lim nlog + =0. 
0 


. a a a . 
Finally the total transition probability is 


given, ah assuming Caras as follows: 
4 ie | 
+ =( r). (= (10) 
where 
1 8 M nc?— M2 


= Oh coho! { (e@—mie"?-de. 
mea 
B) The case that the mediating meson 
is pseudoscalar. 
We subtract the 


origin from 
> 
(o grad®)(a® grad) e~*7+-"/r, 


then the interaction energy is given by 


0-like function term in the 


re TS) > > 
H+ = — nit j Pia Gpye VEO V pd. 
K Bx ne" 
(11) 
~ Calculating equally as the case (A) here- 


after, we get the total transition probability 
as follows 


+ -(h By py 


This result dose not correspond to the 
Nelson's calculation» contrary to our expec- 
tion. 

C) The case that the mediating meson 
is vector. 

Giving the interaction energy between the 
neutron and light particles 


Ay = a dv [(9:9'1) 23 0un? VEY ro 


(12) 


a (4292) $284 m2 FIBOOY re 
(13) 


2 P*(Ep+ | Enq|)+e°pPEp 
eP*(Ept | Ep,|)—epPEr 


(9) 


the proper time is given, in the case B®=1, 


by 
2 ie gs" ye). (25°) x 


aa }- qs ray 


(14) 
and, in the ease remaining p™, by 


tT) he 


~(£ Pave ") (15) 


D) The case that the mediating meson 
is pseudovector. 
Giving the interaction energy 


Hype Sk, 
x - 


pu 


ee eS 
dy} ~3 (91:9'1) Peo Pans 
V5 V p+ = (792) PHB yy 


> 
WEBMGM V roy (16) 


the proper time is given reasonablly in spite 
of containing B® in this energy as the case 


(C) io 
141s (4\(¥) 


(GE) 

3 tie J\ tie 7)° 

We calculated this problem in the appro- 

ximation: |p|<J| P|, so that it is incorrect 

to put: B®e&1, and the vector theory is 

not reasonable. 

Giving the mass of meson 313 electron 

masses, we have 


+ _99 10% 
Lad 


(17) 


(18) 


so that the proper time of free neutron is 
29 minutes in the case of pseudoscalar by 


taking, for putting right the calculation to 


the experiment,“ the coupling constant as 
(19) 


But then the proper time of spontaneous 
decay of m-meson to light particies is given 
by 


t (x +e, v) = 6.5x10-" seconds. (20) 


This is wrong on the standpoint of m and 
“ mesons, because the decay of m-meson to 
yemeson 1s difficult. 

We are grateful to Dr. Nakamura and Dr. 
Taketani for their kind advice. 
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On the Eigenvalue Preblem of 
Hydrogen 


G. Araki. 


Department of Industriaé Chemistry, 
Kyoto University 


May 24, 1949 


The behaviour of the fundamental system 
of solutions of the radial equation in the 
vicinity of the origin of the Coulomb field 
due to a point charge Z placed at the origin 
was examined in a letter’? submitted to this 
section. But the discussion was incomplete 
and never satisfactory for solving the eigen- 
value problem of the Hamiltonian H of this 
system. Therefore the supplementary account 
will be given in the following. 

The above mentioned fundamental system 
for a negative value of energy is given by 
R, and #,. (Notations and units are the 
same as those in A). In the vicinity of 
the origin they behave as 
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R,(r)cor’, BR, {r)eor “240 Ch) 
where ZL is the azimuthal quantum number. 
The asymptotic solution of the radial equa- 
tion is given by r*~te-®r or r-A~?9*™ where 
c=) —2E. {=Z]e and E is energy. There- 
fore another fundamental system of solutions 
is given by R, and R, where they asympio- 
tically behave as 

R;(r) coprat a7", R,f(r} cop ant et (2) 
The general solution of the radial equation 
is represented as follows : 

R(r) =a Fk, (er) +bR,(r) =cR;(r} +d Bir) (3) 

In order to examine the quadratic integra- 
bility of the radial function R we shall dis- 
tinguish two cases: (a)& is equal to a 
positive integer and larger than LZ; (b) the 
previous condition is not satisfied. 

Case (a). R, must contain FR, because 
R, and R, are linearly independent and F, 
does not contain R,.” Therefore if 6 is 
different from zero R necessarily contains 
R,, and # is not quadratically . integrable 
because of the asymptotic behaviour given by 
(2). Consequently R, oniy is quadratically 
integrable. 

Case (b). If Z is.positive and & is diffe- 
rent from zero F is not quadratically in- 
tegrable owing to (1). Therefore there is no 
quadratically integrable solution in case of a 
positive L because R, contains R,. If LZ 
is equal to zero Ry is quadratically integrable 
because R., behaves as r~ in the vicinity of 
the origin (R, is given by R with c=1 and 
d=(, and in this case R, necessarily con- 
tains R, because R, contains A;), but R; 
can not all be eigenfunctions of H because 
the point spectrum of a Hermitian operator 
is at most an enumerable set.» In fact, all 
solutions involving 4, do not belong to the 
domain of H.® 

Thus we find that in case (b) the quadratic 
integrability can not exclude a non-eigenfunc- 
tion RA, which contains R, though R, itself 
can be ruled out by the quadratic integra- 
bility in both cases (a) and (b) as was 
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pointed out in A™. This important fact was 


overlooked in A, and an incorrect expression 
was given in a later letter.» 


1) G. Araki; Prog. Theor. Phys, 3 (1948), 97. 
This will be referred to as A. 

2) Wi. Bethe; QWlandb. ker Phys., 24/1 (1983), 
277. 

EK. C. Kemble, The Figidamental Principle of 

Quantum Mechanics (1937), p. 159. 

3) M.1Ti. Stone, Linear Transformation in Hilbert 
Yface (1932), p. 142. 

4) W. Panli: Handb. der Phys. (Geiger-Scheel), 
24/1 (1933), 124. 

5) G. Araki; Prog. Theor. Phys., 3 (1948), 446. 


An Improvement on the Integrations 
appearing in Perturbation Theory. 


H. Umezawa and R. Kawabe. 


Institute of Theoretical Physics, 
Nagoya University. 


June 2, 1949 


The customary perturbation calculation is 
not only ambiguous as to its relativistic 
covariance, but often actually gives results 
evidently destroying the relativistic covariance. 
This can be seen for instance, from the fact, 
indicated by Pais” and others, that a result 
with the transformation property of mass 
cannot be obtained from perturbation calcula- 
tions for the self-energy of a moving electron 
due to an electromagnetic field. But, since 
the system of quantum field theory is of a 
relativistically invariant structure, it must be 
concluded that the cause of the failare of 
relativistic covariancy lay in the process of 
the usual perturbation calculations. We intend 
to propose a method to remedy tnis defect 
of perturbation calculation. 

We shall confine the following arguments 
to calculations in the momentum space. We 
consider the case when two particles 1 and 
2 are created in the intermediate state, and 


denote there momentum-energy four-vectors 


7 


by PU=(PY, Ep) and P?=(P, Ep) 
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respectively. Then, an integral of the follow- 
ing form occurs in the perturbation calcula- 
tion : 


\\z (P®, P®) dp? dp® (1) 


where F(P®, P®) is a certain function of 
P™ and P®, Owing to the momentum 
conservation law, (1) can be rewritten as 


)G (Po) dP (2) 


Hitherto, the method has been employed of 
iaking a sphere as the: integration domain 
for P™ in (2) and making its radius tend 
to infinity. This method destroys the reia- 
tivistic covariance in the following two ways. 
(i) A sphere is not a relativistically invariant 
domain (ii) A momentum-conservation rela- 
tion among particles which do not satisfy 
the energy conservation law is not a relativis- 
tically invariant relation. 

(a) In order to remove the difficulty (1), 
an integration domain must be prescribed 
for the integral (1). 

(b) In order to remove the difficulty. (1), 
the sphere must be replaced by a domain 
enclosed by a surface on which the momen- 
tum-space scalar quantity ww takes a constant 
value. (c) Furthermore, we place the condi- 
tion that the above domain becomes a 
momentum-space sphere when referred to a 
appropriate system of coordinates. 

As the four dimensional scalar quantity w, 
we may take the four dimensional scalar 
product of the momentum energy four-vectors 
(P, P®). 

The actual method of calculation 
follow; we perform the transformation of 
variables | P®|—»w in the integral (2), re- 
writing it as an integration for w, We may 
next set the hounds of the integration domain 
at w=a, b (constants) under the condition (a). 
The values of a@ and & are determined by 


is, as 


In seneral, when there 
,2 in the intermediate 


the condition (c). 
are n particles 1, -.. 
state, the following (n—1) scalar quantitics 
must be employed : 


3b Lethirs to the 


pha (Po, PID) ren Tox: Le) 


It can be ascertained, by aeiual calculation 
that 
correct. relativistic covariance can be obtained 
by applying this 
Detailed 


thus Obtamed will be given elsewhere. 


in Various problems, results having the 


method to perturbation 


theory. reports of various results 


1) Pais; Verh, Ac. Amsterdam. Vol: 19,, 1947. 


General Formulae appearing in the 
Provlem of the Vacuum 
Polarization. 
hhawabe. 
Institute of Theoretical Phiystes, 
Nagoya Critversay. 


Il. Umezawa and kK. 


June 2, 1949. 


formulae for various 


quantities appearing in the 


We obtained general 
problem of the 
the 
Perturbation 
calculations were performed in the interaction 


vacuum polarization, independentiy of 


nature of the charged particles. 


representation”, 
Tet ga be the state veetor for the state A 
in which the 


free charged particle (¢) is. 


According to perturbation calculations 


Pa=Poat ep tego (1) 
The current <d./—- induced by J is given 
by 
<O0F >= P3(X) J (A) Gal ¥) 
—PEACX) TN Pot Y)— oA CV) pene, (2) 
Here <(J(X Vo vac, 18s the current ‘induced 


in vacuum. [aking only that part of d/ 


which is proportional to e*, and using the 
continuity equation to simplify the expression, 
we attive, after 
following form : 


os—\Il {fis HF) = + (fl)-+6.(0)} 
X (68 O(N7)) e; 


some calculations, at the 


+ (FU) +f (ed (X)) e 
+ (FO APS 1D) HOCK’) 


ss) 


EX Vy 


x (e, LA elf) 5 (3) 


Ladi tos 
fii(4 
2(ih p Lane page 2 
ie ae Seg ae gn), 
es Wiiboe. [i -2EgE Ep : a 
AG) 7 
—AM p é +h ype as 
RE 2 pel. 
pes hia pe E py me aa 
f3(4) | 
AME pf +Epy 49 f 
=) 7A ( 33 
plPEp, Ce 
* | 
es Pte ee. | 
f2(0) 
2( hp i + Ep+_t ) 
2a - ga(?), 
Pll Hep eda tT Bae 7 F} 
faite 
2(1 p 7 gdp lags \ £) (5) 
eae 2 2 
Pld pietilie A Loe oy Fis 
L| Rr 
eno Ct pee UB Ee i 
f= CHOW), (6) 


Ch 


gt) = “pA Nae: 


(rR 


. 1 Py 
JO) Pi ee 9 ) 


+ end: eT vac.), (7) 


2. 
gel’) z= (vac. | 9” jevac)5 (8) 
have, = af +, JI xe, Joe 
yeooe po” ee 
, 


{J]: D'Alembertian. 


For the charged particle (v) produced in the 
intermediate state, we write irrespective of its 
nature, Jy(=(.7%, p). 

As the result of calculations, 
the relations 


F=f, fl=fs'(C 


hold whe (v) is a Fermi, ae or vector 


we find that 
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‘charged particle. The part dJ, of 0/ which 


is proportional to f.{/) can be perfect! 
amalgamated into J, so we call it the 
“charge renormalization term” (c.r.). It can 


that f,(/) have 
* independent on the nature of the par- 
(vy). The part 6/, of @J proportional 
to f,(2) cannot be amalgamated into J‘ 
because it the [J]. Consequently, 
this should be observable, so we call it the 
“ observed current term ’ (0.c.) 

The relations (6) allow us to draw the 
If » is the order of 
divergence of the self-energy of the photon 
due to eH,, Olean Mods 
are w=2 and n=4 respectively. Since n=2 
for Fermi and scalar charged particies, éJ, 
while dd; 


be seen from (6), the sign 


ws 


ticle 


involves 


following conclusions. 


then those of 


diverges logarithmically remains 


finite. For vector charged particles, where 
n=4, OJ, diverges quadratically, and dd; 


logarithmically. Since the (0.c.) 04, cannot 


be amalgamated, it seems to be a fresh 
source of difficulty that this diverges. 
Calculations of (6) for various | particles 


will be reported in a separate paper. 


1) S. Tomonaga ; Theor. Phys. 1 (1946), 


or 
aie 


Prog. 


J. Schwinger: Phys. Rev. 74 (1948), 1459. 


Vacuum Polarization due to Various 
Charged Particles. 


Kawabe. 


H. Umezawa and R. 
Institute of Theoretical Physicx, 
Nayoya Unaversity. 


June 2, 1949. 


We previously obtained general formulae 
appearing in vacuum polarization indepen- 
dently of the type of charged particles”. In 
this note, we perform calculations, applying 
these formulae to charged spinor, scalar and 
vector. fields. 

In order to carry out the integrations in 
| a relativistically invariant manner, we use the 


metnod described elsewhere.” That we 
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transform the variable p into a relativis- 
tically invariant quantity v, by 
(Mp Lips oy ye mi 
ee (gh gr ee yo = ee ek 
where Jt (Ep, ¢ are the enermes 
P= = I us a i Bi 


a ad 
of the pair of charged particles created in 


the intermediate state. The scalar product 
of the energy-momentum four-vectors of these 
particles is written as (p, p’). 

by the current J is 
au(N)= acne Ss 
LJ 


The current induced 


(+ fa(0) I} 6, JOON Ye, 


"(AD 4-fa'(Q) (eFOUN Ne (2) 
NI, ON Meer Od aL 


+ (fr 
+ ( fo’ (N) +5 (7. 


We consider the cases when the charged 
particle created in the intermediate state is a 
respectively 


spinor, scalar or vector particle 


(Spinor) fe’ Q=fs’ 
=—£ log Ap, pe)+5e/9m, (3) 
(Scalar) fo'(Q=fe’*(4) 
_— 7 log (2(p, pee) +e*/182, (4) 
(Vector) fe") =fe(4) 
=— 2 iog (pyre) 
+ © tog 2p, 220) ie 


are given by : 


fM), fs’ (4) 
AO) =fs°) 


(Spinor) 


9 Ane), da 
(Scalar) fs°( H=fs""( 
ele v'idv 
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(Vector) f,"(=fs’"(0) 
ey 1 yy! dy 
cal ~ 6rye hte C) ie *)} 
C ae re 
2 1 Ad 
Saat aa La} e 
ie 5 lis _ sea 71e? r}C 
STU 8 pF 360r 
17e? ie a> 
~ 16807u4 ites 


Tne self-energy of w=f,,()+f,2(/) of the 
photon @ is: 


(Spinor) w’=f, 


(2) +fis°(%) 
—- _ (pp) 28 | 
WwW f=f, (0) +fi2() 
2rq] : ' 
=+-37|-5 (pp')—-2'| 
w= fir O+fierG 
=+-5 [5 er)-A] ab 
Since aera f:Q=f2'(0, -as seen in 


equations (3) to (8), (2) becomes 
[ é i 
ar(x)=fffru 2 Fy feta 

+f:(0) 


The first of these terms may be thought of 
as due to an additional term 


(9) 
(Scalar) 
(10) 


(Vector) 


+ (fol?) 
v)| eit ACS} 


wie 20 pt ( ,X— XO q yt c 
\aay 4°06 dX’dl (18) 
in the Elamiltonian function. This is the 


mass-term of the photon. 

Observing the forms of (9), (11) the 
magnitude of (13) is seen to be proportional 
to the degree of freedom of the charged 
particle field, while the sign is “— ” fora 
Fermi field and “+” for a Bose field. If 
we assume the existence of 2, m and 7 Fermi 
scalar and vector fields respectively in the 
nature, it is in yeneral, possible to annul the 
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self-energy of the photon by placing the 
following relations : 


—2n+m+ 3=0 (i) 
n ™ Z 

— 23 p+ SP + 3a)" =0 Gi) 
g=1 4=1 = 


(where yt(i=leen), ps(i=le-m), g’(i=1 
---/) are the respective masses). 

However, the condition (fii) is not always 
necessary, since 4 is involved in the same 
form in the finite terms of w*, w*, w’. We 
need only take (p, p’)—2y° as the common 
variable for each particle. Since it is impos- 
sible to take a scalar variable not involving 
#, it is at the present stage, totally unknown 
what function of (p,p’) to take as the com- 
mon variable. 

As seen from (8), (4), 
perfectly amalgamated into J. This is not 
the case with f,(2) which involves the d’Alem- 
bertian (Q. The fact that this diverges. (8’) 
seems tO present a new difficulty to the 
Tomonaga-Schwinger theory. 


(5), f2(4) can be 


1) Ii. Umezawa anc k. Kawabe; Prog. Theor. 
Phys. 4 (1949) 368. 

2) H. Umezawa and R. Kawabe: 
Phys. 4 (1949) 367. 


Prog. Theor. 


The Self-Energy of a Dirac Particle 
and its Relativistic Covariance. 


R. Kawabe and H. Umezawa. 


Institute of Theoretical Physics, 
Nagoya University. 


June 2, 1949 


Hitherto, the electromagnetic self-energy 
of an electron in motion, when calculated 
directly by perturbation theory, did not as a 
whole show a relativistic covariance, so con- 
venient prescriptions have been taken.” 

But according to the prescription recently 


proposed by us, the self-energies of a Dirac 


particle due to an electromagnetic field and 
to a C-meson are both shown to possess just 
the transformation property of the mass term 


Ta. Lcd Baal 
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That is, lt We take 
3 (4, P—f =se (Ep t+? aa Epaweu 


where (¢, P—/) is the scalar product of the 
energy-momentum four-vectors of the two 
particles appearing in the intermediate slate, 
the electromagnetic self-energy of a Dirac 
particle ts 


re 1 1 
AES <p (ore 
ky 7, |" A ( ipiptt) Sip 


— ‘ 7 di 
Eve phinial xtaos Ue Pace 
é [ dl ts Cu 3n 
d eel Ep 27 


amet, a 
A erin ai: 


nnn 


x 


a 4 


where st is the proper mass of the Dirac 
particle. This result coincides with that of 
Schwinger? inclusive of the finite terms. 
The thiid term of the first expression be- 
comes, according to our method, an“ in- 
variant” term. and consequently Feynman's” 
arguments conceming this term and hence 
concerning the f-ficld (or the 
Also, the self-energy of a Dirac 


Y-meson) are 
not valid. 
particle due to a C-meson can be shown to 
possess the transformation property of the 
mass-term if we take 


EAU P—)+C=(Ep_yt =o paw 


where @ and x arc the momentum and mass of 


: 5 x 
Putting 0=—_, 


the C-meson, respectively. 
ds jt 


= pre 3 — 1 2 4 SP Pee 
Un Ep [ 4 log w+ = {1-8 +(d —60 ) log oO 


$3 (2A FA og (4-4) ], 8 >2 


In Ep 


46 (5°—4)/ 


If we place the condition® f?=2e and further put n=M (the proton mass), 


rs [ 3. log es {3+8 log 2} , o=2 


fies 3 — tae ye Sy 39 om 
pe log wt 4 {1-0 + (d'—60°) log ¢ 


A= LE + 


AF® gives the mass difference between proton and neutron. 


spa — CH [242+ (6! 06") log 848 (=A) VA—0" cosy 


An Ep 


This coincides with Pais® result when PO, 
and consequently it is insufficient to account 
for the mass-difference, and it must be sup- 
plemented by considering the contnbuuion 
of the meson fieid with the asymmetricity of 
the nuclear forces between like particles and 
unlike particles taken into account. So that, 
the problem of the mirror nucleus” must be 


scrutinied from this new point of view. 


1) V. Weisskopf 5 Phys Rev. 56, (1939) S15 A 
Pais, Verh. Kon. Ac. Amsterdam Vol. 19, 1947. 

2). J. Schwinger; Phys. Rtv. 79, (1949) 61. 

3) “R. P. Feynman ; Phys. Rev. 74, (1948) 1426, 


4) ©. Vara; Prog, Theor. Phys. 3, (1918) 1885 


A, Pais: Wc. 
5)) A. Pais;  l.c. 
6) A. S. Wightman; Phys. Rev. 72, (1947) AUT. 


A Preliminary Treatment of Nucleon 
Cascade. 


H. Kita and H. Hasegawa 
Physics Institute, Kyoto University 


June 8, 1949 


It is presumed that in high energy cosmic- 
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ray phenomena many high energy nucleons 
in addition to mesons are disrupted out from 
one air nucleus. Up to the present the hard 
component was often analysed under the 
assumption that primary protons lost a certain 
fraction of their energy by producing me- 
sons. However, if the above mentioned pro- 
cess occurs and disrupted nucleons again 
give rise to nuclear disintegrations, then the 
analysis must be treated in a different way 
from the above. 

As to the high energy nuclear disintegra- 
tion we have no detailed information. There- 
fore we assume the following points pheno- 
menologically ; the cross section of collision 
of a nucleon with air nucleus is @ per g/em’. 
Spectra of protons and neutrons which are 
disrupted forward, including the incident 
nucleon, are bE Ey", dE-*E,", where £, is 
the energy of the incident nucleon and E 
that of disrupted nucleons. In the case of 
air b=d. The effect of nucleons disrupted 
backward is neglected. Further we assum > 
that the energy fraction & is constant, then 
the following relations are obtained. 

ut—1, b+d=(2—) 4-7, 2 > ted. 
These with (II) reduce the number of para- 
meters from 6 to 2. 

Neglecting the energy loss except by 
nuclear processes, the following diffusion 
equations for P(E, x), N(E, x), the intensity 
of protons and neutrotis with energy E at 
the depth ag/em*, are obtained. 


OP(E, 2)/0x=—aP(E, 2) 
ab [Pe 2) +N (Ep, 2)}E-! yd Ep. 


Ek 
ON(E, x)/Oz= —aN(E, 2) 
+ad \ {P(Ey #)-+N( Ey, 2)}E-“ Ed By, 
Elk 
A particular solution 
P(E, 2) + ME, x) 
= E-texp[—a{1—(6+ d)k™-4/(r—t)}4] (1) 
is easilly obtained. We may take this as the 
solution, when the primary spectrum of the 


proton is given by a power law E*. 
For a single primary proton with energy 
E, we obtain 
P(E, x; E,)+ NE, 2; E,)=E-"[2ry""(s)}-* 
exp {—axty(s)}, y(s) = log (E,/E) 
+a(b+d)xk’-“*!/(s—t+1), y’(s)=9, 


by using Mellin transformation and the saddle 
point method. Accordingly, for an arbitrary 
given primary spectrum we may gather these 
with respect to FE. 

As is seen from (I), the absorption coeffi- 
cient a’ and the collision cross section of 
high energy nucleon @ is connected by the 
relation 


a’ =a{1—(2—t) k'*/(2.8—0}, 
when y=2.8 is 


(11) 


adopted. If one takes 
a’=1/125 the value from the experiment 
and a=1/65 corresponding to the geometrical 
cross section of air nucleus, 
fraction & becomes too large. 


the energy 
But if @ is 
smaller than 1/65, & can have a reasonable 
value. Therefore it seems necessary to treat 
a as a parameter instead of fixing it as the 
geometrical cross section. The determina- 
tion of parameters is in course of investiga- 
tion. 

We wish to acknowledge the invaluable 


discussion and the continued encouragement 
of Mr. T. Inoue. 


An Attempt to Pauli’s Regulator. 


Y. Katayama. 
Department of Physics, Kyoto University. 
June 15, 1949 


Recent developement in the quantum 
electrodynamics achieved by many authors 
has brought fruitful results in many pro- 
blems, but there remain some ambiguities in 
the evaluation of infinite integrals. In these 
circumstances, the method of regulating these 
effects proposed by Feynman”, Stiickelberg- 
Rivier? and Pauli are very remarkable. 


, 
: 


“TA re 
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Here, we attempt to rewrite these methods 
in a more customary form and clarify the 
physical significance of these procedures. 
In this point of view, we modify Stiickelberg- 
Riviers method replacing the commutation 
relations of field variables by the sum of 
many delta functions with the different mass. 
For instance, in the electromagnetic and 
electronic fields, we have” 


[Ay(X), Av(X’)] 
= SI 8.— Se 
{W(X}, Yat (X)} 
1 0 
Ae: Es F 


O° ad 
oo ) DA(X—X’), 


*, AE = C1) 
a3 


where ((]°—A.*) D(X)=0, 
(x, 4,(X)=0. 


Then the equations of field variables necome 


TT (T}*—A") An(X)=0, 


and 


a(rt e+) ¥(X)=0. (2) 


We can decompose these into new variables 
which satisfy the usual equations of Proca 
and Dirac type with different mass respec 
tively. That is, : 


A(X) =e, Uy), 
* (C?—2?) U(X) =0, 
V(X) =2d, %.°(X), 


(r* 2+) o(x)=0. 3) 


In virtue of (1), the commutation relations 
of these new variables take the following 
forms : 


[ey (Xx), aha 


= igre gee 2 DEX” 2%, 


Sen 3 ee in 
Tee seer 
ote (7 2 —1,) (XX). (4) 

goer A 


These results Erte the fact that A,(X) 
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and Y(X) consist of many independent 
fields U,(X) and $‘(X) and this is one 
form of the mixed theory. But we can not 
regard this method as introduction of new 
substances as C-meson or f-field theory. For 
this purpose, we compare this method with 
Paulis regulator. 

First we examine the self-energy of ele- 
ctron. In this case only the modification 
of electron field is necessary. Then the 
principal term of this problem is 


HX) ~~ BCI re | (K— AISIUK- XL) 
+D,O(X—X7) (XX ] eV (XY AX’, 


which is equivalent to Pauli’s result with 


=D0C.0(«—2,"). (5) 
The condition of regularization is 

C.=0. (1) 
Next, we ry for the photon self energy, 
<I X) o= a e(X) > 


-- (Ze) | 


and comparing with Pauli’s result, we get 


ox)= SFr) 8x1). g'= 41 6) 


Therefore, we have the conditions holding 
the gauge invariance throughout and regulariz- 
ing the ambiguous claculations ; that is 


su) =, Sip (FE) x20. 


The condition (I) is necessarily satisfied 
by O=1, C,=—1, C,=0 (s=2, 3,---) which 
is equivalent to Feynman and Bopp-Podolsky 
theory. But there arises a well known dif- 
ficulty related to the negative energy. And 
the conditions (I1) indicate the co-existence 
of at least three spinor fields, but in this 
case there exists a difficulty concerning with the 
negative energy with vacancy due to g’= —1 
or imaginary coupling Furthermore, if we 
regularize also the delta functions throughout, 


nv( X =X’) A(X) dN” 


C1L) 
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the necessary number of particle is seven 
(three are nature of ficld and four are that 
of matter) and if we regularize higher order 
approximations, the number will increase. 
This is also a ycason why we cannot regard 
these ficlds as realistic one. 

In spite of these results, it is very useful 
to regard this method as an introduction of 


And_ then 


following Pauli, it is natural to bring the 


new substances for convenience. 


mass Of particles except one to mfinity at the 
end of calculations, holding the regularizing 
conditions throughout. In some simple cases, 
we can show that this is done and that other 
fields give no contribution to the final re- 
sults. 

| should Jike to express my heartily thanks 
to Prof. M. Kobayasi for his kind guidance 


and encouragement throughout this work. 


1) BR. P. Feynman, Phys. Rev. 74, (1948) 939, 
1450. 

2) GC, G. Stiickelberg and 1). Rivicr, Phys. Rev. 
TE, ((MAS), BIS. 

3) We Paali, communication to Prof. 
Schovinger (1949). We thank to Prof. Yukawa 


for lis kindness of telling us its contents. 


Private 


4) Maxwell field which has zero mess being very 
inconvenient, at first we also give a negligible 
small mass and then bring to zero. 

KF. J. Belinfainte, Prog. Theor. Phys. 4 (1949). 165. 
VY. Watayama and S. Vakagi, ibid. 4 (1949), 240. 

5) WK. Sawada, S. Takagi and M. Kobayasi, Prog. 

Theor.,Pbys. 4 (1943) 71. 


6) DD. Feldman, unpublished. 


A Divergeice-Free Field Theory. 
Ke Sawada. 

Department of Physics, Kyoto University. 
June 15, 1949 


An analysis of commutation. relations be- 
tween ficld quantities, especially of 4-func- 


tions leads us to generalize Feynmans 


relativistic cul-off?. [lis theory removes an 


inconsistency that, in 


usual — caleulation, 


the tditor 


although the commutator of field variables 
vanishes when field mass becomes infinite 
since it is J4-function and so the effect of 
quantum fluctuation should van‘sh in this 
limit, the calculation of self-energy shows a 
divergence depending logarithmically on the 
mass. 

His commutation relation® can also be 
written as follows ; 
(CE), Che 

ay > 2% and — igs 


oro 
=—i| 2) dX) 
w OA 
=i4yo(X—X’) (1) 


for the scalar meson field, for example. 
Where 4,2 means 4-function with meson 
mass yz, and field variable at the world point 
X is denoted by C(X). The 2nd and 3rd 
expressions are in fact trivial since 4o2=0 ; 
but using this expression holding &£, finite 
and tending after calculation 4 »—»co makes 
the reaction effect to vanish in the limit 
u->co with the vanish- 
ment of commutator in this limit. 

But the free field energy which was quan- 
lized this case also. So we 
reneralize that the field variables itself vanish 
in the limit sooo; for this purpose we 
Write 5 


oxj=-| 


in consistent way 


remains in 


© 
Oe OY (X) da (2) 
Of course, the commutator (1) do not show 
any peculiar behaviour for w—-co, we should 
retain this since it comes from the Hamilton 
form of the system. 
cient to take ; 


[COM CY), COO(X)]- =tdaw (X¥—X’) (8) 
Then calculating self-energy of Dirac par- 


ticle due to this field with interaction Hami- 
lion density ; 


For which, it is suffi- 


H=f¢' gC (4) 
where C’ is defined by (2); we obtain for the 
mass correction in order f?; 


Letters to the Editor ile) 


ae u. 


ed or ar aa & 3 7 2" Se anattl 


+2{ ( (y+1)(y+5) 


The first term in blacket just behaves as_ log 
29 2a>9 


2) _ 
V4—5 
—4—2 


m> 
d ‘G 
Ss y |dadi (5) 


y—1P+2— 5 (y+) 


| 
|, but with the differentiation with & 


this term drops out, second term is finite over sz to co for every A and 4’, so we 


(0 = /n) 


ya! 


and A’. 
obtain 3 
dm = Ais 959 OQ. 9/32 +9 
mm Sx (26 9- 2(8 —60 —6) log o+ 
iad (4—67)% (an 
| -a@r—aysstog oe = 


which is finite and, of course, for seco this 
vanishes in consistent way with the vanishment 
of (1). For the photon interaction, 
care is to be paid, since for the mass zcro 
field, we cannot cbtain with (2) and (8) the 
(6) diverges 


some 


original commutator (1), and 
for pO. So we take alternative way to 
impose the condition on ¢ ; 


TRE gk’ 
peep \" ai 
[YO X), Pork] 

tis tel 
Aer 
with this, calculating © 


eleciro-magnetic field, one has for mass cOr- 
rection ; 


P(X) da ; 


(Xx—X") (7) 


self-energy due to 


om 198 (8) 
8x 
Thus this theory gives finite mass correction 
for the field concerned. The scalar mesonic 
self-energy calculated in this alternative way 
do not diverge in the limit u->0 contrary to 
(6), and is given big 


payee SS) 


{t seems. that the . latter method wil] be 


preferble. 
The details and the problem concerning 


es aes 
| a >2 (6) 


vacuum polarization and photon: self-energy 
will appear in this journal. 
1) R. P. Feynman: Phys. Rev. 


and 74, 61948) 1430. 
(2) loc. cit. especially 74, (1948) 1430. 


74, (1948), 939 


On the Photo-Disinteecration of the 
Deuteron. 


(Pseudoscalar Meson Theory.) 


H. Enatsu and Y. Taksno. 
Institute of Physies, Facu ty of Science, 
Kyoto University. 

June 22, 1949. 


Recently van Hove! and Araki? studied 
the singularities of nuclear potentials, and 
for example Araki obtained the expression 
for the nuclear potential by the pseudoscalar 
meson theory, 

26 Xr > > 


1 
rE | é (6, +d) 
+( Be doy iti 25, t 


J= 


WA Tees 
om ial (ae) ae) 
303) oe 2 


S= mm) (o;°42) 
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M: Nucleon mass, 
M,,: Meson mass (=286m). 


The feature of this potential is the 1/r sin- 
guiarity near the origin. 

Therefore, the Schridinger equation of the 
deuteron has ihe solution. 

On the other hand, the experimental result 
of the photo-disintegration of the deuteron 
by Wilson, Collie and Halban” is 


@=16 x 10~-**em* 
(for 2.62 MeV.7—ray.) (2) 


which is larger than the old ones. Taking 
account of these results we calculated the 
total cross-section of the photo-disintegration 
of the deuteron by the pseudoscalar meson 
theory. In our calculation the tensor force 
in the imitial state was neglected, because 
the °D state contribution is only 4% accord- 
ing to Rose and Goertzel”. 

The initial state is determined by the 
variational method in which the potential (1) 
is further simplified, and the final states are 
the wave functions which correspond to the 
square well potentials for the brevity of 
numerical calculations. The cross-sections 
are as follows in. the unit 10~*em?. 


hy: incident y-ray energy in MeV. 
@.° photoelectric cross-section for the 
transition °S—*P. 
@,,: photomagnetic cross-section for the 
transition “S18, 
@: total cross-section 0.+0,,. 
(i) No nuclear forces in the final states. 


hy 0. Ox @ 

2.6 2.59 0.07 2.66 

6.2 12.19 0.17 12.36 
17.1 5.13 6.18 5.31 


(ii) Repulsive force (range 2.8x10-"em, 
depth 5 MeV.) in the final *P state. 


2.6 3.16 0.07 3.23 
6.2 12.95 0.17 13.12 
17.1 5.53 0.18 7... 5.91 


(iii) Repulsive force. (range 2.8x10-"em, 
depth 10 MeV.) in the final °P state. 


1) Private communication from Prof. 


2.6 2.78 0.07 2.85 
6.2 12.95 0.17 IZAZ 
Tek 6.43 0.18 6.61 


The case (ii) is in good agreement with 
the experimental result (2). The detailed 
calculation will be published in a later issue. 


Yukawa, 
Princeton. 
L. van Hove, Phys. Rev. 75 (1949), 1819. 

2) G. Araki, Phys. Rev. 75 (1949) 1101. “ Soryu- 
shironkenkyu ”’ (Japanese) No. 3, (1949) 42. 

8) R. Wilson, C. H. Collie, and H. Halban, 
Nature 162, (1948), 185. 

4) M.E. Rose and G. Goertzel, Phys. Rev. 72, 
(1947), 749. 


Three Dimensional Calculations of the 
Cosmic Ray Intensities I. 


H. Hasegawa and H. Kita. 
Physics Institute, Kyoto University. 
June 23, 1949. 


The conventional calculations of the cosmic 
ray intensities have been performed one. di- 
mensionally. But in the processes such’ as 
the multiple production of the mesons and 
the cascade multiplication of the nucleons, 
where many secondaries are produced with 
large angular spread, it is desired to calculate 
three dimensionally. We calculate on the 
mesom production here. 

An incident nacleon collides with one of 
the nucleons in the air nucleus, and produces 
several m-mesons, giving a fraction of its 
kinetic energy to mesons, and the remainder 
to nucleons, which causes the cascade mul- 
tiphcation of the nucleons. In the center of 
mass system of the two colliding nucleons, 


the z-meson spectrum produced after on 
collision is 


oF, ¢, 0) dEd €dQ/(4n). 
At the point 2gem~? from the top of the 
atmosphere, the number of thé produced x- 


mesons of enérgy €) moving vertically ‘is 
given by’ FUSE aed, 


———— 
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qlé;2) dey de=de| [a dQ, 


(1) 


where o(F) is the total cross section of the 
incident nucleon of energy E, N is the 
number of z-mesons emitted into the solid 
a2 and the suffix o indicates the 
quantity in the earth system. 

We assume that the number of the nucle- 
ons of a given direction depends only on the 
thickness. of the material traversed and its 
energy as 

P(Ey, x, 9) 


? 


o represents the apparent absorption coefh- 
cient of the nucleons. Then 
g(€o, x) d€,da=de,dz x 


dé z 
my sstesling \ 
de, exp (—a’z sec 4,) x 


\ o(E) P(E,, 2, 9,) dE, 


angle 


=AE,* exp (—a’x sec 9)), 


( a(E, €, 0) o(E) P(QE) dE. 
The same quantity derived one 
sionaily is as follows : 


gy{€o, 2) d€y dx=de, dz 
cS o(k,€ )o(E), P(2E)dKexp (—a’z). 


(2) 


dimen- 


As an example, we take 
a(F, €, 0) dE de dQ] (47) 
=nd(2EH/n—€) dE de dQ/(4x), H<1, 


so that we get 
WE 
ql€o, x) de da= 7 o oA (“e): x 
(exp (—0’2)— (o'a) ‘exp (—2)/e-dz) K,(2) 


where (5/2)"< K<1. The factor 1/2 in 
(2’) comes from the existence of the mesons 
emitted upwards. The factor in the bracket 
represents the reduction of the produced 
mesons considered, as # increases, due to the 
exponential decrease of the ratio of the 
number of the nucleons inclined to that of 
the vertical with increasing x. Tne last 
factor KK is interpreted by the fact that to 
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Sa 
=I 


produce the mesons considered the incident 
nucleons inclined must have more energy 
than the incident vertically and the number 
of the nucleons decreases with increasing J. 

We calculated numerically the number of 
the hard component penetrating 8cm of lead 
in the upper atmosphere at the geomagnetic 
latitudes 50°, 40° and 0° respectively. The 


intensities show the remarkable reduction 
from the old values, for instance, this is 
about 307 at A=50° and 2=200 g em~’ 


The agreement between the experiments and 
the old calculations may be rather apparent, 
and in order to obtain the true agreement 
we must assume ihe contribution from the 
new component — probably slow protons - 
besides the mesons and the high energy 
protons. These circumstances may be un- 
altered appreciably, when we use the other 
a. The accurate calculation of the vertical 
and the directional intensities is in progress. 


On the C-Meson Theory. 


Y. Katayama and K. Sawada. 
Dept. of Phys. Kyoto University. 
June 30, 1949. 


The C-meson thoery proposed by Pais and 
Sakata et. al. has gained a brilliant success 
as far as the divergence of the self-energy 
A series of papers 
especially 


of electron is concerned. 
based on these ideas, 
those with regards to the problem of vacuum 
polarizations, are quite unsatisfactory. The 
greater part of their origin is due to the 
photon self-energy. In this case, according 
to Umezawa and others, although tbe photon 
self-energy itself does not vanish, there still 
remains the possibility to make it vanish if 
we take into account the co-existence of 
some charged particles, such as scalar and 
vector eons Be it ever the case, it is 
very doubtful that there are same numbers 
of corresponding fields which make the self- 
energy of C-meson vanish as in the case of 


however, 
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the photon self-energy and that their interac- 
tion constants satisfy the mutual relations 
which make the self-energy of charged par- 
ticles finite.” In other words, if C-meson 
or other mutual relations were taken into 
account, it does not seem likely that we can 
get a elosed model with which all self- 
energies become finite. 


Before proceeding further, we must re- 
examine our methods. It seems to us that 
the problem of the photon self-energy stands 
in a different stage from that of electron and 
that we cannot manage this difficulty in 
exactly the same manner. The latter is an 
essential one inherent in the present theory 
while the former consists largely in the 
mathematical defects in carrying out calcula- 
tions. 


Such being the circumstances, it is natural 
to analyse the essential difficulties only by 
masking the apparent difficulties as far as 
possible in the present stage. 


From the above mentioned point of view 
we have calculated the self-energy of C- 
meson due to the electron field according to 
Miyazima” and Pauli’s” methods which make 
the photon self-energy vanish. If we define 
after Miyazima an indeterminate integral 
which appears in the course of calculations 
as 


| (dy) qa? e%t? =i? ~ e{a) [ 2 _ 4ie(a)d(«) | 


or, as Pauli has done, 
R’(0)=0 


and dropping the indeterminate terms replace 
the remaining terms by R(z)=e*”?, calcula- 
tions can be uniquely performed. Then the 
self-energy as the mass correction oi the C- 
meson reads : 


OT ge yi id s 
be OF ie ( eg) x 


1 m? % fhe . Le 
(3 (4 jie ah sin™ 2m ee yy 
ae 

Poy px | 

i@(- x | 
bs tg a oe 
V pe — Am? + pe ee 


Here m and 4 are the mass of election and 
C'-meson, respectively. 

We find only logarithmic divergence in 
contrast with the result of Umezawa et.al. 
This is to’ be accepted from the fact that 
the self-energy of the photon vanishes by 
either of the methods here used, though 
calculations by usual perturbation theory give 
the quadratic divergence. 

Now, as the explanation of the nucleon 
mass difference by the C-meson theory seems 
hopeless, we can take for both electrons and 
tucleous 

23 te =63 in? +65 IE 


in order to avoid the divergence of the self- 
energy of C-meson without destroying the 
consistency of the theory, where MV is the 
mass of proton. By taking this value, 
however, we cannot but give up 2pplications 


of C-meson theory to the self-energy of 


other charged particles which are not Fer- 
mions. In spite of this, if we confine ourselves 
only to the interaction of Fermions and 
electromagnetic field, we may again consiruct 
a closed model of the C-meson theory.” 
OF course, it is very desirable to construct 
a closed model including other charged 
particles, but there perhaps lie unexpected 
difficulties in its way. 


1) Hf. Umezawa and R. Kawabe, Prog. Vheor, 
Phys. 4 (1949) 369. 

2) O. Mara, Prog. Theor. Phys. 3 (1948) 188. 

3) T. Miyazima, Lecture at the annual meeting 
of Japan Physical Society (1949), 

4) W. Pauli and F. Villars, unpublished. 

5) II. Umezawa, J. Yukawa and KE, Yamada, 
Frog. Theor. Phys. 4 (1949) 25. 

6) R. Kawabe and H. Umezawa, Prog. Theor, 
Phys. 4 (1949) 370. 
If we denote the finite self-energy by dm, the 
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mass difference to be observed can be written 
as .(1—2"%,,,~) dm, Here, Hyson-is the dis- 

* sociation probability of muclear. meson, Accord- 
ing to this, the correction becomes much more 
smaller and gives almest no contribution. 

7) Another difficulty comes from the fact that, in 
spite of the condition 72=2cq? in order to make 
the self-energy of clectron vanish, the renorma- 
lized charges -=e,+62 and f=/,+d/ does not 
satisfy f2=2-2 owing to the lack of the corres- 
ponding. relations between de and df This 
difficulty is only a formal one, but still it is 
inconsistent. 


Domain of Kinetic Erergy and 
Perturbation Theory. 


G. Araki. 


Depariment of Industrial Chemistry, 
Kyoto University. 


Tune 30, 1949. 


In a letter submitted to this section a 
mistake was made that the 1S-eigenfunction, 
@;, of hydrogen belongs to the domain of 
the square of its kinetic energy because of 
the identity 7? ¢,=(1/4—1/r)¢d, where ? is 
the non-relativistic energy (a Heimitian 
operator). This identity should have heen 
replaced by 4°¢,=(1—4/r) ¢; where 4 means 
the Laplacian operator. What should have 
been said is that ~, belongs to the domain 
of a non-Hermitian extension, 4°/4, of 72 

The reason is as follows. If @ is an 
eigenfunction of hydrogen belonging te an 
energy eigenvalue E we have Tp=(Urt+F)¢. 
@ behaves as 1” in the vicinity of the origin. 
Consequently 7 behaves as 7 “1 for L=0. 
As has been pointed out by Pauli”, functions 
with such a singularity do not belong to the 
domain of Z.. Thus we find that all S- 
eigenfunctions of hydrogen do not belong to 
the domain of the square, T°’, of its kinetic 
energy. 

This can also be understood on another 
point of view. As will be seen from the 
following discussion, the Stieltjes integral of 
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Ad || E(a)¢,|\* is convergent. whereas that of 
Aid || F(Z) ¢y ||? is divergent. © ‘This. means 
that) @, belongs to the domain of 7 but 
does not to that of 7° as has been pointed 
out by Kodaira and Kato”. 

The above mentioned fact suggests us that 
a caution is necessary for a_ perturbation 
powers of 7. For 
we shall consider an electron in 
the Coulomb field where the kinetic energy 
of the electron is expressed relativistically. 
The Hamiltonian of this system is given by 
H=W(1)—1/r where W(T)=Vei+ 21 -@ 
of the electron 
(Atomic units are adopted throughout the 
present letter}. 


theory involving higher 
example, 


is the relativistic energy 


A function of a self-adjoint 
operator must here be understood according 
to Neumann.” According to the customary 
LE, ges 
panded in power series in I/e as H=HO+ 
How Gl) se og then where 
H=7T—Vr, HO = — 1?/(2€ 
efi at (2c*) (1) 
We shall consider H® and H as per- 
turbauons. 
eigenfunctions are then those of hydrogen in 
If the non-degenerate 
the usual 


way of the perturbation method, 


The unperturbed eigenvalues and] 


a non-relativistic case. 
1S-state is the unperturbed one, 
perturbation theory can not be applied to 
this case, because the 1S-eigenfunction, ¢, 
does not belong to the domain of H® and 
H®, If we formally apply the perturbation 
theory we have a wrong result. 

For example, if we wrongly make use of 
2g,=(1—-4/r)¢,, in place of AT*g, we 
have E®)=38/(8¢?) whereas if we make use of 
E® = —|! Ty, ||*/(2c*) we have E® = —5/(8e’), 
where E® is the second power term in 1c 
of the energy eigenvalue. The expectation 
value of the square of a Hermitian operator 
must be positive. Therefore the former is 
incorrect whereas the latter is correct accor- 
ding to Neumann's standpoint.” The Fourier 
transform of gy, is given by (V8/x)(14+p?)? 
where p’=pit+p,’+p.*. Tt follows, from 
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this, that d|| F(A) ||? = (82/x) p?(1+-p") ‘dp 
for O<A or O for A<O where F(A) is the 
resolution of identity corresponding to 7’ and 
p’=2a. Therefore we have 

g 


‘° SF aeawit=s)° ae (2) 


and the perturbation. theory diverges if we 
take into account the perturbation up to H™. 
If we replace —87"y, with 4°¢,=(1—6/r)¢, 
we have a wrong result, (¢,, H¢,) = 5/(16c*) 

On the other hand, if we consider W,(7) 
=W(1)-—T as a perturbation we have no 
difficulty because ¢, belongs to the domain 
of W,(f') which can be seen from the con- 
vergence of the Stieltjes integral of 
{W, (a) 3? a] ECA) oy !?. 

The above mentioned illustration provides 
us an example in which a formally applied 
perturbation method is divergent whereas the 
more exact solution is convergent. 


1) G. Araki, Prog. Theor. Phys., 3 (1948), 448. 

2) W. Pauli, Handb, der Phys. (Geiger-Scheel), 
24/1 (1933), 124. 

3) M.H. Stone, Linear Transformation in Hilbert 
Space (1932), p. 180. 

4) K. Kodaira and T, Kato, Preg. i. Phys, 

3 (1948), 439. 

5). J. von Neumann, Ann. of Math., 52 (1931), 
191; Mfath. Grundt. der Quantenmechanik (1932), 
p. 74, 


On the Gauge-difficulty in the ;-Decay 
of the Neutral Scalar Meson. 


D. It6 and T. Miyazima. 
Physics Institutes, Tokyo Bunvika Daigaku. 
July 4, 1949, 


Recently, Miyamoto and Fukuda” obtained 
the convergent transition probability for the 
y-decay of neutrai mesons, But, as they 
pointed out, their results are not gauge- 
covanant, inspite of the gaugecovariance proof 
of the fundamental theory, and do not satisfy 
a certain identity, which they must be hold 
about them. 
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Of course, these difficulties are removed 
by W. Pauli’s “ Regulator Method”, but 
they can also be treated from another side, 
that is “realistic ” 
the equivalent. result 
method is obtained, 
proton pair interacting with the néutral meson 
field. 

In this letter, we describe briefly the result 
of another attempt, in which we assume the 
charged scalar field in the intermediate staies 
to compensate the non-gauge-covariant term. 
We assume that the intéraction of this hypo- 
thetical scalar freld ¢(z) with the neutral 
scalar meson U(x) and with the electroma- 
genetic field Ay(z) is described by the follow- 
ing interaction Hamiltonian density,” 


point of view. In reality, 
with the 
if we assume another 


regulator 


H,=9¢'eU, C1) 
fax OF 5 _ age . 
H,=ie (* 2 —G ¢) Aw) 
H,=e¢*¢ ae +(n, Aa)’). (3) 


and we calculate the transition probability 
for the y-decay of the neutral meson U(x) 
through the virtual pairs of both type, that 
is the ordinary Fermi proton-, and the 
hypothetical charged scalar Boson - pairs. 
(“ Bose Proton” pair) 

Then the non-gauge-covariant term ~<A? 
just compensates and there remains only the 
gauge covariant term by imposing the con- 
dition- 

dat eer (4) 
where, g, g’ are the coupling constants of 
the neutral meson with the Fermi proton and 
with the Bose proton respectively, and x, x’ 
are the masses of them. 

Detailed calculation will be published in 
the later issue of this journal. 


1) H. Fukuda and Y, Miyamoto, Prog. Theor. 
Phys, in press, 

2) W. Pauk, letter to Prof. J. Schwinger, which 
is communicated from Prof. H. Yukawa to Prof. 
S. Tomonaga; the manuscript of Pauli and 
Villars sent from Prof. W. Pauli to Prof. pea 
Tomonaga, 
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3) S, Kanesadwa and S, Tomonaga, Prog, Theor. 
Phys. 3, (1948), 1. 


On the Electronic Component in 
Extensive Air Showers. 


Y. Fujimoto, S. Hayakawa and 
Y. Yamaguchi. 


Department of Physics, Tokyo University and 
Meteorological Research Institute. 


July 12, 1949. 


A few years ago Tomonaga and one of 
us (S. H.)” proposed a new mechanism of 
photon production by nucleon and tried to 
explain the origin of the electronic com- 
ponent showers. — Later 
developments of cosmic ray physics neces- 
sitate to alter some constants previously used 
and, further, to improve the calculation in 
such a way that it is performed analytically 
as far as possible, so that the constants can 
be substituted in the final results. 

The number of electrons at depth 4 by a 
primary proton with energy exp Vp is given 
by 

lo ¥ 
M(Yorle) =o \ dif ¥,—a(lo—1)} j dyCy,), (1) 
0 


0 


in extensive air 


where depth and energy are measured in 
radiation unit of air, C’ means the cascade 
function at depth J with initiating photon 
energy expy, and a represents the energy 
absorption coefficient Of the primary proton : 
a=1/Ay=0.160; A is the mean free path 
of nucleons in air, 125 gem~*, and 7 is the 
index of the power energy spectrum 


Pijode 2 
y=18, A=1.32x10"/m%hr,? (2) 


@) represents the constant coefficient of the 
charge acceleration probabifity per radiation 
length : o)=6.26 x 10~%k,” & being a number 
of the order of unity. For the upper limit 
Y of the integration over y we should take 
the energy of the proton at the depth /,—/, 
or Y=Y,—a(%—J), but in order to carry 
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46 «16 


JO, 20a PL ZL Dh R 


Altitude in radiation unit. 
Fig. 1, Altitude variation of shower frequency, 
normalized at 20 radiation units. 
Cocconi and Tongtorgi, ref. 1). 
Cocconi, Loverdo and Tongiorgi, Phys, Rev, 
70, (1946), 841. 
Williams, Phys. Rev. 74, (1948), 1689. 
Ililberry, Phys. Rev. 60, (1941), 1. 
Kraybill and Overbo, Phys, Rev. 72, (1947), 
351. 


out the integration (1), this upper limit is con- 
yveniently repiaced by Y /(1—a)—aé,/(1—a), 
which is allowed without introducing a se- 
rious error caused of the behaviour of C. 
Then we can integrate over / firstly. In 
this integration the upper limit 4, may be 
put co, since we are interested only in a 


lower altitude. Accounting for 


fac, =e", \ ‘alCly, )l=(1.01y+0.4)e?, 
0 0 


(1} leads to 


N( Fy 6) 40} 


(¥,—ch) —061a} x 


1l-—a 
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exp ( 5 Yo ce in). C3) 
Then the density at the distance » from the 


shower axis is given by 
A Yo los r) = V( Yo, I) Mr, bo), (4) 


multiplying (3) by Moliere function M. 
Solving (4), Yo 18 expressed as a function 
of I, and #, where 7, in Yo—a’é, is replaced 
by a mean value, /*=20.1. Substituting 1p 
in F(Y,), the integrations over 7 and the 
angle of falling direction are carried out. 
Thus we get the shower frequency at the 
depth 2, with density greater than 4, 


H(4, 2) =27 Ao” (IK -aly)?? PPI-8 x 
enw Ptlof Art = K/a! T (5) 


where a’=a/(l1—a), P=1/(l—a), Pr=1.51 
[Orme 

Density spectrum tells that y=1.8 may be 
appropriate. The absolute intensity A’ at 
sea level is found to be A =1.382 x 10"/hr 
if we assume k=1. This value is twice as 
large as the experimental value?. This seems 
to mean that the cross section for photon 
production may be suppressed in the highest 
energy, though considerable ambiguity is 
remained in the figures of A, A, & and yf. 
The altitude dependence, as shown in the 
firure, is somewhat steeper than experiments, 
since Our approximation becomes worse at 
high altitude. 


1) S, Mayakawa and S. Tomonaga, Prog. Theor. 
Phys. 2 (1947), 162, Jour. Sci. Res, Inst. 43 
(1948), 67. 
2) S. Hayakawa and f[, Nishimura, Prog. Theor. 
Phys. to be published, 
3) S. Hayakawa, Phys. Rev. 75: (1949), 1759, 
4) G, Cocconi and V. Cocconi Tongiorgi, Phys. 
Rev. 75 (1949), 1058, 


External Vacuum Polarization. 
Z. Koba. 


Institute of Physies, Faculty of Science, 
Tokyo University. 
July 9. 1949. 


Recently Snyder"has proposed a new in- 
terpretation of external vacuum polarization 
due to the electron wave field. The essential 
points of his argument seem to consist in 
the definition of positive and negative energy 
states by means of the eigensolutions for the 
Hamiltonian including the external potential, 
and their suitable combination so as to afford 
proper transformation characters to the cur- 
rent and charge density. 

According to our opinion, however, this 
view would hardiy help us out of difficulties 
of the present field theory with regard to 
the external vacuum polarization; because 
this problem -arises only when a_ certain 
spacetime region I with Hamiltonian H‘? 
(e.g. without any external field) borders on 
another region If with different Hamiltonian 
H"» (e.g, including a external field). Even 
if one defines vacuum properly in I, the 
state no longer remains vacuum in Ii, and 
vice wrsa, and hence the dilficulties of ex- 
ternal vacuum polarization. So Snyder's 
vacuum will remain pure vacuum as long as 
we pertain to the space of given external 
field, but, for example, when this external 
field is switched off, pairs might appear and 
thus the free-space would. be “ externally 
polarized”. (Fig. 1). | 


I ((Pairs might appear)) 


a 


a 


no. negaton 
iI Vacum { See 
no positon 


t t 
Pip we 


But-it appears to us that, if we make use 
of the idea of Feynmans positon theory”, 
there is one possibility of defining vacuum 
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so as to exclude pair formation and destruc- 


tion even at a discontinuous space-time 
When at 


such a boundary between J and II, there is 


boundary (of space-like nature). 


ho negaton wave (positive frequency com- 
ponent) on the past-side I? and no positon 
wave (negative frequency component on the 
future side I (Fig. 2), this state we should 
eall “‘ vacuum”. (Of course we assume the 
conservation of the total charge of the system 
when passing the border.) 


1 


- 
I No p ySiton 
Py 


peek es ee 
2 ak 
II No negaton 
a 
' 
Fig. 2. 
Indced this “initial condition” in Feyn- 


man’s sense for the narrow closed domain 
including the boundary will never yield any 
outgoing wave (é.e. negaton wave in T and 
positon wave in IJ), as long as. interaction 
of electrons (internal vacuum polarization) is 
neglected.» And this fact seems to be one 
of the great advantages of Feynman’s positon 
theory, though we are rather sceptical whether 
such a formal redefinition of vacuum would 
bring some profit in pracucal problems. 

More detailed considerations will appear 
later. 


1) H.S. Snyder: Phys. Rev. 75 (1949) 1623. 

2) R. P. Feynman: Phys. Rev. in press. We 
express our cordial thanks to Professor Feyn- 
man for kindly having sent us a copy of his 
unpublished works. 

3) Dr. Miyazima, to whom we are very much 
obliged, las pointed out that our “ vacuum x 
would correspond to a suitable superposition of 


ordinary vacuum states. 


Magnetic Moment of Nucelon. 
K. Sawada, 
Departinent of Phystes, Kyoto University. 


July 10, 1949. 


Calculations of magnetic moment of nu- 
cleon were carried out in different ways by 
Case)? and Luttinger”. In the calculation 
along Schwinger, there appears occasionally 
very curious singularity by the variable trans- 
formation involved. So we calculated in 
this theory with some care for all types of 
ficlds, finding coincidence with Luttinger s 
result for pseudo-scalar meson tield with 
pseudo-vector coupling. We only list our 
results for additional magnetic moment ; 

i) Scalar meson theory. f,-coupling can 
be climinated by a “Gauge” transforma- 
tion. (d=yp/m; ua: 

a) Neutral theory 


meson mass) 


yh hy Sb ie: 1 
p=, grate (52° +0°(8—0") log- is 


(4—5074+0) Oo 
~~ 9% cost 5°) 


b) Charged theory 


ne £ (-14+2-0" log = 
+t $ 
poe a (- a2 +324 (2—46?+6!) log = 
ea cos~' <) 
c) Charge renormalization for Neutron : 
eee du-icgir*Aptng 


ii) Pseudo-sealar meson theory. ,f,-coupling 
can be transformed into f,-type’ coupling 
with interaction constant 2 = fe by a Gauge 
transformation. The results for f.-interaction 
can be obtained by the change in coupling 
constant mentioned. 

a) Neutral theory 
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: 1 
Ly=0, de=— 5 i (f+era {1= 06" log = 


22 \ 2 
6'(3—0° sed 
a oP COS Tp 


b) Charged theory 
Zhd i tt ae 
Leys 5-(1+8 log 3 


o(2-8) a 
aaa oy) 

up 4 g24.87(2—8°) log + 
6(2—40° +64) 8S 

Ke Gta a2 ) 

c) Neutron charge renormalization : 
reat aus , du-ieg' rt Autyy 

1 


iii) Vector meson-theory, Stueckelberg’s 
formalism was adapted, in which B-field can 
be eliminated for this process by a 
transformation analogous {to scalar 
field (f--coupling). Tensor coupling leads to 
logarithmically diverging results, but which 
can be eliminated by a regulator.» We 
only give for usual vector coupling : 

a) Neuiral theory 


gauge 
meson 


py=0, up= © (8484299) log + 
BEBO, cos~! ass) 
(4-0) 2 
b) Charged theory 
ee ey ei 3") loses 
ay=— L(-1+ (1-67) log 5 
sG—8 * oO 3 
a ae 
1 : 1 
pr= LZ (— yo Or a — 0d") } log > 
4, 8(14+387=39 0, 8 


ars 

c) Charge renormalization for Neutron: 
2 (2? Qu—1 

i fe Saal duriep r’ dtd 


iv) Pseudo-vector meson theory. In this 
case also B-field can be transformed into 
pseudo-scalar coupling with interaction con- 


stant 29 as for the pseudo-scalar f,- 
* 


coupling. Only usual pseudo-vector coupling: 
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———— el 


a) Neutral theory sy=9 


gf ca gd aig ates 
wpa (z-8 +0°(5—0") log = 


+((ii) with fr=4 ao 
b) Charged theory 
ines L(—7428°+(3- 103?+28') log + 


(19 —148°+26!) 3) 
¥ Sd =F Se eee 


ee o ig 
+( (Gi) with ff=4 c) 


[~7) 


cee byt ght = seh SF es \ oO 
oe L ( 5 +8? + (8-58 +89) log = 
all To) Pode te 
aay) 

+((i) with f=4-2) 


c) rae renormalization for Neutron: 
2u— a 
e a 
(L+e Tr 1$-)\ 3S du-iep'y Apt mp 


From above pay an the charge renor- 
malization does not depend on the mass 
of meson and nucleon, for Neutron, apart 
from the “ equivalent ” pseudo-scalar coupling 


S| i 


a 


constant of the form 4 Je for pseudo- 


scalar f. and pseudo-vector B- field, so that 
this can be eliminated by a regulator with 
condition R(0)=90; thus obtaining consistent 
result for charge renormalization. 

To compare above results with Luttinger’s, 
we should take for pseudoscalar meon theory 


f7=3s of for charged theory and for 
ve é . Then it will be seen 


that the charged theory and neutral theory 
both coincide with his results apart from a 
little change.* But for vector meson fieln, 
g'=2g," for charged, g°=g," for neutral, 
neutial theory oniy coincides with his result. 

From the above results, though we cannot 
obtain exact coincidence with Luttinger s 
results, it may be expected that these two 
independent procedures produce the same 


neutral theory 4 
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result, and that the constant use of regulator 
is necessary to obtain consistent result in 
Schwinger theory. ) 


1) K. M. Case, Phys. Rev. 74 (1948) 1884. 


2) J.M. Luttinger, Phys. Rev. 78 (1949) 309, 1277. 

3) W. Pauli and F. Villars, 

*Afier furnishing this calculation, we received Phys. 
Rev. 76 No. 1 which contained Case’s paper, from 
which we found that our results in (i) and (ii) 
just coincide with his results. Reference 2) seems 
to contain some misprints. 


On the Electromagnetic Self-Energy 
of Meson. 


S. Hanawa. 
Department of Physies, Hokkaido University. 


S. Kanesawa. 
Fhysies Institute, Tokyo Bunrika Daigaku. 
July 17, 1949. 

In the case of electron interacting with 
radiation field, as was shown by Schwinger,” 
one may ignore the auxiliary condition in 
the treatment of virtual photon processes, 
but the situation seems to be somewhat dif- 
ferent in the case of meson interacting with 
radiation field. We have, in fact, found that 
the elimination of the auxiliary condition, 
which was left out of consideration by Baba 
and one of us in their calculation of the 
radiative reaction on meson,” gives rise to 
an additional self-energy term of the form 


6 Heet=CL (1) 
with 
{4 1 6 "ft fees A/a ei I 
Se manG = + aap) ah 
(2) 


where L is the Lagrangian density of free 


meson 


1 ov* Ov BE ok 

~ 4x \ Ox, Oty eh. d *), 
(scalar) (3s) 
fi = 
a (<5 thy Lav OPE b,). 


(vector) (38v) 


The electromagnetic mass;. however, remains 

unaffected, since the expectation value of L 

in One-meson. state vanishes. 

1) J. Schwinger, Phys. Rev., 75 (1949), 651. 

2) K. Baba and S. Kanesawa, Prog. Theor. Phys., 
3 (1948), 443. 


Application of Pauli’s Regulator to the 
7-Decay of Neutrettos. 

H. Fukuda, Y. Miyamoto, T. Miyazima 

and S. Tomonaga,. 

Physies Institutes, Tokyo University and 

Tokyo Bunrika Daigaku. 
July 17, 1949. 

T e effective Hamiltonian densities respon- 
sible to the two-y decay of neutrettos were 
calculated by Fukuda and Miyamoto.” The 
results were 


pal pe Fit oe (ny (7 a 
[V<go>=Vegre {deol x 


sat th 
: 24 dene ail iy 2 
| gee Ses =" )tw x? wy “: 
(1) 
for the scalar neutretto V, and 
9 Ou V"*<orstee> 
So vied cel dh eel . 
=O.V Rr° é fae mW La ooh A, Fe: 
1 lt pe mewip or 
toe eT Fad al (2) 
f V'<¢grsy> 
=e / i ie a} : @ du ML 1—)" Sie del 
cue anm * i , wle as Lu*] | 


X (Fos Fist Fai Fest Fy2Fs4) (3) 
for the pseudoscalar neutretto V’ with the 
pseudovector and pseudoscalar couplings, y’ 
and f’ being respective coupling constants. 
in these equations A, and Fy, represent 
the potential and field intensity of radiation, 
and 75Tp=Tvfors and (vot) assumes (324), 
(134), (214), (128) as # runs from 1 w 4, 


_ 


ore * ae 
and [u7] is written for u’—-—y LY’. That 


the non-gauge-invariant terms A,” and 3} Ay 
Fox still survive in (1) and (2) is the serious 
contradiction to the assertion that they should 
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Besides (2) and (3) do 


not satisfy the Dyson theorem that the pseu- 
and pseudoscalar 
equivalent if there is the following relation 


be gauge invariant. 


dovector couplings are 


a faa", (m= proton mass). (4) 


In fact, the difference 
LV <erse>—(—a'V’ On <¢757u¢>) 


= Vor (Fos F, P=") (5 


Vw 


does not identically vanish. 

(i) We think it appropriate to drop JAF 
term in (2) from the following reasons: (a) 
presence of the term 5)AF’ does not destroy, 
at first sight, the gauge invariance of the real 
processes, because }}.4yi'o:0, 0" ix equivalent 
with 2V’(Fo3l"\44+-77--} on account of con- 
servation of monentum and energy. But 
this is not true in.the case of pseudovector 
neutretto, because St4yF'o:Uy, (Uy: a pseu- 
dovector) is no longer gauge invariant even 
for real processes. (b) As the coefficient of 
SV4F is independent from the mass m, this 
term is dropped by the regulator.” That is 
to say, if we suppose that there are auxiliary 
Fermi particles of mass mm, interacting with 
the neutrettos by the coupling constants g;’ 
which satisfy the condition 

i gi’ =0, (6) 
; 
then S14 F disappears. 

(ii) All terms in (3) are gauge invariant, 
but if we drop JAF term in (2) the first 
term of (3) must also be dropped in order 
to preserve the equivalence between the 
pseudoscalar and pscudovector couplings. In 
order to drop the first term by using the 
regulator, we must impose the condition 

He 
et (7) 
which is equivalent with (6) on account of 
the relation (4). 

(ii) The coetficient of A® in (1) is only 
conditionally convergent, and there would be 
no reason to retain this non-gauge-invariant 
term. Paulis condition is not sufficient to 


drop this term, but a more strict condition 


pr mifs = 0 (8 ) 
t 


must be required. 

There are two alternatives interpreting the 
regulator method, either as a mixed field 
theory or as a formal procedure. If we take 
the first point of view and require the re- 
gulator to satisfy the condition 


Sy a0 See Ss = f,=0, (9) 
Z 7 t Ve 


the life time of scalar neutretto will be 
changed seriously because then the first term 
of expansion in []?/m* of the second term 
of (1) will also be dropped. The anomalous 
magnetic moment of electron should also 
vanish, which would contradict with the ex- 
perimental fact. 

If we take the second point of view and 
require that the regulator must always be 
applied only to the functions of even power 
in mm, we must first separate a factor of an 
odd power of m (m and m7! in (1) and (3) 
respectively) and afterwards apply the re- 
gulator, 
for (1). 
ing an odd power of mm, because it is also 
possible to separate 2° in the case of (1). 

We see that there remains. still some 
ambiguity how to use the regulator, and this 
ambiguity would be solved only by some 
experiment which could detect the 7-decay 
of neutretio. 


This will yield a different result 
There icmains ambiguity in separat- 


1) JL Fukada and Y. Miyamoto, Prog. Theor. 
Phys. in press. 

2) W. Patli and F. Villars, the manuscript sent 
to Tomonaga from Prof. Pauli. 


On the Life of the Neutral Meson. 
S. Hayakawa. 
Meteorological Research frstitute. 
July 17, 1949. 


The problem whether or not the neutral 
meson is stable and how long its life is if 
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it is unstable, is not only important for the 
interprétdtion of cosmic-ray phenomena, but 
also of theoretical interest because it gives 
ample informations about the nature of the 
interaction between mesons and nucleons. In 
this regard the present author has once re- 
marked some experimental evidences which 
seems to indicate that the life of the neutrai 
meson can not be so short as has been 
hitherto considered,'!? and the author has also 
referred to the theoretical work of Fukuda 
and Miyamoto” who obtained rather long 
life of neutral mesons in contradicting earlier 
work on the same problem. Though the 
result of Fukuda and Miyamoto contained 
some ambiguity, this can be removed if one 
uses Pauli’s regulator.“ In this note the 
author will supplement the earlier considera- 
tion of the several experimental evidences. 
The most likely processes taking part in 
the decay of neutral mesons are emission of 
two photons and creation of electron-positron 


pair. In both .cases cascade showers will be 
formed, which accompanies high energy 
nucleon collisions, if the energy is high 


enough to produce mesons. This collision 
will be accompanied by a showey produced 
by the photon emitted by the collision, most 
of which is the emission due to charge 
exchange. Now, according to our analysis, 
showers produced by the latter process con- 
tribute unnegligible part of the showers ex- 
perimentally observed. The contribution 
from the former process must be, therefore, 
at most of the same order as that from the 
latter. We shall now discuss several experi- 
mental results from this point of view. 
(1) It was observed that in a 
shower there appear often subshowers which 
emerge with larger angle with respect to the 
primary ray. The nature of the subshowers 
is not clear but they might be due to the 
decay of neutral mesons, becusae Otherwise 
the large angle could not be explained. If 
this interpretation is correct, the probability 
of mixed showers to be accompanied by 


mixed 


subshowers, a few percent, can give a rough 
estimation of the life of the neutral meson, 
the result being about 10~'sec. 

(2) If the extensive air shower has its 
origin solely in the soft rays produced by 
the decay of the neutral meson, its life 
must be shorter than 10-'sec.” But if the 
life lies between 10-" and 10-" sec., we 
should observe an anomalous behaviour in 
the density-frequency relation in the observed 
region of the shower density, 10~10* per m?. 
As we have found no such anomaly, the 
life should be either sharter than 10-" sec. 
or longer than 10-" sec. In the latter case 
the origin of the air showers must be sought 
in some other processes, for which the 
emission of photon in collision process will 
be responsible. If the contribution of the 
latter process is large enough, the above 
mentioned anomaly will be, even if exist, 
masked and may not be observed. But, in 
order to perform detailed analysis of this 
problem, it must be known what part of the 
incident energy is transfered to the mesons 
and what part to the photons. 

(3) The large bursts under thick shield 
observed at high altitudes are mainly pro- 
duced by nucleons”, Since the rate of the 
burst frequency at high altitude to that of 
sea level calculated on the assumption that 
the bursts are solely due to the former pro- 
cess agrees in its order of magnitude well 
with experiments, the contribution from the 
latter process should be at most of the same 
order of magnitude as that from the former 
process. This requires that the life of the 
neutral meson can not be too short. If the 
life is of the order of 10~ sec. both con- 
tributions are of the same order, but in this 
case the size-freyuency relations of the bursts 
produced by the decay process shows a 
sleeper decrease observed. Thus in 
order not to contradict with observations, the 
life must be of the order of 10-™ sec. 

(4) The soft component in the stratosphere 
can also give some .informations. Its bulk 


than 
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may be due to the decay of neutral mesons. 
It will be possible to infer the upper limit 
of the life of the neutral meson from the 
intensity-depth relation and the angular dis- 
tribution of soft component. Here we remark 
that Taketani® has estimated the life of the 
neuiral meson from the ratio of shwers and 
hard rays in the upper atmosphere and found 
a life, longer than 10-% sec. But the experi- 
ment cited by him has such an arrangement 
that it selects more meson showers than 
cascade ones, so that the actual life could 
not be estimated from this experiment. 

The author should like to express his 
sincerest thanks to Prof. Tomonaga and 
Messrs. Fukuda and Miyamoto for their in- 
terest in this problem. 
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On the Nature of c-Meson. 

H. Fukuda, S. Hayakawa and Y. Miyamoto. 
Department of Physics, Tokyo University and 
Meteorological Research Institute. 

July 17, 1949. 


The existence of so-called r-meson has 
become more and more certain by increasing 
experimental evidences, and the transmutation 
of t-meson into other mesons provides us a 
powerful clue to the theory of interaction 
of elementary particles. In this stage we 
venture to proceed to solve such a problem. 
For this purpose we must first know various 


physical constants, masses of mesons, their 
coupling constants and their hves. Unfor- 
tunately available experimental data are yet 
very few, but it appeafs us not impossible 
to draw some” conclusions about the nature 
of mesons and their interactions already in 
the present stage of our knowledge. 

The mass of the t-meson can be determined 
most accurately by considering the momentum 
balance in the process t-» 3a observed by 
Brown etal.” Though it is not concluded 
that the observed process is t+ r+2y, the 
latter process is unlikely because the z- 
nucleon coupling is far stronger than the s£- 
nucleon coupling. Brown et a/ obtained thus 
the mass of t-meson x=985m. We may 
hereafter put x=1000 m, without introducing 
serious error. 

The life can be estimated from the follow- 
ing three evidences: (a) The track length 
of the t-meson found by Brown et al is 
longer than 3000, which corresponds to the 
life longer than 10-" sec. (b) In order that 
the t-meson can be captured by the nucleus 
before it disintegrates,» the life must be 
longer than 10- sec. The production of a 
star at the track end indicates that t-meson 
interacts with the nucleon strongly. (c) The 
evidence found by Rochester and Butler® in 
the cloud chamber may be interpreted as 
the process t*-> m#+7° and r°+at+z. 
Then the life of t-mesons here observed can 
be estimated, if we may assume that these 
are produced in the matter adjascent to the 
chamber. The life thus obtained is as long 
as 10-'° sec. 

Now the coupling constants can be es- 
timated in the following manner. The 
frequency of the occurrence of t-mesons. is 
so small that it is hard to get any precise 
knowledge about their production from ex- 
periments. Theoretically it may be expected 
that the production by mesonic interaction is 
the most predominant part, the creation by 
photo-mesonic process being negligible, only 
if the coupling constant G? of t-meson with 
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nucleon is larger than 10-°. 
rate of m-mesons to should be 
g°/G". The observed abundance ratio is, on 
the other hand, one t-meson in 60 a-mesons, 
or 2 t-mesons in 50 penetrating showers.” 
This means that g*/G? is of the order of 
100, from: which we can infer that G?~10-5. 

On the basis of these constants we can 
now theoretically calculate the life of the 
t-meson assuming various possible types of 
mesons and forms of interaction. The most 
likely mode of decay is t+ and 
t—+>a+y7, they are most likely because these 
are the processes of the lowest order in the 
coupling constants. For some types of 
mesons or some types of interaction these 
processes are forbidden, but if they are not 
forbidden the life is found to be so short as 
10-4 sec, which is too short to be recon- 
ciled with experimental facts. These pro- 
cesses are forbidden when both t- and z- 
mesons are scalar or pseudoscalar; the pro- 
cess t+>2+z7 is forbidden by the selection 
rule and the process t>2+7 by the fact 
that one can not construct any invariant 
interaction Hamiltonian in this case. Also 
when the mesons are neither scalar nor 
pseudoscalar, so the processes are not 
forbidden in the above sense, it is possible 
to construct the theory such that the process 
does not occur. It is attained by adjusting 
the coupling constants for the possible types 
of interaction in such a way that the matrix 
elements for the transition compensate with 
each other. But in any of the case where 
the transition is forbidden, we can see that 
the process still takes place with a small 
probability, if we take into account the mass 
difference between proton and neutron.” The 
life is found to be of the order of 10~° scc. 

If the processes Of the lowest order have 
so long lives, it is possible that the process 
of the next higher order takes place equally 
or more likely. In fact, our calculation of 
the life of the neutral z-meson into three 
photons suggests that the decay mode t>3z 


The production 
T-mesons 
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gives the hfe of t-meson of the order of 
10-'° sec. Thus the process of the higher 
order can equally take place with the com- 
parable or rather iarger probability as the 
process of the lower one. As we think, the 
theory can thus give a satisfactory explanation 
for a somewhat puzzling fact why such a 
higher order process t->3m can compcte 
with lower order process. 

If our interpretation is correct, the experi- 
mental evidences give us a clue to determine 
the type of r- and a-mesons, provided that 
the interaction compensation as mentioned 
above does not correspond to the reality. 
Thus we can conclude that t- and z-meson 
must be scalar or psuedoscalar; as is well 
known, the pseudoscalar nature of z-meson 
was argued by the evidence on the nuclear 
forces. 

The authors thank to Prof. Tomonaga, 
Dr. Taketani and Mr. Nakamura for their 
efiective suggestions on this work. 
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169 (1947), 855. 

4) Y. Tanikawa. 
him for suggesting this fact. 


The authors are indebted to 


Selection Rule for Meson Problem. 


H. Fukuda and Y. Miyamoto. 
Physies Institute, Tokyo University. 
July 17, 1949. 


In a paper dealing with the 7-decay of a 
neutral meson through virtual creation and 
annihilation of nucleon pair we have referred 
to the selection rule which is known as 
Furry’s theorem. We shall show here that 
similar rules exist also in the case where 
several Bose mesons interact with each other 
through virtual pairs of Dirac nucleons. 

Let the general term in the interaction 
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energy density between Bose meson and 
nucleon fields be denoted by br,t.0Us, 
where @ is the spinor describing the nucleon 
field and U,, is the potential itself or some 
derivatives of the potential describing a meson 
field. The spin matrix yz is respectively 1, 
Te TepeTaee Ol Te At being Dirac matrices) 
according as U;, is a scalar, vector, tensor, 
pseudoyector or pseudoscalar. The isotopic 
spin is either 1 or ts; when U;, belongs to 
a neutral meson field; it is 1 or Ts accord- 
ing as the latter field obeys the neutral 
theory or the symmetrical theory. When 
U,, describes a charged meson field, tr is 
try if Uz contains the creation (annihilation) 
operator of negative (positive) meson, and it 
is tyr if ty, contains the creation (annhila- 
tion) operators of positive (negative) meson. 

Now, according to Tomonaga-Schwinger 
theory, the interaction between various meson 
fields induced by the virtual emission and 
reabsorption of nucleon pairs are described 
by the effective Hamiltonian density of the 
form 


jax’f--- Spurfs S(X—X) p(X’ —X"\ru 


ah er BGs — XE) 79... 7RS(X*1— A") rs 


S(X°— Arr} et ta Tet Tat st re 


U,Um--UpUg---UxUsUzr (1) 


when there are no nucleons before and after 
the interaction, and in the approximation in 
which we are not interested in the radiative 
correction (in this approximation U;, Ux,--- 
may be assumed to commute with each 
other). The effective Hamiltonian gives rise 
to various modes of meson decay or various 
scattering processes between mesons U,, Uy, 
We shall now show that if we denote 

the number of vector type coupling occuring 
in (1) by ,, the number of tensor type 
coupling by ™,, and the number of tT; by 
N;, the process is forbidden when N,+N+ 
3=an odd number. The proof is as follows. 
Corresponding to the process described by 


(1), there is also the process described by 


(Bx7--dX" Spurtd} SX —A7s 
¢=0,..0 
SX’ X)resTe S,(Xeti-t— Xe 7p ; 
---TM S(X"-1— X") | S(X"— 4X) Tr° 
Ustpeo Tere TMTLTT® . 
U,Uy-- Up Ug: UrUsUr (2) 


We first exclude the case where all of the 
mesons under consideration are neutral. Then 
it follows that 


TT MT pte: TRtstT 
=(—l™" rete tote tutste (3) 
since 
Teyt3=—Ten Txrt3—TxP tz =1 (4) 
We notice further 
Spur (rirj"*7pto)=Spur (Tet n“Ts7s) 
Applying this relation to the spur of (2) and 


changing the integration variables «’ to ee 
we obtain the spur part of (2) 


=Spur {> S(X— XS (X'— Xr ke 


wo BSE (XE— KE he ASA — ATF 


S(Xe—X) rk (5) 
where yf=er, e=1 for ri=1,76Ts 
and e=—1 for Tr=7Ys4 Tage 


Thus (5) becomes 

Spur (S*(X—X))r28*(X— Xr 
reh,*(X'— X92 X*I7-—KYrs 
SX" ¥)r7)(—1) et (5) 

(N;,r denotes the number of pseudovector 

coupling occuring in this process.) Remem- 


bering the fact that spur of product con- 
taining odd number of 7's vanishes and that 


KX)=(r Je-*) A(X) 


B=(-1 o-*) aM) 


§(X)=(r ge -*) 4000 
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S,*(X)= (=r Ao -2) 4(X) 


the spur part of (5’) is simplified to 
=Spur part of (1) 
x (—1) Vet 2M + 3N py + 4M ps 


=Spur part of (1) x (—1)”e+%» ~—_ (6) 
(Nps; denotes the number of pseudoscalar 
coupling occuring in this process) Combining 
(3), (5’) and (6) we obtain finally 

Byte yA enqeety Vet e 
x (—1)Vot Mn x (1) 
oe aE A ogy) (7) 
We see from (7) that the matrix element (1) 
and (2) cancel each other if V,+N.+N3= 
an Odd number, so that such a process is 
forbidden. 


In the case where all the mesons are 
neutral, we may use 


, 
Tata Trtstr=tstetutitr  (3') 


instead of (3), 
t’s are 1 or Ts. 
rule is simply read. If N,+,= 
process is forbidden. 

We shall also consider the case where 
light quanta are participating in the process. 
In this case some of U,, Uy--- are electro- 


magnetic potentials and, moreover, some of 
1+T; 


because in this case all the 
In this case the selection 
=odd the 


In such a case we 


Trtm-? are Tp = 


have no simple. relations as (3) nor (3’), so 
that there is no simple selection rule. But 
if all mesons participating in the process are 
neutral we have again (3’), so obtain the 
rule: if M.+N.=odd, the process is for- 
bidden. 

In conclusion the authors wish to express 
their cordial thanks to Prof. S. Tomonaga 
for valuabie discussion and encouragement 
in this work. 
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On the Eilectron-Positron Pair 
Disintegration. 


H. Fukuda and Y. Mivamoto. 
Physics Institute, Tokyo University. 
July 17, 1949. 


Recently ‘Prof. Sakata has sugvested to us 
on the possibility of the neutral meson dis- 
integrating into the electron-positron _ pair. 
In fact, we have found that the neutral 
vector meson with vector and tensor couplings 
can disintegrate into electron-positron pair 
much faster than into three quanta. This 
process is described in the perturbation 
theory as occurring through the following 
steps : 

neutral meson—proton+antiproton— 

photon—electron + positron 
(M@ller interaction) (1) 
The matrixelement for this process can be 
obtained by the same method as that used 
by Schwinger” in the photon self energy 
problem, as follows: for the vector meson 
with vector and tensor couplings 


1 
2a : oe - fablr Us X 


Bisse R(t} © 
and a $5 (J o'r; x 


Pew t(Zy} & 


where Uy, is the potential for the meson 
field, ~@ the spinor for the electronic field, 
and yz (x) is the reciprocal compton wave 
length of the meson (nucleon). In the case 
of tensor coupling, we have employed the 
Yukawa equation 6;U;;=4°U; and in the 
case of- vector couplings, we have, following 
Schwinger,” removed the non gauge invariant 
terms which appear in the vacuum polariza- 
tion in the external field. As is seen in (2) 
and (8), there appear the divergent terms. 
Thus various kinds of lifetime can be given, 
according as which prescription is taken to 
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get rid of the divergent terms. The following 
prescriptions are possible ; (I) Pauli’s regula- 
tor) and (II) by adjusting both couplings: in 
such a way that the divergent terms in (2) 


and (3) cancel each other, 1.¢. (aa " 
The table for the life time of the neutral 


meson will be given in the following. 


tic ¥ 
where meson mass “#=800m., r= (4) 
ke 2 ist 
(7) Fer and Fite= 95 mh 


In II ftlte= oy is tentatively assumed. 


It is easily shown that this process of the 
neutral meson other than vector is forbidden 
in our approximation of e*/fe, by the Furry's 
theorem and from the other reason. The 
life time given in Table I is very short 

Table I. 


The lifetime of the neutral vector meson. 


Coupling I II 
K - 
Tensor Wee ory ai 
=3~x10-4 36 xt, inI 
ey == 2:5 x 10-10 
Vector oie ey) To 
axa Oma 


compared with those by the three quanta 
disintegration, which will be described in the 
following letter below. Thus, from the 
arguments of the previous letter? and the 
present one, it can be concluded that the 
neutral scalar and pseudoscalar meson dis- 
integrate into two quanta, and on the other 
hand the neutral vector meson, into electron- 
positron pair. 

The 7 beam of 70Mev. observed in the 
cyclotron: at Berkley may be reasonably 
interpreted as due to the two quanta dis- 
integration of the neutral, scalar or pseudos- 
calar meson”*) if the experimental arrange- 
ment is sO constructed as to discriminate 
between y-ray and electron-positron beam 
which is the decay product of the neutral 
vector meson. 


The authors wish to express their cordial 
thanks to Prof. S. Sakata for suggesting this 
important process, and also to Prof. S. 
Tomonaga for his encouragement in this 
work. 
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The Three Quanta Disintegration of 
the Neutral Meson. 


H. Fukuda and Y. Miyamoto, 
Physics Institute, Tokyo Universtiy. 
July 17, 1949. 


In the previous letter” we pointed out that 
there appear non-gauge invariant terms in 
the matrixelement for the two quanta dis- 
integration of the neutral meson, and that, 
if these terms are removed, the lifetime of 
the neutral mesOn becomes considerably 
longer than has hitherto been believed. In 
the meanwhile we had the opportunity of 
learning Pauli’s® regularization method which 
makes it possible not only to remove the 
non-gauge invariant term in the photon self 
energy, but also to indicate how to dispose 
of the divergence and ambiguity occurring 
in the present theory. But it is found that 
Pauli's procedure can remove the non-gauge 
invariant terms in our problem, but either 
at the sacrifice of Dyson's identy, or pre- 
serving the identity by imposing a some- 
what problematic extra condition on the 
regulator.» Thus in this problem the puzzling 
character of the present theory becomes so 
much pronounced that the reasonable inter- 
pretation could not be made without the 
drastic change of the concept of the present 
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theory of wave fields. 

Here we shall investigate the gauge 
invariance problem in the three quanta 
disintegration of the neutral meson. Though 
this problem turns out to be less physically 
significant, since, as stated in the above 
letter, it is found that the electron-positron 
pair disintegration of the neutral vector meson 
occurs considerably faster than the three 
quanta disintegration, we think that this 
problem still retains some formal interest. 

The matrixelement for our process is des- 
cribed as follows; for the vector (scalar) 
meson with vector coupling 


ifU<¢'ri¢) 2 faU(¢' re) 3 (1) 
and for the vector (pseudovector) meson with 
tensor coupling 


es Ual¢'rx?)s a (Epgse Uj) (y'rse)s (2) 


where U is the potential for meson field, ¢, 
ithe spinor for protonic field, f, the coupling 
constant, and yz (x), the reciprocal Compton 
wave length of the meson (proton). (¢'Ly)s 
is the vacuum expectation value with respect 
to the protonic field, and explicitly it is 


1é PP [axaxvax” x 


he 

<(H'"(H" (LH ¢'Lel>o (3) 
where H is the interaction energy between 
protonic and electromagnetic fields and is 
defined by H=—vteg'r.~ As, (yLe); has two 
important properties; (I) (y'L¢)s is gauge 
invariant, that is, invariant under the trans- 
formation .4,4;+0;4, and (II) charge 
conservation law 0,{¢'ra@)3=9. According 
to Furry’s theorem, the three quanta dis- 
integration of the neutral meson with scalar, 
pseudovector, and pseudoscalar coupling is 
forbidden. From II this mode of decay of 
the neutral scalar meson with vector coupling 
is also forbidden. 

The results are:* 


t aN yes 


{0 Fu FieF ast FoeF s+ FosF 14)} X 
Test FiO Fx)? | (4) 


; 3 
(¢'ra¢)s=— seals, ) x 


{FP .( Fick a+ FosPigt Foy. F'o3)@ unse} (5) 
The first term in (4) is not only non-gauge 
invariant in contradiction with (I), but also 
destroys (Il), whereas it does not so for the 
second term in (4) and the first term in (5). 
Thus it is expected that, in future theory, 
the first term in (4) should be zero. Really 
this term is found to be cancelled out by 
Pauli’s regulator.» Further, (4), multiplied 
by -—ieA,/4, is the matrixelement for the 
scattering of light by light which was worked 
out by Euler.” The first term in (4) was 
removed by him with recourse to Heisen- 
berg’s subtraction method. The second term 
in (4), is in complete agreement with Euler's 
result. 
In the following, the table for the lifetime 
of the neutral vector meson by this process 
will be given. 


Table : 


The lifetime of the neutral vector meson. 
rn 


tensor nc \é 5 Es 
een Pa (=) 1.5 x 105~5.5 x 103 sec. 
r 8 
opie sT a 2.8 x 195~4 x 10-5 sec. 
coupling LB 
‘fic (he ) eee SS 
er =. (—-) — 3-=s0» and 
where Tp FEM) Ge’ te = 50° 
2=300 m,. In our approximation the decay 
of the pseudovector meson with tensor 


coupling is forbidden. Comparing the above 
table with that of the above letter, we shall 
see that the life time by the three quanta 
disintegration is much longer than that of 
the electron-positron pair disintegration.” 
Further t->32 decay which has been dis- 
covered by Powell, will probably be of the 
same mechanism as 7-decay of neutral meson. 
The life of r-meson is about 10-°~10-” sec. 
from our estimation from three quanta dis- 
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integration of neutral meson, which is in 
agreement with experiment. 

We should like to express our gratitude 
to Prof, S .Tomonaga for his kind encourage- 
ments in this work. 
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They obtained very short lifetime, which 
seems to us due to their inadequate treat- 
ments. 


Note on the Wave-equation in the 
Non-localizable System.* 
H. Suzuki. 
Departinent of Phystes, Kyoto University. 
July 20, 1949. 


In the non-localizable system the field 
potential A, of the electromagnetic field 
satisties the following equation” 


[pul p*Ary]=0 (1) 
[ty[2*Ar]]=0 (2) 
[ Py, al =tAOpy, Les PY =O, 75, 2 |= OES) 
where py and zy are the operators, correspond- 
ing to the energy-momentum and coordinates 
of the space-time of the particle respectively. 
Now from the equation (1) follow the 
next equations : 
0=[a, [pe [pA aly] =[py [p* [zvAal]] (4) 
Therefore considering (1), the solution of (4) 
is 
[vy Ay]=Gyap Ap (5) 


and from (2) and (4) the constants d@py 
satisfy the relation 


the Editor 


Qyap tyr =O (6) 
Similarly for py the same relation holds : 

[pv ArJ=bvapAp, (7) 
where the constants bya, satisfy the relation 

byagbups = 9. (8) 


Then if the relation (7) can be written in 
the following : 


[py Arxl=Adthve Aas 5 hk y= 0 (9) 


which means that the field A, can be ex- 
panded by Fourier series 1.e. 


A,=D1A a= DN Aj (py, Kev) i Ava ; “7% 
s s 


+ AxA py Eye) e* | #48! <9} (10) 
There- 


where kys are constants (c-number). 
upon from (9) the equation 


Da [ey An-J=[eulp.Aal]=[plen Aad] 


is deduced. The solution of this equation 
becomes 


[ap Ays|=c*kysA As 
where ¢ is a constant or zero, 
Then from (9), commutation relations 


(1) 


(orp, At, |=e*k Aes [p,. At |=0 
are deduced, which have been introduced by 
Markow.” Accordingly the nonlocalizable 
field contaitis the Markow-type field. As to 
be seen in this example the non-localizable 
field interaction can give the clue to set up 
the non-linear theory and remove the diver- 
gence difficulties of the present theory. 


* The content of this paper was read at the 
annual meeting of the Physical Society of Japan 
held at Kyoto University on May 1948. 

1)‘ H. Yukawa: Prog Theor. Phys. 3. (1949) 
209. 


2) M. Markow: Jour. Phys. 2. (1940) 453. 


High Energy Photo-Disintegration of 
the a-Particle. 


Y. Nishida and M. Nogami. 
Department of Physics, Kyushu University. 
July 12, 1949. 


ii, in ei 
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Nuclear phenomena in high energy region 
are essential to the exact determination of 
the nuclear properties. Especiaily high ener- 
gy photo-disintegration of nuclei is valuable 
for this purpose because of its purity. In 
this letter as a typical nucleus we took up 
a-particle possessing the largest specific mass 
defect, and studied the behavior of its dis- 
integration by 100~250 MeV gamma rays, 
and compared the results with those of 
deuteron, and finally expected the manner 
of the transition of disintegration phenomena 
with increase of mass number. Numerical 
calculations were performed about neutron 
emission and proton emission. We assumed 
the non-relativistic treatment and plane wave 
approximation to the emitted particle. We 
could neglect the existence of the excited 
states” of the a-particle in our treatments of 
the high energy phenomena of very light 
nucleus. We used the Volz type nuclear 
forces and neglected the tensor forces.* In 
both emissions the total cross section @ is 
the sum of charge part og, and spin part 4;. 
The relations between these cross sections 
and gamma ray energy are illustrated in 
Fig. 1 and Fig. 2. a(n) rises from the 
Heisenberg part only of the nuclear forces 
contrast with others, and it falls off with 
increase of gamma ray energy more steeply 


1000 


100 


o(pb) 


10 


0.1 700. +4150 «©4200 «= 250 


fio (MeV) 
Fig. 1, %=2.0 x 10-" cm. 


Cross sections of the a-particle in p/ 


scale versus gamma ray energy. 


than others. if P, P’ mean the momenta 
of emitted particle and residual nucleus in 
the laboratory frame, respectively, the above 
difference is also distinguished by the fact 
o.{n) depends on & only, others P, P’. 
In our calculations o,(p)/o(n) = 4p?/Mn® (MH: 
magnetic moment) ; and o(p)/a(n) becomes 
larger with increase of force rarige. As ex- 
pected, the increase of force range reduces 
the total cross sections o(p), a(n), and this 
tendency becomes remarkable with increase 
of gamma ray energy. This is due to the 
fact that with increase of gamma ray energy 
retardation effect becomes more essential, 
and requires the exact introduction of nuclear 
dimension. In our approximations nuclear 
dimension is supposed to be roughly propor- 
tional to force range. Angular distributions in 
both emissions are roughly uniform in the range 
100~150 MeV, and then gradually forward 
emission becomes increasing, and at 250 MeV 
this is the whole. We calculated the cross 
section of the deuteron using this Volz type 
nuclear: forces with the same procedures as 
Rose and Goertzel. It falls off with increase 
of gamma ray energy more steeply and is 
smaller than the case of square well potential 
for the deuteron and our results for the a- 
particle. Therefore the cross sections of 
a-particle by the square well potential will 


Zw (MeV) 
Fig. 2, %=2.8 x 10-8 cm. 


(10-8cm*) on a logarithmic 


force range. 
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be perhaps more slowly decreasing and larger 
than our results. In general the aes 
of nuclear dimension upon force 
more sensitive by Gaussian eines than 
square well. Therefore the force range- 
dependence of the nuclear properties by the 
square well will be looser than our results, 
and this tendency will 
with increase of gamma ray energy. It may 
be noticed that the total cross sections of 
the a-particle have more slowly decreasing 
gradient than the deuteron. This is chiefly 
due to the increase of mass number and 
merely the greatness Of mass defect. And 
from the fact that in the intermediate nuclei 
oscillator model is the adequate approxima- 
tion, we can expect the fair slowness of the 
gradient of these nuclei. The increase of 
mass number tends to smooth the undulation 
of the angular distribution. 


range iS 


become eminently 


1) II. Bethe and R. Bacher: 
8, A (1936), 147. 

2) M. Rose and G. Goertzel: 
(1947), 749. 


* Tensor forces-conclusions are indefinite now. Cf. 


Rev. Mod. Phys. 


Phys. Rev. 72 


Discussions in the physical meeting at Birming- 
ham Sept. 1948, p. I. 


On the Self-Energy of the Neutretto. 
Y. Katayama. 


Dept. of Phys., Kyoto University. 
July 25, 1949. 


In the previous letter”, we reported that 
the self-energies of C-meson calculated by 
the method of Pauli” diverge logarithmically.* 
However, whether there are diverging terms 
of other types or not in the expression of 
the self-energy critically depends on the 
method used in the calculation and is there- 
fore related to the applicability of this method. 


In this connection, we have calculated the 
self-energy of pseudoscalar neutretto due to 
the nucleon field in order to examine the 
merit of these two methods. In this case, 
the identity which holds in the free field® 


*rsrpd)=—2M(¢'*7#) (1) 


=e 


plays a very important role as the gauge- 
invariance of the photon self-energy problems. 

In this problem, we have also to make 
use of the canonical transformacon in order 
to reduce the second order Schrédinger equa- 
tion. That is, by making use of the trans- 
formation ¥[C|=U[C]¥,[C], we have the 
following equation : 


2 (Up rsp U-)=-2M(Ub* 7h UY) 
uw 
+i(Ulb'rsrud Mus \ Hy(X)dE'jU~) (2) 
: 
where i 2U = MU. In our cese, taking 


(3-1) 
(3-2) 


Hfps=th sh * 1s -P 


A= H tes 

fov=t d*rsre SE 
we get the identity (1) in the case of (3+2) 
in virtue of the commutability of H%,, but 
not in (3-1). Judging from these circum- 
stances, we can see that if we only consider 
Hf» as the transformation function, this 
identity still holds after the transformation. 
In fact, we have 


t<¢*T3¢> 
Ba i £2 { Tx—x6 ae LX! 


t<trsrpo> 
— jal Ee — 7 OP(X’) 7 
4 — KX Dp.) ax’, ax. 


(4) 
where LZ, and Ky, are bilinear formulae of 
4®(X) and 4(X) and their derivatives, and 
M, p are the masses of nucleon and neutretto, 
respectively. From these equations, we get 


Gig Uttara > = AMY 1 > 
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| —4ifn| “a x— x OLOAa LX) OO(X) ye 


dX), eon x. 
(5) 
Therefore, in this case, the circumstance is 
the same as in the case of the gauge in- 
variance problem of the self-energy of photon 


and this also promises to effectiveness of 


Pauli’s methods. ~ Furthermore, after the 
calculations we get the following equation 
equivalent to (5) : 


Pp Kp) =2M’ L,(p) 
__Spv , , 
ier > B'0) @) 
Here we have replaced R’(z) with <M?R(z). 
From this it seems clear that if we take 
R’(0)=0 the identity does hold. 
In the above considerations, we can utilize 
this method only to drop the indeterminate 
terms in the calculations. Then we get the 


self-energy of neutretto taking into account 


both Hf. and Hf», 


1 og ae 
AGG+ we B 0% 0% (6) 


—dL= 


and 


A=— fos te ( fost +22 fn) 


ie ydy 
x $5 [og rept 2) (40°—1) +3? ] 


sap (7) 


These results show that in the present case 
the divergence is also logarithmic. 

We wish to thank Prof. M. Kobayasi and 
Messrs. S. Takagi and K. Sawada for their 
kind interests and discussions. 


1) Y. Katayama and K. Sawada, Prog. Theor. 
Phys. 4 (1949) 377. 

2) W. Pauli and F. Villars, Rev. Mod. Phys. in 
press. 

3) E. Nelson, Phys. Rev. 60 (1941) 830, F. J. 
Dyson, Phys. Rev. 73 (1948) 929. 

4) On the contrary, in the Hyps case, we get 


7 <br rstugo = —2M< ot 156 > — iM fps 


+00 
x j o(X— X’) A(X — X7) 6(X4) dX” and cannot 
remove the last term. 


* In the previous letter, we also utilize the alterna- 
tive method proposed by Miyazima. But this 
method has no consistent way of calculations and 
many difficulties arise. See, Y. Katayama and 
S. Hori. Prog. Theor. Phys. in press. 
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P. 232 Phenomenological Treatment on the Production 


of Cosmic-Ray Mesons. 


read B=} 
jor higher, 


In equ. (7), for B=1, 


Eight lines under.equ. (7), read lowel. 
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On the Method of the Third Quantization. II.* 


Yoichir6 NamBu 


Department of Physics, Tokyo Oniversity 


(Received May 16, 1949) 


4. The wave equation in the q-3 formalism (Continzcd) 


Our next task is expressing the various quantities mentioned above by the 
g-) operators. To conform to the hole theory, it is necessary to decompose the 
electron field into electron (positive energy) and positron (negative energy) 
parts, and make necessary changes of order. We put accordingly 


¢ = p} ae fh, ’ = t, + Gis (4 : 2 9) ) 


where # and wz refer to the positive and negative energy respectively. The free 
particle energy density 


a Ss Se eee =e die. baxdia 4.26 
Vf Ba 5) (y 44 a 740), ol ear dé 3 Y+ v ¢ ( Zt) 


4 Ons ; t=1 ay 


becomes then 
; fe) . fe) 5) ) 
Afni eee h Pili (AE ca en DF te) | h 
H=$, (7: ax, +x) h,+ 9 (7: ax, +x) + (i ax, ae 9’; 


= ee i 2 a> x) Gis (4 . 27) 
ae / 


t 


where ;/ means the transposed of 7. .We have avoided the symmetrization with 
respect to the electron and positron adopted by Schwinger,” for the sake of 
simplicity and in accordance with the present scheme in which the lowest state 
(vacuum) is not defined by supplementary conditions. 

Similarly for the electromagnetic field we get 


A,=at+ay (4-28) 


where af is the emission, a, the absorption operator. The free radiation field 
(including provisionally the longitudinal part) is also understood to be rid of 
its zero-point fluctuation by rearrangement of ay and a,. The commutation 


| relations are 


| 
F *) Continued front Prog. Theor. Phys. 4 (1949), 331. 
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Pra (2)s Pha (x") }= SEP 2") =F (7 u—*) sd (4-2), 
Lot, (2), ous (2") }= SH 2) = EGP w—*) asd? (x—-2"), 


Be AHN aS os ley apls =" bt fh! \={g,, fi’ }=9, (4-29) 
{Por ¢ nf 1G» Pn Vp Vn 


aut j= he ea =—70,,D' (*4#—2"), 
[aus al\=[ay, ay \=9, 


where 


etit- E+ k-r) iar Ae { getter) 
fs —— dk, D(z) = _dk. (4-30 
e os 1(3-) | =i, ole p (4) (se) 7k ( ) 


The left and right-multiplication become according to the formulae in Section 2 


as follows: 


> ; + + rs ; Hy if = _ 
f= p+ byt = + (g—s); 


> + -. + + 1 - - 
f =PptYr Yr=p + 73h (i+ ¢,), 


~ ~ 


ni 


eee 1 
ith, + Gt Gh =) gee (+9), (4-31) 


<b = =e nih ret iy a Gt aie 


> + + = + 1 - - 
and A, =a. Oy + ay = Ay + (A,+Ay)> 
<_- ts : =o + + 
Ay =ap+ a+ ay=Ay -+ (A, aA. (4-32) 
+ ¢ & + + ¢ 
where b= P+ ons $= f,4+91, 
Pe 
$= G—Gu ti bp— Ph 
+ + + ~ + - ; 
A =a + a,, - Ag ai — ay, (4-33) 


a ca + + = = 
Ay=1,—t., Ap=Satau: 


They obey the commutation relations 
= + Migs - : 
{Pha (x)s Ps) }= {Ppa (2)s Poe) t= Sar (e—2'), 
+ - - + 
1s (x) ’ Pns(#") } Gas i Pn (x) , ons (2") } = Sis” (4-2) ¥ 


- + + = 
i be (x) , 5 (2') } = \ Pa (1) ’ hs (a) } = San (4+) =z GW am x) 4 (@ —x') ’ 
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(Pia), Pls(2’) } = uaa)» Pina") }= Sag (4—2'), 

{$L(x), Ph(2")}={9la(2), AO) }=S8 2) == Ped (22), 

a(x), Guz’) }=1Hra(a), Gy(2) }=SB(@—2!), (4-34) 

[4.(2), Ae’) ]=[An (2), An (2) J=Ry, (4-2) S—18,,D (4-2), 
[Ai 4@)1=[4.0), 4, @) = R8G—2/) = 3D (2-2), 

AY = —7 (4) —g),, D®=—i(D—D). 


+ + 

The quantities $j, ¢, and the function A, are different from the corresponding 
ones used by Schwinger by a factor.z. (This choice is for the sake of avoiding 
explicit occurrence of z in the subsequent expressions.) 


The effect of operating the above defined quantities on a vector is, for 


example, 
+ + : ‘ ' i 
; j ’ 17 et ! Hi Es! is 
Pe i py’ -, =f, p: t, ’ Po 3 s p. Ws Po Pes 
y ss } r i? , 
f +h Opt , , a PT . 
pt : Ph! fi, = — fi db. ; Ye : ih v, = ¢p., 2, 


bho Oh! =Sale— x) oe, Fa PS bl =— GY Sra (4! —¥) 9 (4-35) 
fe : py f= — Sos (4 Se ay ae Pa hy f=) oe (2! pH) ’ 


aA, oi, aA! Ay Ri ,,(2—2'). 


The results of the operation which are given on the right-hand side should be so 
understood that they are automatically put in the right order with respect to the 
creation and anninilation operators though they are apparently not so. It is for 
the sake of simplicity that we do not explicitly separate the creation and an- 
nihilation operators, but write, for instance, merely as gig instead of fig, +¢5 oh 
+Un$,—Pidn. This convention does not catise trouble in any iterated application 
of the formulae (4-35). In calculating according to the above rules, we need 
not be nervous about putting the operators in their right place, but have only to 
consider every quantity as either commuting or anticommuting. The separation 
of the fluctuation terms is automatically taken care of in the q-3 expressions, 
pate equation of motion for the transformation function U[CC)] can be 


written as 
ib ulcc]=H0T C= ae UICC 


=—é& (pt Vu ae fi Vp b+ Co Pp —¢f Tu! Pn) (ae az Ay) U [Cc Co] 
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+ = + . + - + - 
=— ei Pt ty Got PD + Tu Sha (Prt Gh) Tr Pot Pp) 
+ + - + + —_ 
—<dt re (n+ ft) } (ag+ a+ as) U La ci 
+ + + + + + - ; + 
= — ci (Pre Pe $M Ta Pat Pn Tu Po— Pn Tn Yn) 
+ - =. + + af a P * 
Ge LED Ha Pot Gn Te Pr— Pn Te Pr 
+phr, itt (afta, +a¥) U(CC). (4-36) 


Thus there arise several kinds of terms which are different in the effect they 
cause on the number of “ particles” ¢',~ and a*,a present. Some terms create 
two ¢’s (or two g's or a g and a ¢), simultaneously annihilating a af, and 
so on. We denote these terms symbolically as (+2, —1) etc., the first number 
referring to the electron, the second to the radiation field. 

The same result can be obtained more easily by writing simply 


> > 


. + aaa . ae i Tr = . 1 re e 
fr Ap=il tu Ap=ei LP + OP) TH Pt (f+ $0) } 


—Tr {S(0)7,}] {A,+— (4, + Ary) }. (4.37) 


The trace here is necessary to compensate the zero-point fluctuation which should 
be subtracted on changing ¢a7p¢h to —Pr7y! Pn: The adjoint equation to (4-36) 
becomes similarly 


—2 . U(CQ\=A (45) GCG \=—j-4s Gs) PTC 
0 
=—ci[lP+ + GO) wl H+ +H} (4-38) 


—Tr{ SO) 7] {A,— (A,—A,,) ¥ (4)ULCC). 


These equations serve to determine the change of the U[CC,] accompanying 
that of the surfaces C and CG. But they appear to be too complicated, and 
moreover, they have no symmetry between the creation (+) and annihilation 
(—) operators, which would be required in order that the operators be Hermi- 
tian. To remedy these defects, we note that, in case of the left-coperators, the 
quantities with asterisk (or dagger) do show the above mentioned symmetry 
with respect to + and —, while the quantities without asterisk do not; in case 
of the right-operators the reverse is true. In the first case, then, we eliminate 
all the quantities without asterisk and retain only the quanties with asterisk. 
This can be done by the transformation 


p= Sgt, $=S“$'S, ApS Va S; (4-39) 


lt = 
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SS - + + = 
where S=I/lexp (—y¢n—yxig,) - exp (—a, 6%), (4-40) 


and ¥,4 shall satisfy the commutation relations 
ee ae oe ae Ce 
4 = cet eT uae Ae 2 S15 fae Q y 
1 X pe Pi. } Semage Xn ee = 0,30 (4 me ) ’ Pn a | — Os, o €: ar) , (4 i 41) 
. . ° . 5 i 
otherwise commuting or anticommuting ; finally ¢',¢@' and V* are defined by 


= t - = = + + - 
a re i Fe r rk x 
B=P+eu P=tyttn Var =ag tag. (4-42) 
These transformed quantities are indeed symmetric with respect to + and 
—, and obey the same commutation rules as those for the original field. As a 


consequence of this transformation of the operator, the operand U also undergoes 
the transformation 


U (COj=SU,[CG] S. (4-43) 


U, contains no more the quantities without asterisk. The equation of motion 
becomes then 

a 
6 


3 ae U,(COJ=M) 1 [CO], 


ical H,=—ei¢ty, bt V%. (4-44) 


Similar procedure applies also to the adjoint equation (4-38). This time we 
eliminate the quantities with asterisk by means of 


gi= S65, b=S565, 
A=SAVS, (4.45) 
with S=/l exp (7, gh +7, ht) -exp (a3d,), 
en a ee ; ee 
VYea: Pos} = Aves Pius } = 0,30" (o—2) ’ Loy, ay] =—0d,, Osea"): (4-46) 


The equation of motion becomes 


tS ONT Aty ONC Ln 
Oo 
where C{.= Sos ~ H=-—<eid v4'6 Va. (4-47) 


The operators //, and H, are in fact Hermitian, so that (’; remains unitary. 
To show this we must explain the apparent asymmetry in the defining equations 
(2-9) and (2-15). There we considered as if every field quantity at different 
space-time point represented a different and independent state. This is not true, 
as was mentioned in’ Section’ 3, and a field quantity at an arbitrary point can 
be expressed by those on an arbitary but fixed surface CG). Indeed, 
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way=| Swe Bias b(4)= \3 Gi SRE i. Z) ais; 


( . . \- 9 
Ap(2)=—{ | 3.92) Ae) De Ay (2!) | afl. (3-48) 
Co ox, Ox, 
(See Schwinger, of. cit. in the preceding part.) Therefore, 
+ + +, sie : . F 
9 (*) =|Se—z/) ful’ df, 9 @) =|9" Te S(4'—%) dfus 
yee iad) al Ga. ( Py? Ae dyad pt 4.49 
A,(4)=— ri D4) 4A,L690—-0G—24 ey Ayla!) pdfs (4°49) 
BRS Ee 
In this form, the symmetry seems to have been recovered at least partially. 
However, the decomposition of a field into creation and annihilation operators is 
only possible by considering its behavior over the entire space-time, for it is 
closely connected with the Fourier decomposition with respect to frequency ; and 
the idea of creation and annihilation is reasonable only when we mean by it a 


change of state that exists between the past (C<C ) and the future iC cake 
Thus we decompose the fields into Fourier components : 


he(2) = SLY 5H) 0 (8) eM S&H eg Heh, 


h=—#, 
Pele) — SS f(b) uk? (R) oY + he (h) vb (2) et eH Y, 
A, (4) —— pa Tz { a, (2) fir sak (b) ae iad e=0, (4-50) 
a hb s 


and introduce the third quantization for the amplitudes 7, w*,7v, v* and a, a* by 
means of 


GE D=GER), $0) =$,() 4950) 

a (b) =ak (®), 4,2) aa, (2 Eat), ete. 

Gir), EE OL=1GO, BO }=2.d(k—-D), 

(Hi), PEO =O, BO} =0.8(K—D), (4-51) 


ot ee ah *; 
[at (2), af H]=[a,®, a, ]=0,,0(8—D. 

Transforming these q-3 operators defined in the momectum space back to the 
space-time representation, we obtain the corresponding space-time field, and at 
the same time it establishes the fact that the + operators are really adjoint to 
the — operators. In order to obtain the original transformation function U[CG] 
from C',[CC,], we have only to replace in the latter all the quantities like i, bh 
and a by $3+¢,, ¢,+¢, and a&+a, respectively. The conservation of the norm 
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of U[CG] holds then for that. part of UV which contains only the quantities with 
asterisk, or alternatively, without asterisk (using the adjoint equation). In other 
words, if originally || V[C,Q]||=1, ‘and for C 


Os [COl=| rex") Pi(a) h(a’) dx dal pre +| g(22’) A, (2) A, (2') dxdx' ++, 
(4-52) 


where the integration extends over the three-dimensional surface C, then necessarily 
1 = fra’)? dr di! +--+ - ea |e (ae') +e (a'x)\?dvdz'++--. (4-53) 


This means that the transformation function conserves its length if we define the 
norm of the elementary vectors simply by 


IP =P l=Al=L, ete. (4-54) 


Actually -the norm of U[CG] is infinite owing to the continuous degrees of 
freedom and also to the delta-function type coupling of the elementary vectors 
in the Hamilonian (the localizable system !). 

Our last but main problem is that of the reaction of the interaction on 
various quantities including the self-energy. To handle this problem it is more 
suitable to use the Heisenberg equation for Q: 


SAe OCIA OIC: (4-55) 


0C 
The operator [AH] can be written as 
[A ]}=( yu dul=— J (Uin 14+ 174) [40D (4-56) 


Using the expressions (4-31) to (4-33) and the relation (2-7) between the left- 
and right-operators, the following formulae hold: 


+ + + = t+ — 1 - = - - 
{bigs |= hast dadist Potiat (YraVls—PoPs)» 


to + + - =. - = 
[pide]= igi, teats (b.Pt,— Sieh), 

ce 
{A,\=2A4,4+ Ay, (4-57) 
[4,]=A,. 


Then (4:56) becomes 


: + + + = + - 1 - — - = = 
[7]=-+ [12th + Pred or dit > (Yiruti-—Pruf) } Ap 


= - - - - =- + - ” 
+P Pt — bre + Ora$t Hare) (24, + Ars | (4.58) 
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The trace term appearing in the Eqs. (4-37) and (4-38) has dropped in the 
above result. To obtain the Heisenberg representation of a quantity QO, or rather 
the radiative correction for it, we substitute the above expressions in the formula 


(4-24) : 
Cc Cc cr 
Oris +e \ val dx'—{ a ix! CHM] deen) OLC, (4-59) 
Co Co Co 


and take the limit C-+ ©. 


The self-energy in the second approximation is contained in the expression 


4 (f de', H(x)]= {ur ae THs. (4-60) 
We first divide the expression (4-57) into several groups: 
[H]= cide Ay (42, —1) 
~ ci tn —$70l #) Ay (0, +1) 
LG rt dr’) Ant OTs 97D) Awt — OD 
— 2 nthe) Ap (—2, +1) 


ee ee Oe eae ‘enh ee “Ee 
aac? (ip Pi—PruH) Aut GraPi-fiireP'’) Amt: (—2, —1) 
(4-61) 


The different roles played by these terms are symbolized on the right side. 
Operated on H=—ei¢'7,¢, they give rise to the following terms: 


Li iC 
(42, 1) Ha) = — 2] gre RO —2) Hrahade’, 


Dis (63 
0,+l)-H(4)=— =a (fr, S(a’—2) nY—L nS (4-2) mH) A,’ Aa’, 


eure 
(0, 1) + Ha) = ALT 74 8° 2) 19 PS? (22) TH RGA) 
ti bry S(t! —4) Pt fp S (4-2) Taf} RO G4) ] dx’, (4-62) 
2° °C 
(-2, 41) A) =—=2L Tri, SPO) nS) 
—7pS(2'—42) 7, S° (4-27) | Ay Ade’, 


eaywrieGe 


c 
[tins e759 C2) 
—7,S(4/— x) 7, S(x—2’) } R(X’ — 2) 


he 
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+ Tr {7,S (al —4) 7, Se — 2") — 1 S (2! — 4) 1, S® (4-27) | RO (2 — 2x) jax’. 


Thus, they correspond respectively to the M@liler interaction between the electrons, 
the Compton interaction between the electron and the radiation, the self-energy 
of the electron. the self-energy of the radiation, and a constant term independent 
of the field quantities. The last term may safely be subtracted away since it 
does not cause any observable effect. The interpretation of the self-energy terms 
and their relativistic evaluation will not be discussed here as we are occupied in 
the present paper only with mathematical formalism. 

The equation (4.59) can be applied to any quantity. For example, the 
behavior of the elementary vector ¢ in the course of time is given by 

é 


g(x) =(L+i \ta77 dx! —\[7") ie" (1) dx! —---) (2) 


C 


=$(e) +0 (Ss) tall Al de 
- ely" Taf” Ra" — 2") S(x—2') rf! dx dx! (4-63) 
+ els (4—2') 7, SQ! — 2") 7.9" A," Ay! de! dx!" 
at Sang 5? al yi det = 2) 


af S(a—2')ry, S24") 1,R™ (a! — 2") f" dx! de", 
The last term is a correction due to the self-energy effect, being a result of the 
operation {lo. — i}{to, +1], and hence may be renormalized into the original ¢. 


By an exactly analogous procedure, the corrected behavior of the radiation 
field turns out as follows: 


Ay (2) =Ay(2) =6[ 9" rp 8! RO! —2) ae! 

61ND SQ"—2) PPT SIL) THY AN Ral) de da 
e 
2 


42 Tr {7,5 (2!) SC! 2) 1 S21) 74 SH) F(A 6A) 


x A Ra! — 2x) dv dx". 


The second and third term are the field induced by the (real) current distribution, 
while the last term corresponds to the self-energy of the photon as caused by 
the virtual fluctuation of the electron-positron field. 

The correction to a quantity bilinear in ¢ and $' like the current vector jy 
is easily obtained in a similar way. To eliminate the self-energy effects we ye 
to pick up in the second order correction operator only those terms which simul- 


408 Y. NAMBU 


We shall not do it here, but adopt- another 
method which leads to the same result. 


taneously affect both ¢ and ft. 
interesting, if somewhat more laborious, 
That is, we construct directly the current vector 7, using the corrected field ¢ 


and its adjoint ¢": 


(a) yl (2) |  7eS (2) Ae de" 


SG" 2 TFS G2) AA fe lh (4-65) 


4e \s Ti a Ss (xv =) qpiltes fp" R(x 1 4!) ax! dx! 
veer 


+ i \en : ip Sm Crs — x’) = iS ey —1) R C2" hail x’) 
ry S(0" — 2) 7, S(a' 4) ROA" 2’) } de de", 
Jv. = ie?" ry. 


The ¢ and gi’ are of course w ell-ordered quautities, but the product of them is 
not so, Accordingly we take the expectation value with respect to the electron 
and radiation field in the state (1,0). Remembering the formulae (4-31), 
(4.32) and (4-34), we see that 


1 
<A, Xi, Pte 1 Rio phe at ane Ce a 


< oft st op! yy’ > ,=— pity (— — S(2”—24) + SOR r’—x))- ff’ 
rove (S(e’—2) —SM(@'—2)), (4-66) 
<P" BTW XP> = {Pl (SUE 2") — SPE 2")) Tf" 


+ (S(*—2’) ag (x—a")) : opi! a ip". 


Inserting these results, the correction in the order <° turns out to be 


9 


e 
2 


—_ 


: Jo SQ’ —2) 1p SQ OPRAH 2D ER 24 \ dxl dx" 


5G (x! —2) ru {S(e—2") —SO@—2") ro" RG" —2') |dx' dx” 


€ orc 
Fa2 [-\ gr ne" Ra" 2") Tr S(a—2#') {SG 4) — SO —2) by 


—7.{S(a—4') —S° (4#—2') $7, S(a'— 4) de! dx" 


—_ 
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2 rere 
— [197 SG! 2) ru Se 2") ROG!—=2") 


4+ 50 (x—2!") R(a'—2") LO +P 7, {S (a! —x) R(z"—x’') 
+ S(4"—x) R® @" —2') 7, S(4’—2) ¢' de! dx" 


9 


orc 
; jenn” Lr[S(a! —2) 75S (2! —2) yp +7.S% (2 —2) 7, SG2'—2)] 


R(x!" —2!) di! dx". (4-67) 


This agrees with the result given by Schwinger.” The subtraction of the self- 
energy has been carried out already in the equations (4-63) and (4-64). The 
present method corresponds in the non-relativistic one-body theory to the trans- 
formation of Pauli and Fierz in which the matrix element for an external poten- 
tial is changed from (7) to V(r—-= Z) where Z is the Hertz vector for the 
radiation field. ‘ 

Besides further applications to various problems on the radiative corrections, 
in particular to higher order corrections, there remains yet much to be done. 
Here are some examples: what is the physical meaning of the q-3 operator and 
the state in the q—3 space; what is the classical analog (4-0) of the present 
theory ; how is its application to many-body problems; and finally, what can a 
statistical ensemble of those ‘‘ particles” mean? All such questions lie some- 
what beyond the scope of the present paper, and their answer, if any, will have 
to await future opportunities. 


5. Some remarks on other fields of applications 


It may be perhaps worth while to point out other possible domains in which 
the present method appears to be promising. The eigenvalue problem in Section 
3 for an operator Y rather than for the state Y enabled one to obtain the trans- 
formation or displacement operator which transforms one eigenvector into another. 
When this operator happens to be of particularly simple structure, the solution is 
easily obtained. For example, let 7 be the harmonic oscillator Hamiltonian : 


=1 (p+), with [p d=-2 (5-1) 


If we consider the well-ordered quantity of the form })f(/) g¢(g), the multiplica- 
tion formulae read : 


> +f < te == 

P=), P=PTY 

> + - < + ~ 
G=QAPr 9% (9-2) 


with [a pl=[e ol=e 
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The eigenvalue equation then becomes 


[A] X=2Y, 


Li =4-H=-+ (p+ (9 +p)?) —(ptg)?t+q} (5-3) 


a 


| 
I 9) >, oe 1 (2 a, ? 
=5- (P'+29p)—-,- (+P 9)- 
A particular solution of this equation is found at once by assuming .¥ to be a 


linear function of f and 9@: 

AL =pLiq, With “A= ST. (5-4) 
Any power of X, is also a solution: 

X?=(p+ig)”, with A= +2. (5-5) 


As the relation (5-1) is satisfied by putting p=—id/dg, X? is nothing but the 
generating operator for the Hermite polynomial : 


i"(ptig)"= ds —9) ee. (9-6) 
0] 


In connection with this, we shall consider the so-called generalized wave equa- 
tion which was proposed independently by Snyder” and Yukawa”. Laying aside 
the physical considerations which led them to setting up the equation, it is 
written typically as 


[tu Lo", A]]=9, 


Lyn» [g*, A]]=9 (9-7) 
for the electromagnetic potential A. g and g are the momenta and the coor- 
dinates regarded as q-numbers related by [f,,9,]=—20,,, and the bracket opera- 


tion replaces the ordinary definition : 


; sieditS 3 
Aiea BaL Gp ~ Pp (9-8) 


in the ordinary wave equation, Substitution of the relation (5-2) in (0-8) shows 
that 


(A.J on [oul =Pu- (9-9) 


Hence 
[Pu LP All=[a,. FP: d=9,"'4=0, 
Lous [Gus A}\=[qP:- A=, A=0. (5-10) 


- + — + 
But the relation [/, ]=[¢, g]=2 is satisfied again by putting 
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- ) 7 e) x 
— 7 > ; =? ——— o-11 
Pu ae , pa= Py ‘= Jus Qua=t ae ( ) 
so that the wave equations (5-10) reduce simply to 
ai te Yt ely ay (5-12) 
Op Ou 


that is, the ordinary equations. The fundamental solution of them is given by 


A(N, M) =fi(P) - gh (9), 
f3(p) =exp @Mup,), 8% (¢) =exp GMa a), fone) 
Ni Z=M,2=9, 


and the general solution by 


AST duy ACMA: (5-14) 


Another set of solutions are obtained by interchanging the order of the factor f 
and g, though they are not independent of the frst. 


The meaning of the solution (5-13) is as follows. A(N, M) transforms an 
arbitrary beh function at an arbitrary point ms with energy, omentum i into 
one at x+N with energ By ee k+M. In fact, writing ox x, t, paograd 

z 


as usual and operating A(N, M) on the function &” 


A (N, mM) opi * x) a f(a?) gis *} gh cS 
— pf grad) fiMt+h, x) — gf Mt+h, z+) (5- 15) 


This is just the relation from which Yukawa has deduced the equations (5-7). 
These considerations are but of preliminary character, and detailed investigations 
in this direction will be done elsewhere. 

In concluding the author wishes to express heartful thanks to Prof. Tomo- 
naga for his interest and encouragement toward the present work. Useful advices 
and remarks received from the author’s colleagues should also be appreciated to 


the full. 
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A property of commutation relations between field quintities. especially that 
of d-functions appearing on the right hand side. of the commutator of fieid 
variables suggests us to generalize a relativistic cut-off procedure developed 
recently by Feynman? and surveyed seriously by Pauli and Villars®. The 
formal simplifications can be attained by this generalization than the introduction 
of the regulator in the course of the evaluation of integrals. The electromagnetic 
and scalar mesonic se!f-energies of Dirac particle are calculated according to our 
prescription and they turned out to be finite. 


$1. General Remarks on the Self-Energy 


Recent. developement of quantum electrodynamics enables us to classify the 
reaction effects consistently, but the reaction effects themselves, for instance selt- 
energies, radiative corrections to the cross-sections and vacuum polarization 
effects, remain infinite. It is the well known fact that these difficulties are due 
to the peculiar singularities appearing in Pauli’s J-functions, the introduction of 
them is necessary to demonstrate the relativistic invariance of the formalism. 

We, therefore, first observe a sort of singularities appearing in the course of 
the calculation concerning the behavior of d-function, and which brings the cur- 
rent theory inconsistent in some respects. 

We discuss, here;-for simplicity, only«scalar meson field interacting’ with a 
Dirac particle. 

Usually, the commutation relations between field variables are given by the 
foliowing, which is derived directly from the fact that the system is written in 
canonical form ; 


[Cl YnCOX) lead | (1) 


where C(X) is the meson variable at the world point A, d,2° means -function 
with mass factor p’, and yp is the mass of ‘the meson.” The right hand: side of 
this commutation relation has the property, which was used by Stiickelberg and 
Rivier”, that it becomes to vanish if the mass of the field becomes to infinite, 
since 4-function vanishes in this limit. Then, in this limit, all the field variab!es 
commute each other, and hence all quantum fluctuations and its combined effects 
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due to this field should vanish, such as self-energy of Dirac particle interacting 
with this field. But, unfortunately, this cannot be checked by usual calculations. 
Usual calculations show that the self-energy of. a Dirac particle interacting with 
this field becomes infinite in this limit depending jogarithmically on the mass 
factor appearing on the right hand side of the commutator (1). To show this 
fact, it is convenient to distinguish the meson mass p and the mass factor pw 
appearing in 4-function of the commutator, so we denote the latter by 7. Then 
taking the interaction Hamilton density as follows; (only f-interaction i.e. weaker 
coupling) : | 
H=f¢' oC (2) 

one obtains as the mass correction of Dirac particle in order f* following the 
calculation of Schwinger® : 


Om - , i \\ 1 poe (vw (l—y)? » lity = Ve é cy 
ee co: Sg gt eg) Cy 3) apd 
m 16zJoJ-1 2 4 2 ) (y+3) -dy 
2 1 
=-_[' log —— ARE UR ee OE (3) 


= = 5 (GSS oN we ey 
La et eget (ne +22 > 


where 7 is the mass of Dirac particle. This expression diverges logarithmically 
as the mass factor 4 becomes to infinite, apart from the numerical divergence 
which is independent of 4. 

Now, to remove this inconsistency, if we subtract from the self-energy with 
meson mass pt the expression (3) with mass factor A infinite, this just corresponds 
to Feynman’s relativistic cut-off procedure. 

He started with the following commutation relation ; 

[C(X), CORY = 8 Aye (X-¥) — pea KX) } | Std XX) A) 
and using the middle expression for 4-function, calculating the reaction effects 
and after the calculations went over to the limit of infinite auxiliary mass 4,—> ©, 
since J-function vanishes. in the limit of infinite mass factor, the middle expres- 
sion is in fact trivial, but in this way of calculation the consistency of vanishment 
of the reaction effects in the limit of infinite mass poo on the right hand side 
of the commutator (1) was secured. 

We can see also from the equivalent expression to (4) ; 


(+ Ao) 


= * F 1 fo) y idl a 4r 
FCCRy C(x =| FAC Bier ls Xa (4) 
—a\~ do) 
where a4 preety 
ala) = 
by pee oe ty 


; : MEP 
the vanishment. of the relativistically non-covariant self-energy in Feynmans 


414 K. SAWADA 


calculation along usual perturbation theory” is secured by the appearance of the 
differential factor 9/04, since this operator only selects terms which depend on 4. 
But the self-energy or reaction corrections diverge in this procedure also. 

Now we try to generalize the above statement, e.g. the reaction effects 
should vanish in the limit of infinite field mass in consistent way with the cano- 
nical commutator between field variables, to the field variable itself. 

To formulate the statement that the field variable should vanish in the limit 
of infinite mass, we can take for C(X) analogous form as (4’); 
© 


C(X) =| A gig). ae (5) 

ee OA 
If we assume that C®(X) behaves regularly with respect to A and vanishes in 
the limit of 4 infinite, this expression (5) gives only the following identification ; 


CM =| a(u—A) - Ale 4 ) |+ fa pA) - CM CX) a BAY 


We assume C(X) has this property, 1.e. vanishes in the limit of infinite mass, 
only when it operates on the state functional giving rcal effects. The contribution 
in the zirtval processes should be given by the commutator between them. 

This restriction is obviously stronger than the (mathematical) condition im- 
posed on (L) concerning the vanishment of 4,2 in the limit of infinite field mass. 
And the restriction (5) makes free field energy vanish in this limit. 

Of course. we should retain the commutation relation (1), since it does not 
show any peculiar property itself in the limit of infinite mass and also since it 
comes from the canonical formalism ; 


x 


dd mY: 4 rt ict i! r 5) 1 . 3 fo) 
COW), CA =| | (lt DAG a 
[ al WO A ar leo 


[C(Y), C89(A) ] dia! =[C(X), CP (X)]_— ‘4 CCV), CMY) | + 


vd ae) CY) : Cw (Ad) 1. a Rage CAs) ’ (Ce Xe BS ON (XY) , Ce eine © + 


ih lf oO) \7 +0 7 = ft a 
seek x), COLNE COD, COCO ieee” ae 


te GG (x) La (6) 


This relation can be satisfied if one assumes the following commutation relations 
between C™(CY)’s; 


[CO (20), COU) ea a ce 7) 


This restriction also determines the operetional property of CCX) in the vartual 
processes, 


So that the commutation relations between field variables now becomes : 
’ 


ras 
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3 = feo} co 1 J 
[CCX ys Cx a ore a(u—A)- < a(pu—A .—— oS Aya (X— X’) ahah 


(8) 
Comparing this form with the Pauli’s regulator”, one can see that in this case 
the regulator is not only the function of auxiliary mass spectrum but also con- 
tains the differential operator with respect to the auxiliary mass. And the com- 
mutator is regularized by the double expansion to mass spectrum. 
Parallel to this, from (7), we have for the expression for 4-function ; 


=| CCX), CCE) 1. > vec 
[- {3 epee wales ard AS (X— 2X") dadi! (9) 


Of course, one can say that the relation such as (8) is as trivial as that of 
Feynman, eg. (4’) or (4), since d-function is regular with respect to mass 
factor; But in the course of the calculation, as is shown in (3), the singularlity 
appeares which contradicts with the regular property of ichiretiine so that we 


should maintain the regulator 4 o(u—2) -3/a2 throughout the calculations and 


al 


finally operate it as done by Feynman (His procedure corresponds to the 4- 
integral in (4’) after the calculations). 

Now, by the condition imposed on the field variables C(X¥) and the assump- 
tion of the commutator (7) and (9), which is the generalization of Feynman's 
commutator (4’), we shall show that these simple assumptions can bring the self- 
energy finite for Dirac particle. 


§ 2. Scalar Mesenic Self-Energy of Dirac Particle 


We firstly calculate the self-energy of Dirac particle interacting with the 
scalar meson field (C-meson). ' 

For the interaction Hamilton density, we can take the following which was 
obtained from (2) by setting the PEI, Gime 


H=fny\ * o(p-i): ae CM af (10) 


From this, following Schwinger and Pauli”, calculating the mass correction In 


order f°, we obtain 


Ole (2 l 7 0.0 
= a(n aye) out) 2 2. 
uk ee 2 OA OA 
wee )- flog - .? a (y43)-dy-dhdi’ (1) 
16 sg yu? (1—y)? +24 il £7) | 


z0>0 


By the operation of differential operator with respect to 2 and #, the infinite 
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term which gives usual diverging self-energy 


} 4 
og i > 9 
59 je WL 
co>0 


vanishes identically, and produces the following from the remaining which depend 
on A and d’; 
a i: oh a(pt—A) a a(u—2’) (-<_ 


Tit 


(421) Gla} 


we dy dhl! 


a NOP 
(pal +? = G1) 
—1 ty a 


ee ae ‘log US ae ee nes b. (74+3) -dy an 
ion... 20°(y +1) 


which is now finite and gives; 


Ny 2 
Om fe | 27-920" 66) log 0+ 


m 16 
Oo(4—0 ) cos, (G/ 2) 6<2 
ie 2 12) 
Pie ee carted omen a 
2d = 4)? leg a d>2 
a 


where 0=y/1 is the mass ratio between meson and Dirac particle. 
So that our prescription gives the finite result for the self-energy. 


§ 3. Electromagnetic Self-Energy of Dirac Particle 


We then treat the electromagnetic self-energy of Dirac particle on the same 
presctiption described in § Ll. and § 2. 

In the preceding section, we assumed that the meson mass is finite, but from 
(12). we can see that for the vanishing meson mess p=0 this expression diverges 
again logarithmically, this is due to the vanishing of the term log 4d’ which 
served in Feynman’s procedure to hold the whole expression finite in the limit 
of #=9; and also this circumstance comes from the fact that the expression (6) 


with relation (7) becomes meaningless in the case of mass zero field; since for 
p=0; 


8 2 1 me i , $ 
PE oS 0) SF ex), CO thal 


-oJ © Rr alt 
ne ("ie Cdicgy teak ou eee ule : = ayst 
ot ie QO at A) =) a( A ) 5 =) ry dan CX — X’) “aa ah! 
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-dh=0 (13) 


- : : 
So that the case of mss zero field can onlv be treated in the alternative way 
to impose the condition on the electron wave function; analogous considerations 
lead to the following : 


5S? 

w(X) =| : a(mm—A) 2 W(X) al (14) 

[9 (X), PO (XN = (7 9 —m) Aa X—¥9) (19) 
z S 0X, ; 


where also when 9s really operates on the state functional, it is assumed to 
be regular with respect to 4, and the operational property in the z7zrtwal processes 
is determined by (15). Similarly ; 


<[¢” (XY) ’ gee GAT) 1> Vae = Ca ; a: — nt) AY, ( (4 Ge 
eros 


By making use of these and with the following interaction Hamilton density 
between electromagnetic field and Dirac particle ; 


[l= —iediy*A, (16) 


where ¢'s are given by (14) ; we have for the mass correction in order ¢’; 


9 


mmercef ES J Ce ae! s,.gran lardiae’ {2 anes eg dietar 
= | a(mt—h) > RAC Vv) - — : {fe cos (“7 (3 Lis 


we -aJ-o 2 2 AA ad! 8x 
soy Caer: foo} ‘oO 
ede, _ (y= L)2) . ad) ay a2 a iilca\t lo ee a(ni—A) te (ont Aly z 
2 | | 
ca ae 2 [i Bes : ary Cardia! (17) 
0d 04 BT sort (y—1) (y+ 12 a ) | 


Then, by the differentiation and integration over 4 and 4’, there results ; 


, sa & es 
fmt = ©" (3—y) og (—_) ay 
mt 8a J-i yo 
is o ‘e) 
a ae c; (18) 
€ 


which is the finite and positive correction. 
By calculating the scalar mesonic self-energy in this alternative way, the 


mass correction was found to be; 
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om _ (2%) +2 (2-12 log 8) (19) 
m am 7 a9) 16% 
which contains no divergence in the limit of mass zero field, p=0, contrary to 
(12). This difference comes from the fact that the expression (12) was obtained 
by imposing the condition “on™ CEYY’s "and "(18)" was obtained from conditioned 
(. The former self-energy vanishes “in the‘ limit of large meson’ mass in con- 
sistent way with the vanishment of the commutator (1) in this limit, and the 
latter vanishes when the mass factor of the Dirac particle appearing in the 4- 
fanction in the commutator becomes to infinite. 

It seems that the latter procedure is preferable since it can treat mass zero 
field as well as mass finite field. 

We can now add a note to the mass defect of proton calculated by C-meson 
theory”, which is given by adding (18) and (19) with the relation {7 =22?, which 


becomes ; 


nt. — <1 4 F(F 6) log a= 
mt 4 
3(4—62)*!2- cos! (8/2) oF e as. 
= asym 3 Vo—44+0 
6(0°—4)*?- log ——3—_ ; a8 (20) 
C 


which is just smaller than the usual perturbation calculation (in absolute 


Act 

value ; usually the constant term is — c*). The same result can be obtained 
by the method of relativistic cut-off along Feynman” if one takes his alternative 
method of modifying the electron density. This circumstance also depends on 
the condition that the 4,,° function should vanish in the limit of infinite mass 
factor appearing in the 4-function. Formally this is related to the appearance 
of differentiation and integration in (14) and hence in the commutator between 
g's; In Feynman's case we can write the commutator in the following form ; 


r = ee i fe sf 2 1 
h A ’ fy X f fe ( a \ ———— cf <a < g 
[PCY), fi) ], ; te ra, < a(1—A) 7 4,.(X—X')-da 


Although the mass correction (17) cannot explain the mass defect of proton, 
the jnteraction of the nucleon with charged meson field with its dissociation pro- 
bability above 0.5 brings the sign of mass difference correctly, so that we may 
expect the strong coupling between 7-meson and nucleon. 


§ 4. Conclusions 


We have shown that by imposing the condition on the wave function and 
assuming the commutator not contradicting with, the canonical form, the self- 
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energies of particles of Dirac type becomes to the fnite value. 

The formal developement to the vacuum expectation value of charge-current 
density and the problem of photon self-energies can be treated on the same line. 

The formal analogy seems to exist between our assumption (5) or (14) with 
five-dimensional formalism. But, our main pourpose of this paper is to show 
that the generalization of Feynman’s procedure brings the theory convergent. 
And, whether such formal analogy has any physical meaning or not is now being 
examined. 


In conclusion I say much thanks to Prof. M. Kobayasi for his kind interest 
throughout this work. 
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The customary perturbation method is not only ambiguous as to its relativistic 
covariance, but often actually gives the results evidently destroying the relativistic 
covariance. This can be seen for instance, from the fact, indicated by Pais” and 
others, that a result with the transformation property of mass cannot be obtained 
from perturbation calculations for the self-energy of a moving electron due to an 
electromagnetic field. This circumstance has also made the calculation of inter- 
grals extremely difficult, making it almost impossible to calculate various diverging 
integrals fully, up to their finite terms. 

But, since the system of quantum field theory is of a relativistically invariant 
structure, it must be concluded that the cause of the failure of relativistic 
covariancy lays in the process of the perturbation calculations. We intend to 
propose a method to remedy this defect of perturbation calculation. 

We shall confine the following arguments to calculations in the momentum 
space. It appears that the cause of the failure of relativistic covariance in the per- 
turbation theory lies in the following circumstance: We consider the case when 
two particles 1 and 2 are created in the intermediate state, and denote their 
momentum-energy four-vectors by p?=(P®, ED), p° = (P, Ep) respectively. 


Then an integral of the following form occurs in the perturbation calculation ; 
igre a 


r : Nee | Neds . . 
Where F(~™, p) is a certain function of p” and ©. Owing to the momentum 
conservation law, (1) can be rewritten as 


[oP aP© (2) 


Hitherto, the method has been employed of taking a sphere as the integration 
domain for P® in (2) and making its radius tend to infinity. For instance, in 
the calculation for the self-energy of the electron, the integration for the momen- 
tum U of the photon created in the intermediate state has been carried out within 
an infinitely large sphere of J. 
This method destroys the relativistic covariance in the following two ways: 
(i) A sphere is not a relativistically invariant domain. (ii) A momentum- 


iss adh els ae 


An Improvement on the Integrations appearing in Perturbation Theory 421 


conservation relation among particles which do, not satisfy the energy-conservation 
law is not a relativistically invariant relation. That is, two particles inter-related 
so as to satisfy momentum conservation do not in general retain this relation 
after undergoing a Lorentz transformation. For example, if an electron of 
momentum # emitted a photon of momentum JU in the intermediate state and 
had its momentum decreased to P—J, these three particles generally no longer 
satisfy the momentum-conservation law after undergoing a Lorentz transforma- 
tion. This is because the energy needs not be conserved in an intermediate state. 

(a) In order to remove the difficulty (i1), an integration domain must be 
prescribed for the integral (1). (b) Further, in order to remove the difficulty 
(i), the sphere must be replaced by domain enclosed by a surface on which 
the momentum-energy space scalar quantity zw takes a constant value, and the 
integration performed within this domain which is then allowed to become infini- 
tely large. (c) Furthermore, we place the condition that the above domain 
becomes a momentum-space sphere when referred to an appropriate system of 
coordinates, so that results identical with those previously obtained are given as 
special case. This is necessary, as will later be seen, as a boundary condition 
determining the limits of the integral, that is, the value which cz takes on the 
enclosing surface. 

As the four-dimensional scalar quantity w satisfying the above conditions, 
we may take 


J (w) = (2, p) 


where f(w) is an arbitrary function of z, and (’,#) the four-dimensional scalar 
product of the momentum-energy four-vectors of the two particles created in the 
intermediate state. 

We next consider the above-mentioned deter- 
ming of the integral domain in its two-dimensional 
analogue for the sake of facility. 

Let the shaded part in Fig. 1 represent: the 
domain in the P’,P space enclosed by the surface 
zw=a, (both constants). The integral (1) will be 
integrated in this domain. We select a sub-domain 
A B ia which th momentum-conservation law holds. 


This, then, is the integration-domain for the integral 
(2). On performing a Lorentz-transformation, the 


Fig. 1 


domain satisfying the momentum-conservation law 

shifts from AB to A’B’. This is the integration domain for (2) in the trans- 
formed system of coordinates. 3ut, since the shaded domain is relativistically 
invariant, the integration domain of (1) does not change due to the Lorentz- 
transformation. Therefore, the limits of the integral (2) are determined by w=a, 6 
irrespective of the Lorentz transformation. 
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Condition (c) requires that, as a special case, AB coincide with the sphere 
which was the integration-domain occurring in previous calculations. That. is, 
the boundaries zv=a, 0, must be so drawn as to pass the boundaries, A,B of this 
special sphere. 

The actual method of calculation ‘s as follows: We perform the transforma- 


tion of variables 
LP) 2s (4) 


ine the, integral, (2). rewriting it as an integration for w. We next set the 
bounds of the integration-domain at w=a, b. The values of a and @ are so 
determined that when the domain zv—const. becomes a sphere, the results will 
be identical with those of previous calculations. As result if the integrand comes 
to depend solely on w, the value of the integral becomes relativistically invariant. 
By transforming the variable into z, in this way we Can see the transformation 
propeity of the integral. 

In general, when there are 7 particles 1,2 5¢:-seey2 in the intermediate state, 
the following (v—1)_ scalar quantities must be employed : 


(2, p®) =w™ (FD), 2+) (e’) 


It can be ascertained, by actual calculations in many problems such as the 
self-energy of the electron, various quantities appearing in vacuum polarization, 
etc., that the results having the correct relativistic covariance can be obtained 
by applying this method to the perturbation theory. Detailed reports of various 
results thus obtained will be given in this issue. 

This method is not confined to the perturbation theory, but may be applied to 
any case involving an iutegration in the momentum space. Furthermore, although 
we restricted the above arguments to integrals in the momentum space there is 
danger of destroying the relativistic covariance of integrals in the space of other 
quantities, also unless similar precautions are taken. 

In such cases, too, a scalar quantity w must be taken, and the integration 
must be performed in the domain determined by methods similar to (a), (b) and 
(oye 

In conclusion, we would like to express our sincere thanks to Prof. S. Sakata 
and Dr. Y. Tanikawa for their interest in this work. 
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$1. Introduction. 


Among the divergence difficulties appearing in quantum electrodynamics, 
there are two types, one the self-energy of charged particles, and the other the 
type hitherto called vacuum polarization. In calculations for various collision 
processes, too, many divergences’ appear when higher approximations of perturba- 
tion theory are taken. Detailed examinations of various cases of these divergences 
have recently been performed by many authors. As a result, the divergences 
appearing in various processes have respectively been traced down to certain 
operators in the Hamiltonian function. For instance, the self-energy of the elec- 
tron, and a part of the divergences appearing in the elastic scattering of an 
electron have been accounted for by the electronic mass-term of the form 


On [or ie ~. Discussions of these diverging terms have been made particularly 


by the method of contact transformation in the perfectly relativistic form proposed 
by Tomonaga and Schwinger.” 

These authors further proposed theories dissolving the divergence difficulties 
by subtracting beforehand in the Hamiltonian function various separated terms 
responsible for the divergences. This was based on the idea that the subtraction 
of diverging terms would merely cause changes in the mass and charge of the 
charged particle. As a result experimental facts such as the energy level shift 
of the normal state of the hydrogen atom from levels predicted by the Dirac 
equation for a bound electron, and the hyperfine structures of various atomic 
spectra were satisfactorily accounted for. 

In being interpreted in terms of the difference of the self-energies of electrons 
‘na bound and in a free state, these experimental facts show the reality of the 
self-energy appearing in higher order perturbation calculations. Therefore, it is 
necessary simultaneously to find other means of dissolving the divergence difficul- 
ties besides making discussions based on the phenomenological subtraction of 
diverging terms. For this purpose, we must search into the physical nature of 
the divergences, and find substantialistic solutions appropriate at each stage of 


theory. 
Hitherto, the C-meson theory” has been proposed as an attempt to dissolve 
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the difficulty of the self-energy of the electron, and to provide a footing of the future 
theory. This was put forward by Prof. Sakata with the idea of analysing the 
divergence difficulties through considering synthetically the existence of various 
felds. Prof. Sakata® has explained the relation between his theory and that of 
Tomonaga and Schwinger which appeared subsequently as a relation between 
concrete and abstract. 

We desired to extend the C-meson theory and find substansialistic solutions 
possible at the present stage by making a synthetic investigation covering the 
whole range of quantum electrodynamics with various fields considered. For this 
purpose, we first of all examined many divergences by simultaneously considering 
various charged particle fields in the domain of vacuum polarization.” As a 
result, it was found that, among the electromagnetic divergences appearing in 
our processes, those of the self-energies of photons and charged particles could 
be provisionally dissolved by simultaneonsly considering the C-meson and charged 
particles. 

However, in our calculations up to now, detailed discussions inclusive of finite 
terms could not be made, owing to the imperfectness of perturbation calculation 
from the relativistic standpoint. We now intend to make detailed discussions by 
means of the improved perturbation calculation put forward in a separate paper.” 
For this purpose, it is convenient first of all to obtain some general formulae for 
various quantities appearing in vacuum polarization regardless of the type of 
charged particles. This is most readily done by: perturbation calculation, so we 
shall, in the following, derive the formulae by this method. 


§2. The Current induced by an External Current. 


1) Perturbation Calculation in the Interaction Representation. The calcula- 
tion for the current induced by a current / existing in vacuum is performed on the 
perturbation theory. But, in order to obtain results whose spatio-temporal sym- 
metricity is self-evident, we start from the wave equation in the interaction 
representation. That is, denoting the state vector by ¥ 

ov 5 
th ——=AH' © (1) 
Ot 
where AH’ stands tor the interaction, and A is the interaction constant. Let ¥ 


be expanded in power series of A, and the state a free one A until the instant 
t=f, when the interaction is introduced. 


TV, + AW t Rb ype (2) 


In the interaction representation, the wave function of each field satisfies the free 


equation of motion. Furthermore, the state vector Y, for 40 is independent 
of #, while ¥,, ¥,, --+--- involve 4. 
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The #dependencies are determined by (1). Also, the operators AH’, etc. depend 
to Z. 


We next expand ¥, in terms of the free state vector 
7 GO, (3) 


The matrix element of 4/7’ corresponding to a transition B— B’ between 
two free states (whose energies are Ey, Eg. respectively) can be written, in the 
interaction representation, as 

OPT ea eget Ny pap neg AE (4) 

This is readily obtained by expanding AH’ in a Fourier series in the space- 
time (7,7)=X (taking account of the fact that the various wave functions in- 
volved satisfy, in this representation, the free field equation), and then taking the 
matrix element corresponding to the transition B— 8B’. Here fz,’ is independent 
of ¢. 

Substituting (4) and (3) into (1), 


z ; 
A 
th a - yar linn n> ee abe Ce (2 ae 2) (6) 


From (5) and (6), we conclude the following fact: In perturbation calcula- 
tion in the interaction representation, we need only replace (B’|AH7"| B) by Aga! 
in the calculation in Schrédinger representation. 


Consequently, 
iz % 
RE 5S 
Td ie eT} 7 
C2= 5 (7) 
: Ey—En 
if 7 
roe: Hone. See Re seMty, 1 {oo # Cx hah 


B (A,—£,) (Spf) oS) 

+3 {terms in which contain erat (E,—Ew))| (8) 
(7) and (8) can readily be obtained from the result of perturbation 

calculation in the Schrédinger representation by considering the fact that this 


representation goes over to the interaction representation on making the contact 


transformation, 
: 
Pack HU (9) 


where A, is the Hamiltonian function not involving the interaction. 
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For the perturbation formula for stationary states, too, we obtain, by per- 
forming the transformation (9) on that in the Schrédinger representation, 


C ful h| n—1)(u—1| h| n—2)--- | 2) 0) 
Tn aah Bare Ea) Ei Bue Rear tead 


(8) 


Considering that the state is approximately a free stationary one, it is 
natural that this expression is independent of ft. In this case, too, we need only 
replace 2H’ by Az in the Schrédinger representation. 

2) Calculation of the Induced Current. 

Let a current /©= (JI, p®) exist in vacuum. Hereunder p and & will 
always denote suffixes denoting the components of four and three-dimensional 
vectors respectively (v=1, 2,3, 4, 4=1, 2, 3), while bolefaced letters stand for 
three-dimensional vectors. We calculate the current induced by /™. 

We write the current produced by charged particles in the intermediate state 
as J™=(J™, p™), regardless of the type of particle. Hereunder (7) and (v) 
denote pairs of charged particles existing in vacuum and created in the interme- 
diate state, respectively. 


The interaction between electromagnetic field and charged particle can, 
in general, be written in the tollowiug form. 


H* =cH,+2H©= —| (40°) do—+_| (AF) av (10) 


4 


H =H 42H, O= —| (AF) dy— | (ATS) dy (11) 


“a 


Besides these, there are the Coulomb potentials yo =|op ph) dz, 


V9 = [op do, VP = |g) oa (o=—). A is the transversal part of the 
‘é 

electromagnetic vector potential, cH, and eH the first and second order interac- 

tions respectively, and /,, /, those parts of the current proportional respectively 

to e and &. Of course, 


J® Boy Be +I; J = J, +J,™ 


We denote the state in which a single particle (Z) exists in vacuum in the 
state A by the vector ¥,. From (2), (1) the state Y at the time ¢ is, 


PP, +eP Fee pee (12) 


(13) 


a 


age: =. il 
1h Ave H® (v) 7 (én) 43 Ler ti) LP 
ae ( i abbas nae eee 


In the following, we calculate only up to the ¢ approximation, 


Expanding 
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the operators J, J, H®, H, etc. related to the field quantities in Fourier 
‘ integrals, 


J2(X) =| (yes ales 79 (2) =(# Ghz) a (14) 
Similarly, ¥,(X) is analysed into 

cv »/(X) =\y(P) JBM 7p ob, (X) = fan ti Ei NgP (n>) (15) 
where X=(r,7), l=(, Ep—Ep_)) 


The current is 
I= +g (16) 
J(X) > =PR(X) IX) FaX) = FE (XL) HX) Fo (X) 
+eP P(X) JX) F(X) +eP F(X) JX) FX) 
+ePE(X) JX) Fi) +O F(X) W(X) Fox) 
+P 5 (X) J(X) F(X) 
The induced current 6-/ is 
<OJ> = <J(X) > — PE (KX) MX) Fo (X) — (XK) > vec. (18) 


Where </(X)> vac. is the current induced in vacuum, 
Among (17), the term proportional to ¢ involves A linearly, so that it has no 
matrix element between states free from photons, and consequently does not con- 
tibute to </,(X)>, but is does to </,(X)>. 

Using the perturbation formula (8), 


(17) 


(P,—t, v | — (AJ§) P,) 


Ed er es) 
oat U ~|_7ATO) 
P.-->> foe Ey U | (AJ; ) vac. 
+ 7 EG aes 7 a (P;—0) (19)* 
ee ee Se 


In the calculation for 7, the following point must be borne in mind: Since A’ 
is involved in the ¢? approximation, the system can return to its initial state. 
Denoting the component of &, which is equal to the initial state A by ¥ 2,» we 
have 


*) JL denotes the three-dimensional space integral {ade of the quantity 4 appearing in the 
relation (4). 
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© 2 20 
T.=Cr,(0 Vo, (20) 
The coefficient c, cannot be determined from (8’). It is determined by the nor- 
malization condition 


(ea, Cy av=t 


Substituting (12) in this relation and comparing the coefficients of ¢ on either 
side, 


BiG a (B|eH,| 4) 


Page (E,— Ez)” Sali 
From (8’) and (22) 
weit) 
(P+, p+ |- GIP) 0) (PAL — AIM) P, 
“i (F-F%,4 4 —£Q =) (E—D) p(P,) (23-1) 
(P.-1)\- (AIP) P, 0) (P+, P+, 0 IP)| vac ) 
TS, (E-29,, bbe, Ly Lay ; 
(Pi) (23-2) 
(B+, P+ _ |p | vac.) (P;—t | p©| B,) 
ae (f= BGs Oa on hie) Ste 


1G (B-U- AIP) P-1AU, U7) (B-1-0, W|— (AF )| PD) 
eT (EQ,_,-EB,_, p—!) oa 


(vac — (AIP) Pot fog 7 ee Gpapey Pat ap +t, ie 


— 


bo 
on 


(FFB. 


“ 


D 
ER _ t a) 


| —(AJ%”) | vac,) 


4)(P,—V) (23-5) 
(P,-—P., i-(> As )ivac) 
oe (2 5) eae (23-6) 


In the case of vacuum, only the terms (23-5) and (23-6) remain for 


my and 
only (23-6) for 7. Using this yy, we can calculate 
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af vac — iy A +/> vac. 


We first construct </,>yac and subtract this from <j/,>, whence by (18), 


<é],>= nt (P,—b) eh Pb) £2) HO) (BP) FP” at aP 


(24) 
A T(r) l t ~ 
(vac |— (AJ) | Oi eee ws. u)x 
O=| U ~ 
FE 
(P.-), —p— |e vac) (P-10|— (AF?) P, 
a «lt rs 25. 
g (“FEB _1-ER,, 1) ED eee 
I Dike Unie te 
(vac, || P+ P+ \(P.+ +, P+ |-AT9 |) 
+12 (E-FB_ EB, +) ED 
, (P-t F|—(AFP)| PD 
(vac. /{? | P+ a a +5 )(PAU -(4T9)| By a 
Ty Med phe 5 Bs 
P, ee —f; Pk ik Ge eee Be = oh) 
(P.+ ahs —P, as —U|— (AJ) | vac.) 
es petit odlt 15 notary Hens oils ai os 4 (25-2) 
fi * C C () 
(vac Ji P.+5 —, — P+ = 5 B+ ae. 3 P+ 5 |e | vac) ) 
a5 a) fy\7 
P. (E-2R, CEB) 
Baten are 


+ Hermite con}, 


4 f(T). (25) 


The first bracket of (25) is the contribution from «¥*/¥,, while the second 
and third brackets are those from (23-1), (23-2) and (23-3) among the con- 
tributions from °Y,/P.. The ‘“ Ilermitian conjngate” does not imply that of 
the above four terms themselves, but that of the matrix elements of 


430 H. Umezawa and R. KAwaBe 


Ce ae abi) cooresponding to these four terms. This is evident from 
(24), in which we need only replace the E involved in the above four terms 
by —L. /' U2) does not take the form %{, and we shall discuss this later. 
Hereunder we drop /’(/, 4) out. v 

We next transform the numerators appearing in (25), for which purpose we 


utilize the continuity equation. 


dod pled (26) 
ry 

whence 

(PUI | P)=E(B,-U | P), (26’) 
(P+ 2 -P+ (J) |vac.)=(Ep,, 1+ Lp, L) * 
a 2 ? v 2 } | : “Pot Py 

L U (r) 2) iad 
x (P+ “= ae ra odin Neeics (26”) 
Bictrc|(4go) |B Pg Pe ee vac.) x 


x (P,-1, 0 | — (AJ ®) | P;) 


_ 27 /( \ (v) | ma L — iy y \( emt ee — U (r) ) 
= 7 (vac OF ic rama iat (P. St | 79 | vac.) x 
x (P,—1| eS? | P.) (27) 


where e,, is the unit vector in the direction of the vector potential A, so that it 
is perpendicular to U, while e is the unit vector in the direction of J. 
But, in general, 


(vac. e, JO Pi ae —P,— d ) © COs © 

2 2 : 
and when considering the component of /% in the direction 
of e,g is involved in no other way besides this, so that it 
vanishes on being integrated over g. This can be proved 
directly for various fields, Thus, (27) can be rewritten as 


follows : Fig. 2 
Qn L U U U 
>» (n) | ae aie ae ae See, fae ee een We cg 
= (vacl et ?"| P,—<-, —P.—= \(P, LP led? vac.) x 
x (P,=U| (eF®) e,| Py) (27') 


- | 7 l u l Rayer 
(6) (vac J?| P.+ SP tS \(P.t —P+ 5 || vac.) x 


x (P01 | P,) (28) 
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Exactly as in (a), the contribution from the component (e,J%”) e of /® 
vanishes on being integrated over all directions of P,. The contribution from 
eJ,) e is, using (26’) (26): 


—|& -(Z-E, +L -2B_ 2 )}(vac| | P+ 5, =P,++)x 
x (P+ — P+ 2S |p |vac.)(P-U| (ed) eB) > 29) 


Since the contribution to (25) from the second term in the bracket is pro- 
portional to 2 , it cancels out with the contribution from its Hermitian conjugate. 
Thus, the term among (29) which contributes to (25). is 

(vac p| BP, +. , P+ “ =P. * x ,—P, += or |vac.) x 

x (P,— U) (ed?) e| P,) (28’) 


Also, the contributing term from (Ke among ome is 4 


(vac! Fake af oe » WP + bz ( , —P,+— = |e | vac. ) = 


x (P,-t | pe | P,) (28’’) 


(28) can thns be replaced by (28) + (28”). 

Replacing each numerator in (25-1) and (25-2) by (27’), rearranging the 
denominators suitably, and adding the Hermitian conjugates, we obtain expres- 
sions of the form 


{falt) +A +70 [Pt =F?) e| Po) (30) 


f,(L) = zI2 (Zp,--1 +2p, oy {r-(en,_ 2 +28, 2) |] (31) 


a 


“a 


f.(2) =3| (FR 2 +28, 2)/r-(2R_4+28,,£)} [i (32) 
4 (ER, 4 +EB, 1) x 
hs ()= “PE —(Ep, PERT ‘ f (fp, 


x £,(2) (33) 


Nis | 
to 


where 


U 


; U Uy 
gl) =A (vacleF? | P.-5> —P.-— \ R= ; —P,—- 2 | ey, vac. ) 


(34) 
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O=e-0. 9 


ae F ' » fhe ’ ae easy 
Similarly replacing the numerators in (25-3) and its Hermitian conjugate 


by (28’), (28”), and suitably rearranging the denominators, we obtain 
(fi) $f (QD) (P.- 8 — (ed ©) e| P+ AIO +h @)) (P.-¥ p|P,) G6) 
2 Eipesthat AP Se) 


@h(1) = 5) sn aa g(2) (37) 
e ie (!—-(EPA t+Ept)} 
—=O/( Et i t 
(EBL H EB! 0 
fy 1) = 2h PEeT PA ifn PO) 7\24 (4) 
P ie (Gree + Ey t } {ihe Reed +ER ty +O} 
( 2 2 2 2 
x go(Z) (38) 
ee U L Uy ROY 
Bolt) = vac pe a re —P— s \e- Sm = : op! vac.) 
(39) 
== (vec! f Pl vad) 
and finally, | 
FLN=\frO +40 +60} Pt - (GI?) e:| Po) 
+ {fi (2) +77 2) } P-4l — (ed) €| PB) 
+17 2) +4 © } (P,-1| p® | Ps) 
+f Zt) (40) 


We next calculate </,> = </§?4+/§>, which is obtained from edif (x7) /(+) (+) 


+ Hermitian conj, in (17). Constructing </,> and using (18) 


<.0/,5> = (xi (P,—0) eet y? al, t) ei), (P,) el Po ‘ al dp 


es ioe oes (41) 
. (») P as aes Ae (7) P. ° 
al, t) = (vac. SS | vo ee Zs ae See J} 2 Pe) Hennite Con}. 


+d'(, 2) 


The Hermitian conjugate is obtained simply by replacing E by —@ in the 


original expression. 


ate (vac.| /§ | 0") (P,—U, U | AJ? | P,) (42) 


Considering the effect of vacuum, the following relation holds: 


2(|A|I) (| A|)=(| AAT) (43) 


Further, /,° is of the form Ad¢*¢, if we write ¢ for the wave function of the 
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matter field, disregarding the Lorentz-transformability. As to (vac.|/,”|I7), no 
component of J,” other than that in the direction of A makes any contribution, 
since the same components of ¢ and ¢* are involved in the form of a product, 
whereas these stand in a relation such that a particle pair created in ¢ is anni- 
hilated in ¢*. This fact can also be proved dirctly by constructing the matrix 
elements of (vac.|(26)|2~), using the continuity equation (26), thus, (42) can 
be rewritten as 


SC (APE) (21 ed,") | P) (42’) 
Hence 
2 
d (1, t) =fo(L) (P,—l| —(e,J,) e,| B,) = (44) 
Fe pee AFP) = (Ue HOU) (45) 


Substituting this in (41), adding (24), and using (14), 
<d/> = <d/,> + <d/,> 


=fP PDA OMG 4feO) H+ KO +6) oh? O) & 


H(A OAD) (ADI CAA O+*A OAD fo OW? nye Pe Mad P 
(46) 
Of course 7,(7)=p(Z). 
Performing an inverse Fourier transformation of (14) 
feo} =| fi iN ae (47*) 
Substituting this in (46), 
<dJ> =$5(X) (X) $o(X) 


=H (HO sa idee £0) +f.) (eS, (Xe, 


£ DEAD) (CHOY) C+ FEM DY LO (XD OO 2.1L fo XD) 
+ (contributions from /’(/,2) and d’ rd, ry} (48) 
Where [] may be understood as the d’Alembertian-operator. (48) involves only 


67® and no é/%. This is because /{} involves A linearly, so that it has no 
Bl 


matrix element hee bing a transition between two. states neither of which has 


* ex is an integration over the four-dimensional space coordinates (ry, xo, vg, ¢). 


+ We get the anomalous magnetic moment of the electron from /7(47¢) and d/(/,¢)terms. 
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a photon. If we take a matrix element of 07 which binds two states, on having 
and the other not having a photon, the calculation runs on exactly similar lines 
as that in this argument, and it is readily seen that the displacement of /(3 has 
a coefficient equal to that of <d/(1> //u1 in (48). 

(48) is the general formula for the current induced by a chrrged particle. 
Actual calculations for various types of particles will be reported elsewhere. 

The results of these actual calculations show that the following relations 
hold for the causes of Fermi, scalar and vector charged mesons alike: 


fy (Z) =f, (2) (49) 
fi2) =f (2) (50) 


Consequently, in these cases, (48) reduces to 
21 ; 
= [[UHO+MOl = CIP ee 


HAD +h }JP a) eer dx’ at (48) 
(3) Concerning f’(/, 2) and d’(Z, 4) ; 
Hitherto we have not considered f’(/,2) and a’, 2). 
In these expressions, the integrations are not for the charged particle P, but for 
the photon @, which fact gives them a nature totally different from that of (48), 
so that they can he better accounted for by an effect similar to the self-energy 
of a charged particle. They take the forms: 
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P,—t, —P,+t-l, UU) (P,—t Dea P,) x 


(=£par- Epes 


a (vacel eH 


yi Pb Pt te eae ee 
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(vac. eH® | Py = PHU, U) (Py — PHU, UH | vac.) 
2(— Ep, —Ep, spol! ? 


+ Hermite Conjugates of those in which sudstitute P, by Pt (dL) 


Be ea ta U,U~)(U~\eH® | P, —P.+U) 
V Lp,_.—fp,—Ep,_y—Ep,_1_v) 


x (Birt, — P+ | J | vac.) , (vac. |e | Py — PU, UV) 


(Ep, _y—=p, ay. pl Te (— EL Pol py uy 7~—t") 
x Pohl | cH) Pals) (— Pat, Peat | vac.) 
\ Ep + Lp, —l {Py es 14) 


(Pat | | P00 x vac.1p® ||P, Pit U) 
(Ep,_,—£p,—£p,_v—£p,-t-v) 


x (P,—l—U, —P;4+U |/® | vac.) + Hermite con}. 
Wt ine AN SIAR Te pr panes =U, pV | Ad? | P.) 


4 (vac. PA gz: —P,+t— U. PAE: —t, —P,+t— -U, UU | AS, | vac. ) 
(FP = Bist) 


a(haj= 


+ Hermite conj. 


+H.C 


(52) 
the double-sign in the first of which depends on whether the charged particle 
(i) is a Bose or Fermi particle in which cases the positive and negative signs 
respestively must be taken. 

It is seen from their forms that these quantities ate effects of the interaction 
between initial current 7 and the electromagnetic field, which fact can also be 
seen from the following considerations: if we calculate the current induced by 
the electromagnetic field A, Ot alate produced by /® instead of the 
current indnced ae by /, the result is identical with (48) except that //, 
is replaced by ——- aly Therefore, (SL) and (52) make no contribution. This 


is because we pay i edbiPs only to the electromagnetic field and have no regard 
for the nature of the charge acting as its source. 

Hereunder we discuss only the quantity contributing to the current induced 
by an external electric field, that 1s, only (48). 

We shall discuss (5L) and (52) elsewhere. 
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§ 3. General Discussions Concerning Vacuum Polarization. 


Let us now make some general discussions on the basis of the ceneral 


formulae (48) and (48’). 


For the sake of convenience, we separate (48) into three parts: 
6/=0J,4+ 0),+0/e, 
with 


i= ||tfald )+fielZ) i A (EF (X')) €,40*-™ aX’ dl, (53) 


O},= {|i (2) (EF (X7)) e, tf 2) { (OF o (Y))e 


JOCK) bee 22a X! dl, (54) 
J.= | [LAW (oF (X)) eth OLOTO XV € 
es J (X’) 1 ohh XX) TV’ dl. ( 30) 


Because 3/, does not involve the (], and further because f(7) and f,’ (2) 
are, as shown by actual calculations in a separate paper, equal and constant (cf. 


(49)), 
on=|[f CAKE CX SOO Nat (54’) 


Consequently, 6/, is proportional to 7,®, and can be amalgamated into the 
latter. We shall call this the charge renormalization term (c.r.). It can be 
seen from (32) that f£,(Z2) have the sign “—” independently of the spin- 
porperties of the particle (7). 

6J, cannot be amalgamated into 7“ because it involves the [_]. Consequent- 
ly, this is a quantity which should be observable, so we call it the observable 
current term: (0.c.). 

é/, is proportional to the component of / ® in the direction of e,, and not 
to /® itself. Also, this involves the (}. Furthermore, as readily seen from (31) 
and (45), f,(2) +f2(Z) is equal to the self-energy Hi” of the photon with momen- 
tum I~. This shows that 07, is closely related with the self-energy of a photon. 
This relation is made even more evident if 6/7, is rewritten as follows. 


Y Nd 7r 
afm [BWA grcremn ata irs 


where A, is the transversal part of the electromagntic field at the position. of /®. 
This appears in the Hamiltonian function as a term of the form 


7 
| ae: A’, dv, which is just the mass term of a photon. 
2 (27) 


Hereunder we shall call this the mass-type current (#z..), in contrast to 
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which the (0.c.) and (c.r.) will together be called the interaction term. 

According to (31), (82) and (33), the following general relation is seen to 
hold for the order of divergence of 0/,, 37, and 38/, if the order of divergence of 
that self-energy f,(2) of the photon among 07, which is contributed through 
eH”, is denoted by , those of 07, and 6/7, are 2-2 and z-4 respectively. 

Consequently, if 2<4, the (0.c) d7, does not diverge, but it does if w=4 
and there results a divergence that cannot be amalgamated into the current. 

For a Fermi or scalar charged particle, =2, so that the (c.r.) 3/, diverges 
logarithmically, while the (0.c.) 07, remains finite. 

For a vector charged particie, however, ~=4, so that 0/7, and o/, diverge 
quadratically and logarithmically, respectively, and since the (0.c.) 0/7, cannot be 
amalgamated into 7“, this seems to present a new difficulty to the Tomonaga- 
Schwinger theory. We shall discuss this in detail upon the basis of actual calcu- 
lations, in this issue. 


This 67 in (48) will make contributions in elastic scattering as an effect of 
vacuum polarization. 07 will change the electromagnetic field A by an amonnt 
6A, so that, in the case of polarization due to an electromagnetic field entering 
from without, vacuum polarization will make its contribution through 04. But 
in the case of Compton scattering, []A=0, and a quantity corresponding to 40/, 
will presumably not make appearance, In fact, the results of direct calculations 
of the Compton scattering in fourth order perturbation show that vacuum polariza- 


WA and d/,. 


tion here contributes only through 
2 (27) 


§ 4. The Contribution of Vacuum Polarization in Elastic Scattering 


We write only those processes in which vacuum polarization makes a con- 
tribution in the ¢-approximation when an incident particle k® is scattered by a 
charged particle P; through the medium of a Coulomb force and a photon. 

(Fig.1): The horizontal axes are those of time, proceeding from left to 
right, and consequently the processes occur in this sequence. The arrows denote 
the directions ot the transitions. Of the vertical arrows, those in broken, 
unbroken and undulating lines denote the incident particle, source-particle, and 
the particle created in an intermediate state, respectively. The undulating lines 
running simultaneously upward and downward from the line denoting vacuum, 
and those running to is imply pair-creation and pair-annihilation, respectively. 
The symbols © and @) denote that the process involves an emission and absorp- 
tion, respectively, of a photon. Processes not marked (+) are those involving 
the photon U~, while those marked (—) involve the photon —C’. 

In processes involving the Coulomb potential V” or V” only once, enters 
only in that part of the above scheme where © and ®@ or © and @& are found 
adjacent to each other. The only process which involves the Coulomb potential 


H. Umezawa and R, KaAwAbE 


pee 
ve) 
DM 


twice is (1)!. Processes involving }” need not be considered since they are 
effects of vacuum. 

Fig. 1 shows only those processes in which the transition P,;—.P,;— occurs 
before k® > A° +. 

Processes in which this sequence is reversed of course total exactly the same 
number as those given above. 


(i), (viii) and a part of (ii) make contributions through the photonic mass 


term a A= aA,2. (v) and a part of (iv) give the effect of annihilation the 
7 


photons t, —U, while (xi) and a part of (xii) that of creating the same, both 
through @aA,°. 


(ix), (s) and another part of (ii) can be collected to express the effect of 
OS, 

(iii), (vi), and the remaining parts of (ii), (iv) and (xii) together express 
the effect of dJ,. 


Processes involving 1} or V° only once make no contributions, for the 
same reason as in the calculation of (27) in subsection (2) of § 2. (i)’ produces 
the effect of 0/.. 


Thus, the above thirteen processes can be collected into the tollowing form : 
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(O40 cH | kU) (P01, | AOS, | P,) 


k=a,b 


E71 
+ (P=, k+l | 77,67,| P,, k’) 
4, FetU cH RO) | aan 0) (PAU | cH, | P,) 
(E-l) iad (57) 
4 HE cH! |.) (B,—t eH, | Py —U) (©, —U | aA vac.) 


(E—1) (—22) 
(vac. [aA |, 0) (=U ef) (©, PiU | Ps) 


(—2/) (£—/) 

where e//,™ is the interaction, to the first order of ¢, between the incident charged 
particle k® and the photon. The last three terms of (57), involving the photon 
mass-term added together with the contributions from the three corresponding 
terms (obtained by replacing EZ by —/) arising from the processes in which the 
sequence of the transitions P,— P,—@, and ke —k'+ is reversed, are readily 
collected into the farm d2J,. 


Thus, the whole set of twenty-six processes (both sequences considered) finally 
reduces into the following form: 
(ko +U| eH," | ky) (P,—U| 3 Add, | Pi) 
k d 


Bi = coke ET. eg Ce ae). (57! 
Ca + (P,-1, bo 41) 2.9), Pik). (57) 


§ 5. Contribution of Vacunm-Polarization to Compton Scattering 


In the following we give only those processes due to vacuum ploarization in 
the fourth order perturbation calculations of Compton scattering. 

Let us suppose that the incident photon @ is absorbed by the charged par- 
ticle P,, and J; is emitted in its place. We shall consider only the fourth 
order process corresponding to one of the four processes of Compton scattering 


which appear in the second order perturbation. viz. 
PU P4lo>P+l-bhb 


The processes due to vacuum-polarization in this case include those due to 0 
and those to 27, but in the following we write only those due to U, since the 
other cases are exactly similar. 

The unbroken and broken lines denote the processes P,—> P,+ ‘and 
P,4t—> P,4+t-L respectively, while the undulating lines mean that a charged 
patticle-pair is created or annihilated in the intermediate state. O, (%) denote 
while ©, & those of —I, The 


the emission and absorption, respectively, of ©, 


, A eg é 2 
four processes, (i),*77°"" (iv) do not involve —I7, while the others do. Besides 


these, there are the processes involving the Coulomb potential, but, for the same 
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ae = 2 (@) 

reason as in the calculations of §2, 2 (27), these make no spt oth a 
bontrinues ter Gy (ie ie Cvs (vi), and (ix), that is, only in place w a 
the transitions P,—> P;+¢ and P,+l—> P,+t—l, are formed adjacent to a 
other. 24,” contributes to (i), (ii), (v), (vi), (vii), and (viii), _— is, where 
the creation and annihilation of charged particle pairs occur consecutively. : 

From (i), (ii), (ii), Gv), and the corresponding processes due to ley We 
obtain 

_(PAl-l, G |e | Pit D (P,+1| cH, | Po 
2(Ep,—Ep,-1t)” 


x [0 ad |O) 4+ G | PALG)] (58) 
" (P, 41-1, & | eH, | P40 (P,4l| JOA) | 7} 


(Ep—E£ p, 41+") 


£ (PB 41-Y, G | FFA, | Py, D 
where 0A, is the field change due to the current induced by the radiation field 
A, so that bAy= Oe A=f,(t) A [cf. (32)], (vii), (x), and parts of (vi) 
<o> 


and (viii) give: 


(vac.| 2A? | U7, =e UF |cH,°| P40 (B41, —U | eH, | Pd) 
(—2)) podiaaes (E-/ 


4(P,t7, 0 2H, | P) | (59) 
4 BpClefh?| Prd (vac. [ads |, —T) (Petl, —U | eH°| Bd 
(E—2) (E+2) 


This is an effect of the photonic mass-term aA. Others than this cancel each 
other out. 


Thus, the part OJ, of dJ which involves the factor [] does not appear in 
Compton scattering, as was stated at the end of § 3. 


The third term of (58) expresses the effect in which a charged particle P; 
enters into the place where a current dJ, was previously induced by &, and 
is scattered by dJ,. 


However, both in the cases of (57) and (58), when we consider the effect 
of the (c.r.)-term dJ, not as the scattering of a charged particle by the current 
dJ induced by the electromagnetic field, but as the renormalization of the charge 
in the interaction term of the Hamiltonian. We must subject the charge to the 
renormalization 
<dS, > 


ea ite (60) 


ss... ene 
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: —- ; 1 San 
that is, a renormalization with the factor ——. This is because an alteration of 
2 


e would affect not only cH,, but cH," also, in (57’). Again, if we consider 
(57') as being a scattering due not directly to the current J™ but to the ex- 
ternal field produced by it, the potential of the scattering field is proportional to 


esa that 


fe G43 ior 7.) =< (1+ aa Sie y 


2<J> 


showing the appropriateness of the renormalization (60). 
In conclusion, we would like to express our sincere thanks to Prof. S. Sakata 


and Dr. Y. Tanikawa for their interest in this work. 
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Note added in proof 


We have two methods: in mixture theory for interaction terms in vacuum polarization as follows: 
(a) mixture of various charged particles, (b) altering the interaction between charged particles and the 
electromagnetic field, (2) is impossible to remoye the divergencies of (c.r.) and (0.c.) from the discus- 
sions in this paper. In (b) we must use an interaction which contains higher derivative than usual current. 
In this case higher derivative in the new current gives a more factor [] on the whole, so the first term 
of the general formula becomes (c.1) and another terms (o.c.), and the self-energy of photon by this 
term is 0. As now ¢2//e. can contribute to (c.r.), the sign of, (c.r.) might be positive. Then, however, 
the order of the divergence of (cr) and (oc.) is higher by two order than (c.r.) and (o.c.) from usual 
interaction respectively. Of course, there are many different points in the second quantization arising 
from the time derivative 9, in the interactions, it is difficult to apply the general formula directly, and 
so discussion in this note based on the general formula is only a anticipation, but we can not expect to 
remove the divergences of (c.r.) and (o.c.) simultaneously by the method (b). 

Recently D. Feldman studied actually the vacuum polarization considering the tensor coupling. 
Ilis results are in agreement with our anticipation in this work. We would expross our gratitude to Dr. 
D. Feldman for his kindness to send me his paper on the vacuum polarization. 
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§1. Introduction. 


We shall synthetically investigate the multifarious divergence difficulties 
appearing in vacuum polarization by considering the existence of various charged 
particles, thus observing the extent to which measures of dissolving them ma: 
be at the present stage. We shali also compare the result with those previously 
obtained by various methods, especially the Tomonaga-Schwinger theory, for the 
vacuum polarization due to an electron. 

We previously obtained general formulae in vacuum polarization which did 
not depend on the type of charged particles.* We shall now apply these formulae 
to the cases of vacuum polarization due to charged vector, scalar and Fermi 
particles. The notations are the same as used in Paper 1. When citing equations 
from (1) we shall affix “I” to the number of the equation. 

Let a current /2=(J™, op) exist in vacuum. The current due to the 
charged particles created in the intermediate state will be written as /P=(S ous 
p). Hereunder (2), (7) will always denote particles existing in vacuum in the 
initial state and created in the intermediate state, respectively. 

In order to perform the calculations in such a way as not to destroy the 
relativistic covariance, we must determine an integration-domain which is relativ- 
istically invariant, as we have stated elsewhere.** 


L 


In vacuum polarization, a pair of charged particles with momenta ye a 
and —P+— respectively is created in the intermediate state. Therefore, we 
need only prescribe the integration-domain to be the interior of a closed surface 
on which the scalar product of the energy-momentum four-vectors of these two 


charged particles, (P-P’) takes a constant value and subsequently allow this 


* 11. Umezawa and R. Kawabe; Prog. Theor. Phys. in this issue. 
Ilereunder refered to as Paper I. 
** 11. Umezawa and R. Kawabe; Prog. Theor. Phys. in this issue 


Ilereunder refered to as Paper II. 
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domain to become infinitely large. For that purpose, we must transform our 


variable into wv by the following relation: 
(Ep_t +£p, 4 )r—t | 2(P, P’) +2ph= SI (1)* 


The integration-domain for v is OSv <I. We go over from the system of 
variables [P|, 9, g(cf., Fig. 1) to uv, 4 ¢. Then 


42E p_ u tEp,t 


ap= : a=cosé (2) 
4 9 —U 
a e+e | . 
} slang 
9 =e a y rh (3) 
| ah +2(1 hee 
—v 


We write here those formulae in Paper i which we make especial use of in the 
following. 


7=([[ {Fa + fol) + AO +H) (CT We 
$M D+ AD) (CFD CF WO) ALD) IO K) |e 2raK dl 


geese: L shire i.) 


ful) = P (Fem 7 Pip, de tae (31-D) 
Fa) =O VCH) CE cone photon) (45-1) 
AOY=y ( —(Ep De Ep ay £i(Z) (32 I) 
41(Ep Litt pp u\ 
AO = 3-4 tu a 
Bl (ee [Pare Ferret +£p, ty +O" y) C33) 
4( Ep ol sledge el) 
/ goo 2 2 
Me (—(Ep_ 4 +Ep, t ee ae) 


me daine i i 
i woe we did not take (P, 7’) itself as v, but choose complex expression like (1) is, as 
“9° - 4 
will later be seen to facilitate comparison with Schwinger’s result for an electron. 
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—2 Bpceet Mpuet a) 
Ai @jy= zr —(Ep_ 1 +Ep, AE = (ee 


pe Eyre ee Com 


Qn / 5 l > U Uf ) 
Sula ; (vac. | e,J{” | Pas , —P-— =e} (Ps ae — Pp—- Sal CJS? | vac. ) 


(34-1) 
: U (fe U re 
£f) = a vac. | p® | P—. af — P— : -)(P— ee — P— _ Lor | vac.) 
= (vac. | /“" | vac.) (39-1) 
3 3 oe 
B= a 
= i107” OF 


OM), (n) 
PE) = or) 1) aid sat 


is the Coulomb potential of the charged particles 
ps 
appearing in the intermediate state. e, is the unit vector lying in the plane 
determined by J and l and perpendicular to the latter. 

According to these, we see that the factors f,(2), 4(2), f;(2), determing the 
mass term of the photon due to ¢c/7,-the charge renormalization term (c.r) dedj, 
and the observed current term (0.c) dJ, respectively are given by the following 


equations. Writing: for the result of the integration over 6, ¢. 


2) =|'c re (4) 


Seo 4yr ; = 
fa = 5) 6@) fae (5) 
2 4 =D ¢@—t- a (6) 
3 ee 4ur Jo {1—L (1-0) | 
Fig. 1. 4 
Similary, if we can write 
A (2) =( a" (nits - 
0 

fiHj=E fie eas ee (8) 

ape Jo {1— O (12%) | 

4 ) 


We next write the interactions between spinor, scalar and vector fields and the 


electromagnetic field. 
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i) Interaction between a charged spinor field yg and an electromagneitc 
fleld* H®=cH +e 2A + V *(¢,t) 


(e) ,,() 


cHO= —c| gray CHoO=0, yea (9) 
if 
ab - p) : J°=—/Prad p pr=Pr¢ (10) 
; Qn ue,? nd ine j t, 5 * re 
A=>, | z e(l, pe sd MC te *( rch (1) 
Up ie 


p denotes the direction of polarization. 

ii) Interaction between a charged scalar (or pseudoscalar) field U and an 
electromagnetic field. H®=cHO+CHS +V°" 
() 


I) 9 
Hea AU* g orad U—grad. U-U*), 2He=*_u*u, vee=E 
4 4n r 


(12) 


ag pCred % iP, rap EP Cp+dpe 7” (3) 


Bb 


U=id | 
P\ Ep 


Ut is the momentum conjugate to the wave function U of the charged scalar 
field. Therefore, plone (12) in a Fourier series, 


von cdl ; 6 22 ane ey 
iu ay ip 
Cy,d(— P+ B'—D) + Cy,3(-—P+ P40 | (14) 
CHM = — : [4g0=(—— Qre2> (Cp—@p)' (Cpr— dp) 
2 An P, Pb Ei ys Eg 


+ Cay Cp B(— P+ Pl 4t-U) +0, CyyP(— PP’ +tstyy 5) 
fe (J p) 


JOsJoOn Jee U*ts -ad U—orad rk, is c — fA RN 
1 oe era grad (7*-U) = a UC (16) 


p= —ie(U'U-U* U4) = | ce Cpaape Enix! Se 
F pop (CpCp —dp (SE + =) 


* Herewnder we take #=c=1. 


We denote the scalar product and vector product of two vectors A, B as (A, B) and [A, B] 
respectively. . . , 
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a SS a) ae ee 
tle tree oh fees) eee Pa (17) 


iii) Interaction between a charged vector (or pseudo-vector) particle, UV == 
(U, ©.) and an electromagnetic field. AW =eH,{" +20 + 


Hh =Anie U'A div U"'—U* div U') + GAD Cad UAT Caos 
Te ; 


(18) 
CH =Ane (AU!) (AU") +. ga gl AULA (19) 
Sale on ff — OO a 
ra Sp .-68 Dew, A) + VinEp(Apt Bpe(P) AP” 
| VE, 
U'= Sy Dt, So dee (Pod) + = 
V Saft A=: 2 Pa yf sty V8 a> P 


x (Ap—Bpe(P) fe) 
(20) 
U' is the momentum conjugate to U, while e(P,4) and e(P) are the unit vec- 
tors in the directions of polarization and propagation, respectively, of the charged 
vector particle of momentum P. 


t= —[ATP=— 5 PE 1g, 8(P—P'—D +97 (P—P' +) | 


2 PL Pup 
Cae ee [ Ep (ap, +bp)) (—Ap + Bp) (epe(P, a) (A) 
a L NZ Spr 
P! | 
inva l Ap+ Bp) (—- Ap, + Bp) (ep), e(P)) (A,) 


ees (a8, + bp) (—epy top) led, (PD eh); e(Ps2)) 


xa Ep Lp 
(As) 
+>) be: (Ap+2p) (apr, yor, yv) (ep), e(P) lle), e(P"",%))) 
pb th 
(Ay) 
+ Hermite Con). oN 


We denote the four terms in brackets by (4,)--.--- (A,). 
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APES 
wy He BoPs 4 ( + bpry) 

a ame, hae eS fl a pt Op) Opry TOP 
E “EL 2 | Ad, 2 eis Pp LP’ yy Jif ite = = 


(ap; +4p,) (A p,— Pp) 


et ( 2 2 U P'}' — u Ep* 
x (e(pe(P, A) eUpe PE O-—  N Ee 


ey 
x (ede(P, 4) (e@ pe (PB) +5 ates ee eae (apy + lpy) 


x (ete) (CU, eR) + VETS Ap Br) (Ap — Bp) 
x (e(ye(P) (Up e(P))} (B) 


1 z/ 7 Ud ‘ : 
HVE 7 Eplpy = (pry —8 pry) (ap,- op,) (fe(¢we(P’, 4 )J e(¢ , BL yeCP, A) ) 


yt [FP es,y—bpy) (Apt Bp) (ed, eR) le, #), Py) 
P’ 


p Ls 
-i [oe EP! (4p, + Bis) (ap,—Se) Cee(P Ve @, 2), e(Ps ))) 
“fp pe 
4 FeEP (45,4 BS) (Apt Bp) (ed), e(P) eC re(B)) | 
- 
(B.) 


x {Ch Cty O(—P +P! 1-1) + Ci Cyy8(— P+ P’ 140) 
+ Coy Chi (— Pt P'tl-V) + Cy, Cy K- PAP! +141) (22) 


The first and second terms is square brackets are denoted by (B,), (B.) res- 
pectively. 


Gurrenty/2 Gl a) 
v) os 
Ja BH _ 70 4 T= —Anie(U' div U*— U* div U4) — 4 {[U*, Curl U] 
‘A ine 
—[U, Curl U*T} 4a 0140") + (AUN UM 4 [U4 OY) , 
TT pe 


+4, 0) Us (23) 


Co —ie(U'U— U* U*)= —1e >) Berks) (ap, a oP, ) (Opry t bpry) 
P,P 2 Lip | 


: as an 
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Cbg 
Ms N Qn 


x { (Ap+8$) (Cpryt bpry) (e(P)e(P’, at) — (A+ Fp) (ap,+ op,) 


x (e(P")e(P')){ noe | 
eee pat} 2VE DE p, | @Pi—op,) (Ap — Bp) (e(Pie(P')) 


— (apy —l py) (Ap—Zp) (e(P')e(P)) } Aah aS (Apt+4p) 
‘P’ 


x (Ap,—2 p,) re ] Bee (Az oie Bp) (Ap— Bt ) (e(P)e(P’)) be Gee r) 
(24) 


§2. Calculation of the charge renormalization term (c.r.) PACS 


(i) The (c.r.) due to a charged spinor particle. 
From (10), (34-1) 


£0) = ne preap PL, pL 


where 2=cos@ (cf. Fig. 1) 
Front (1), (2), Gy. 32-1 


a, Ae 
(2+ ) Uv [(F5+2)"0—2) 


1l—-v 
) 5/2 (L—v”)' 3/2 


eu 1 1 
Ae o=se za di a 
TC h0 -1 ae a) + a: s} 

— a 


oP) — 5#|-- 


wv 


1=<_ )dv 27 
ak a =.) an) 
The fact that (27) has become an integral depending only on v shows that 7,(/) 
is a Lorentz invariant quantity. 

2 og 2 P’) 
3 ee F (P, P') > 


(28) 


vig (2) = 
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(it) ; The (c.r.) die to a charged scalar (or pseudoscalar) field. 
From (14). (34-1) 


Puig oe P?(1—2’) se 
(s) = 1 os: (29 
From (382-1) 
* V/ +: ae Mg (l—2) a . 
Si Be Goes ‘de | tr Te aa ih (30) 
ee ml | 4 4ea- al" ( uw) 
\L—-U 
ee > (31) 
Gr Jol—v 
From (1) 
w= —£- Pe Neoware of 32) 


(iii) The (c.r.) due to a charged vector (or pseudovector) field. 
According to (21). There are the following combinations as the contribution 


from cH,” to F(Z). 
(a) + (6) ++ @+&) + (f)4+ t+ W=A A,* + A,* A)) + (Ay Ao* + Ae* As) 
4 (AA + AS A) + (A AM + AMA) + Adit Ae A,*) + (Ay Ay+ As* As*) 

+ (4,4,44,° 455) A, +4; A;*) (33) 
(a) = (A, 4,*+ A* Ay) 2 3 (P+ ’ i) 


9 


x e(l, #) ) =sin®? g+cos’ 6” cos’ g 


na ciarsararaddPrt).ctn) 
=sin’ #” cos’ @ 


(0) = (AAP + At A.) oD ( |e(e- lof p- A i) | le (Lyuye( P+ —- i)\) 


=cos’ ¢ sin? 6’ +. cos? g sin? 0" + sin’ g sin® (@’— 6") 


(d) = (A, A+ A* A) oo (ef pe =) of ipa : 


4) few o( P+ SS ly 


. ° . 7 9° 9° 
=sin’ g sin'( +0'— 0”) 4 cos’ g cos’ 6” 
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() = (AA +4 tA) cD (e( P+ . Ae (Ip) \(fe(e+ + Jer pel ey) 
x[e (P-— ew 2) |)=e0s @ cas 6” cos? g+sin? ¢g sin ( oe 
(2) = (4-4, 4..4,*A,*) co(e (P+ aud Je (l, 2) e(P asl Je (Z, 1) 
=sin 6” cos’ ¢ cos (5. —0') 
(a) = (acs Ata eZ ([(P— 5 P-s)lleP+ yee. ) 
x([e (p+ 4 ~ Je (P+ #502 )\[e (PS, jet, ) |)=2 sin @ sin 6” sin’ g 

(1) = (AA, + 44," 03 (e( P— =) e(L, p) \([e(e— o A )e( P— )| 


le (Up) e(P + 1 )))=c0s & cos 6” cos? g+sin’ ¢g sin is: 0") 


The integrations are for 0, which is related to 0’, 6’ =as follows 


(cf. Fig. 2.) 


jb P cos 6—- : 
sin 0’ = ne ae ee 5) 
Poa (pa 
2 | | 5) 
> P cos @+ ee 
sin 6” / , sin 9 cure tim ; ; Zz 
| | 
—. | | P+ 7 | 
/ Pp— 2 cos @ 
sin(#’—@) = | -_ sin 4 cos ('—0) = Z 7 (34) 
SE Li peo 
ae, 3 | 
/ Pat cos 8 
sin (@—6") = “ae sin 0 cos (67 —8) = — a iv 
sl i | P 42-5. 
| : | 2 | 
pie 
i lt 4 
sin (6’— 0") = - a on sin@ cos (9 -0") = es 
fee Pak aa 
| 2 || 2) | . aj 
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From this, and using (1), coefficients of 
sats Ae +e ones 


Se 


iT 


Pe igates 


wai Elfed nevis "y 
: <— Co “ I? 
+ peta ee an | 9 ee 
2 


eS 1 9 Te Reg E 
PysE (Lye — a (2 ee oP ae | Rte eT ae Py 
( (/) 2 ( = (144°) —2 — (14+4’)-—?} 


(0) + (ere {b+ 


SY +(e) 3 U2") 
Finally 
fr? L) = (a) + (8) + (0) + @) $+ (0 + (4) + (9) + A= + GD + GID 


(y= | ae (= 4+) 28 (8+ Are tee | 
pe (27) Jo vw AL 2°) How) ie i : 


xf ax 
vi gn 2 »}P j 


Ga Je Geet) “ge fee (4+ SPS) 


x \ a "at 
= 2 a/2 » 
a9] 


(il) =e 1 | a ( 4 ye +P) ag} Sv2/? ) 
laa (27)° 9 1-7 (_- —iv yl? (L—~*) 


at Meee: Se 
* {ee 2s a 
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Integration over 2, 


50) (2) = -£[ pe =" uv va x 
fo" (2) ete Sate a (35) 
From (1) 
a ‘id Bo Ly 2 Zz , 
lag dea a Bie log ° cid (36) 
7 nfs 4x ee (P, P’!) > © 


§ 3. Proof of the relations /,(/) =// (/) and /,(/) =// (2). 


(i) For the case of a charged spinor field. 
From (39-1), (11) 


c = t t U t 
§:° W) = (vac| ot | P— =, —P- =) (e-, —P—<_ | gg) vac.) 
Sxe* P1l-x*)+ = 
= 2 : 37 
Bey. pe: {(@rek Sygate) oie 


From (37-1) 
flo (2) a. <{ C= a2 ~**) as 27") 


Comparing this with (27) 


Li LZ =f? Z) (38) 
Consequently, from (6), (8) 
fy LH=fs? © (39) 


(ii) For the case of a charged scalar (or pseudoscalar) field. 
From (39-1), ei: 


a ee #p-4 


py 


Hoe 4 Aue ¢ dv i ay 
1s) (@)= = ‘ at ee : lid - +2} ———— | ied S73 
: Ga) Use 1 Goat ia ae eed) 


271 29 
=a allnee (3y’ 


67a Jo Lb — oe 


Comparing, this with (31) 

fe Qh? ©) (40) 
Consequently from (6), (8) : 

ODO =f ©) (41) 
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(iii) For the case of a charged vector (or pseudovector) field. 
From (39-1). (24) 


Mee Ep_t 
+(e( P- 3 seremhnee he ER : - satin 
f(e(p—be(ee a) e(e(e- $F e(P+g)] 
lag in ee 
= \( oe i + Epes 2)(1+2 cos? (07—6@’)) #5 (eer t ul ey 
ae 


am fig (270) TI E r? P- ‘P 
cise. fs P?4+———Ep, t 
BE Epe bbpet (e+ oy ye oe 72 —(1- -*) | 
2 


(42) 


Fromy(3% <1) 


Sy ale 2-5 2 2 
ee (2) — ae a pL t 2) 5/2 ee : +0" i = : = . at - 
<A Vine Sha | Aa) | 


a — ( : ids : 
( == |) =o rae! 1 | 
| \ ro Z ake fp os 
Qn o( l —7P)? = ay On \- rae dv (35’) 


Comparing this with (35) 


‘in (/) =f,” (2) (43) 
Consequently, from (6), (8) 


ALO OD =FEO (44) 


$4. Calculation of the Observed Current Term (0. c.) 


Using the results for f,(2) as obtained in §2, 4,V) is immediately obtained 


from (6): 
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(i) Charged spinor field. 


JOT) =f, (2) = — eT] {2 = er a. 2 ee 
Fi) =f9 @)=-£O [e(1—2) 


9 


(45) 


This result is identical with that obtained by J. Schwinger” by method of 
canonical transformation. 


When the spatio-temporal variation of the field is small, and consequently it 
can be expanded in terms of [], 


HY (J) —f.O (J) — — Cltheent bi bnikeagis: ! 
Wet A as? Rie 9 lime 40,2 (45’) 


(ii) Charged scalar (or pseudoscalar) field. 


2 1 eo be fe 
hi (2) =f, ¢@)=— C} | vidu (46) 
24r py? Jo {! ‘es l | 
4° 
ines fe ee eee (46’) 
1207 ~—- 6307p 


(iii) Charged vector (or pseudovector) field. 


By 1 oft f A) 
fe (2) fife (2) aS ee ad \ 2) az eesG 


6zy° Jo (1—w") {I- L] (1—<*)} Saye 
4° 
x f ae (47) 
: {t— a -#)| 
4 
ae 5 fica ce) = sae STIL tae... (47’) 
ae OTe aie ts 360727 168072 


§5. The Mass-term of the Photon.” 


The self-energy W, of the photon J” is 
1=fiZ) +fre(Z) (48) 


fn(Z) can be calculated immediately from (5) on using the result of § 2. 
(i) Charged spinor field, 


2 fl oe ow 4 
ze) _¢ (0) (ee ae | | Prana lle ate) ae 
Me tent Qal j, (1--7") ( 3 4, (1a) 
ciety fe ‘| »(Z) =0) (49) 
peg igh ED ce 5000 
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(ii) Charged scalar (or pseudoscalar) field. 


eT tal A 40 - 
(8) a é vu d al _. dv (50) 
fa @) 121 \ (l—7*) (1-#) 


Using (45-1), (19): 


fO= aah Tet dp (51) 


The domain of P is a sphere. Also, the sunface 7=const., when referred to 
a special system of coordinates, becomes a sphere. By making these two fields 
coincide with each other, we can resplace the P-domain by a relativistically in- 
variant v-domain. This is effected by the transformation of variables. 


po Pl es ee (52) 
(1—<*) 


Then (51) becomes 


o a. 1 ote + P 
O= 6 \eee a (53) 


Adding (50) and (53), the self-energy of the photon is 


= 1 
Wo =*_ Ee P, P') -— ‘| S 
pees laa Po 1 PP ce 
(iii) Charged vector (or pseudovector) field. | 
From (45-1), (36) 
Ce 1 aA 2 2 1 4 9 
oy =o ae \ wl 4u yaar: \ U _ Ae (BD 
Ant Jo (1—z*) (1—~”") 3nf Jo(l—v)? (1—v’) oO?) 
From (22) (45-1), the contribution from 2, to fi (Z) is 
28 [rvPrp reieee | B tiny (56) 
ST pel 3ml JoV PP+ ee 
while that from #, is 
42 (  P'dP Qe? 
371 \ VPP+ ee Smee [P nee Pit Pee aed 


Therefore 


Fad (D) = (56) + (00) =|, Pw Pre peas | pes oP (51) 


2 
Sal pe 3a 
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Making the transformation of variable (52), 


5? (1 wvdu 47 (1 vav 
fle (Pe | LE j 
2 @) 3dml Jo(1—v*)? si 3/7 Jo(1—v")? 28) 


Adding (55) and (58), the self-energy of the photon is 


Wi =| P,P’ £4 ‘| 
mie a a ee (P, P’) 30 


The operator which gives the self-energy W; of the photon, that is the mass-term 
of the photon, is 


We 
2 (2) 


Ai (X) (60) 


where A, is the transversal part of the vector potential. 
It is clear that (49), (54), (59) all have the transformation property of =, 


that is, that of the mass-term. 


§ 6. The Induced Current. 


Using the above results, the current 07 induced by an arbitrary current 7 
can be calculated from (48-1). On making arrangements, the final result is as 
follows ; fee of the kind of (2), 


yoo=fffin2 


(i) Vacuum ee due to a charged spinor field, 


TOUX e+ (fe 2) +h) J? (X » |e AG X GX" dl (61) 


@ ss me ilci es 28 
— * ee 23 9x (P, P’)>& (28) 
dv 
fe@=-<O [1-4 (45) 
4° 
9,2 1 
Oe Re, a Sf oe 4 49) 
ye nie Leahy (eerie | ( 
(ii) Vacuum polarization due to a charged scalar (or pseudoscalar) field. 
‘ visa) a ‘ 
(8) = Put eS Ch se Nee a o2 
WO gee I8z (P, P') > ss 
| oe dv a| ec} 
ie(fydenieths | —3~*\—-=-e Ton ae (46) 
AO) 24 Jo peer oo 12077-16307" 
(s) — Y 54) 
vi on —|+ an en Pry 00 ( 
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izati ; F field. 
(iii) Vacuum polarization due to a charged vector (ot pseudovector) fie 


5 a c we Pty. ei ] o aE, te (36) 
et ated, ae Oh MM Pam) 
ep pl gif dv eer ee vido 
) ] ae gel \- atte = “a cam a 9 
1 O=—“oaat Ja A) i--ha-)} 1 SF ee) 
Aw 4u° ; 
(47) 
re OPP) Doe Te ce Ae ee. (47) 
eed edt ee Gar 16807/2 
Lay i 360z ets 
mot Y f ‘ 59 
pa fLery-e] (59) 
IW, nl | 2 ( ) a (P, P')> 


§ 7. Discussion 


Using the above results, we shall investigate the problem of vacuum polarization, 
considering various charged particles simultancously. 

~The first term of (61) has only a component in the e, direction. Con- 
sequently, it is convenient to consider it after transforming it as follows. Denoting 
the transversal part of the electromagnetic vector potential at the position of 


Pies Ye by vA CY); 
(JA, (VY) =—42(eJ © CY) )e; 
Therefore, the first term dF, of (61) is 


bF,(X) = —|\2 Wil (x dX dl (61a) 
2(27) — 


This current may be thought of as due to the following additional term in 
the Hamiltonian function. 


| eh aberg sem axial (60’) 
2 (27) 
Comparing this with (60) it is seen to be the photon mass-term. 

Observing (49), (54), (59), we find a simple law to hold for the self- 
energies of the photon due to various charged particles. That is the magnitudes 
are respectively proportional to the degree of freedom of the charged particle 
field, and the sign is positive for a Fermi field and negative for a Bose field. 
However, the relations of the finite terms are not always simple, because the 
proper mass # is not the same, for the various particles. But this is because we 
have taken the relativistically invariant quantity (P, P’) as the common variable 
for each particle, so that circumstances are extremely different from the customary 


method of integrating for #. Though it is possible in a special system of co- 
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ordinates, to make the 7-space domain coincide with the P-space’ sphere (when 
¢=0), in this case (P, P’) =2P?+ 2 so there is a difference by a term relating 
to mass. But, since it is impossible to make a scalar quantity involving only P 
and independent of y, it is totally ambigiuous what function of (P,P). to usenas 
the common variable for various particles in extending the customary P-integra- 
tion into a relativistically invariant method of integration. Consequently, we can- 
not make satisfactory discussions of the finite terms of the self-energy of photon. 

We previously maintained that the self-energy of the photon may be made 
finite by assuming scalar and spinor particles to exist with a relative abundance 
of 2:1.” According to the above results, W®:W®:W=—2:1:3, so that 
if the number of spinor, scalar {or pseudoscalar) and vector (pseudovector) fields 
are #, m and / respectively, and the relation 


—2n+4+143/=0 (62) 


holds, it is seen that the self-energy of the photon can be made to vanish. But 
in this case the question of finite terms is ambiguous, as mentioned above, and it 
appears that, in general, writing “©, w® and py for the masses of the spinor, 
scalar (or pseudoscalar), vector (or pseudovector) fields respectively, the follow- 
ing relation must hold between them: 


n m™ i 
—23) (12°)? +3) (HP P+ 333 (HI? =O (63) 


However, the fact that the w’s are invoived in W®, W and JWW™ in the 
same form shows that the self-energy of th photon can be made to vanish by 
taking a mixed field of the form (62) without requiring the condition (63). That 
is, we need only take (/,P’)—2y as the common quantity for each particle. 
Then the relation (62) by itself suffices to annul the self-energy of the photon. 
In any case, it seems that, at the present stage, the mixed field (62) provides a 
method of avoiding the difficulty of the self-energy of photons, Considered to- 
gether with the success to some extent of the C-meson in the case of the seif- 
energy of electron, it appears that, at the present stage, the method of mixed 
field provides a powerful spring-board for the future development of elementary 
particle theory. 

We next examine the contributions d/,, 0/, from the second term 4(2), 7,(/) 


of (61) to 0/7. 
I Poe a j if. (1) 7° (X’) oak X-XN IV l/ (64) 
Gia f ih: (2) J® (X') E4X-XN IVI (65) 


Since df, is, as may be seen from the calculations up to now (28), (32), (36), 


Mr. Oda pointed out that this relation is just as that between zero-point energies due to various 
charged particles. Therefore, (62) is also available to annul zero-point energies. The relation between 
the self-energy of the photon and the zero point energy will be precisely discussed elsewhere. 
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merely a constant, it can be amalgamated into /®. Though its value, of course, 
Is on the particular type of particle, actually the sum of the contributions 


depenc 
Thus, this has a value 


front all the charged particles gives dJ,, as will be shown. 


independent of the type of particles.” 


nm m Z 
Iyp=DOJo + VOJol + ViSJo;” (66) 
4=1 {=1 i=1 


67, cannot be amalgamated into J” because it involves the [_], and moreover, 
it. diverges logarithmically for a charged vector particle (as seen from (45)), so 
that this seems to present a new difficulty to the Tomonaga-Schwinger theory. 

Since the charge renormalization terms and the observed current terms have 
the same signs independent on the spin properties of charged particles. This fact, 
it is that we pointed out in our paper I by scrutinizing on the general formula 
of vacuum polarization. The more detailed discussion of this problem will be 
published elsewhere. In conclusion, we would like to express our sincere thanks 


to Prof. S. Sakata and Dr. Y. Tanikawa for their interest in this work. 
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Hitherto, when the electromagnetic self-energy of an electron in motion was 
calculated directly by perturbation theory, the result as a whole did not show a 
relativistic covariance, so convenient prescriptions were applied as the necessity 
arose. For instance, the fact that a direct calculation of the self-energy W(P) 
of an electron of momentum P gives an indeterminate result of the from of a 
difference between two quadrutically diverging terms led Weisskopf” to calculate 
the. self-energy W(0) of an electron at rest—in which case the ambiguities are 
not so manifest, owing to the spherical symmetrisity of the angular distribution 
of the momentum of a photon—from which W(P) can be obtained by means of 
a Lorentz transformation. He also predicted that the result thus obtained would 
be equivalent to that of a direct calculation of W(P) in which suitable precautions 
are taken in performing the subtraction between the two diverging integrals, 

Similarly, Pais” calculated W(P) as 


WP) =W(0) V1—-£ 


Also, Oneda and Ozaki® recently employed the method of mixing a C-meson” 


as well as using the super-many-time. formalism and contact transformation in 
showing that the diverging part of an electron in motion has the propeity of 
covariance, but this is not a case for the finite term, even when the deviation from 
spherical symmetricity of the angular distribution of the momentum of the virtually 
emitted photon is taken into account. 

However, when the prescription recently proposed by us” is employed the 
electromagnetle self-energy, and that due to the C-meson of a Dirac particle in 
motion are both seen to posses just the transformation property of the mass term, 
that is, the transformation W(P)=W(0)V1— makes a consequential ap- 
pearance. Noting that the spherical domain hitherto taken is not a relativistically 
invariant one, and also that a momentum conservation not satisfying the energy 
conservation is not a relativistically invariant relation, we take, as the integration 
domain, the interior of a closed surface w=const. (where w is a certain four 
dimensional scalar quantity in the energy-momentum space), while the lower and 
upper limits are determined by placing the condition that, in a special case 
(momentum=0), the above domain become a sphere in the momentum space in 
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order to yield results coinciding vith those hitherto obtained. When a Fourier 
expansion is made, the above precautions must always be taken in order to per- 
form the integrations in a relativistically invariant manner. It is only natural that 
the relativistic invariance should be destroyed in the course of calculation and the 
results be devoid of the correct transformation property in both and previous 
perturbation calculations and those of Oneda and Ozaki which take the deviations 
from spherical symmetricity into accounts since they are both definea by the 
momentum conservation which is not a relativistically invariant relation, and since 
the limmits of integration probably cannot be uniquely determined. Although 
Oneda and Ozaki use the same formalism as Schwinger” who obtained results 
showing the correct transformation property, the above precautions were wanting 


in their calculations, which were performed resolved into Fourier components. 


$1. The Electromagnetic Self-Energy of a Dirac Particle 


The calculations were performed on positron theory, and, in order to make 
the relativistic invariance evident, the longitudinal part was not excluded from the 
outset, but eliminated in the course of calculations, by using the Lorentz condi- 
tion. That is, writing the scalar and longitudinal parts of the four-potential 
A,—(A,iA,) (three-dimentional vectors will always be denoted by boldfaced letters 
in the following) as 


i) eee ig fs 
A= i+ (det? 4 eer) 
} 


and A= ee (col¥ pcre) 
U 


respectively, and substituting these in the Lorentz condition 
(div A+ A,)¢=0 


dj and d*% can be rewritten as zcy’ and —ic*¢*, Taking this into account and 
constructing the self-energy from the interaction, 


4 ; 4 
Bw) 4A p L < ; diy ds 
eee | at Fail Bar oes oh a ete Hobe 
eV ao, aay a = = eas 
(27) f Lp “yf Faaa/ f U —Ep—Lp_,—! MA 


(1-1) 


At, _ = (Ep_yt (a, P- UL+Pp)/2Lp_y, %= (4, 4), 4 =14=2 


where P is the momentum of the Dirac particle (whose proper mass is yf) and 
t that of the photon. 


Taking the spur and deformining, we have 


* Note Added in Proof: The same precedure as we had used, was developed more precisely by 
several authors. S. T. Ma. Phys. Rev. 75 (1949) 535, F. J. Belinfante. Phys. Rev. 76 (1949), 226. 
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2. l/Ep_y Ep_ 


This equation corresponds to Eq. (7) in Feynman’s paper in Phys. Rev. 74, 
1430 (1948). Feynman says that the third term is not “ invariant,” but actually, 
according to our prescription,» this term, too, can be expressed in terms of an 
energy-momentum space four-dimensional scalar w, and is independent of P. 
Consequently, Feynman’s argument that its invariance is destroyed by the C—meson 
(or f-Field) does not hold. 

In this case, we take the following quantity as: 


2, P—l) = (Ep_,+/)°—Ep=yprw (1=3) 


where (/, P—/) is the scalar product of the energy-momentum four vector of the 
two particles appearing in the intermediate state ; and it can readily be seen that 
this takes the form given here, for either of the two processes responsible for the 
self-energy, that is for the virtual state either involving the creation of an electron 
pair. (7 baer 


€ [eww a 
2[{ l+w)#4+P° pe — Pr] 
ae je 


(2 = cos.) 


Ep_, A (+w) P+ PPP Pel +e) ee PEP? 


Making the transformation of variables 7 w, and integrating over the 


angles,*? 
Ano —£F-| [ Ear rie. | ed ye | e : de | 
2D Lp Bs eee Jo mee ae 2 Jo (L+q)? 
patsy ale 
=—F SH pog(ttw)—+ | (1-4) 
Lp Dey Se Ope nee 


This results posses the transformation property of mass, and also coincides 
with of Schwinger” inclusive of the fiinite terms. 


*) For instance, the third term of (12), 


foo} ioe] 


dl ( ‘ ie Pdlixidg . oes Pace ae ee tec hs oa 
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§2. The Self-energy of a Dirac particle due to the C-meson. 


, ts 
The self-energy of a Dirac particle due to C-—meson 1s 


=| (Piz+2p)(Ep_yte)—FrPa 1 (2-1) 


AE? =— 


—meson, respec- 
where J, e, and x are the momentum, energy, and mass of the C—me p 
tively. In this case, we take 


2 5 2 _ 2.2 
2, P—l) +#= (Ep_ +&)) —Ep=w (2-2) 
as the four-dimensional scalar quantity «@ in the energy-momentum space, and 


assume its dimension to the square of mass. Then 


j= atbVve—4e 4x" (e— P—v) 
2F—wv) 


Since / takes all positive values, we take the + in the double sign. 


— ab a— 4 Gv) (2-3) 
2(¢—wv) 
goss ES Se (wte=a, VwtEp=s, Px =?) 
Eno, OV e=4x(F—o) . 
Using the abbyeviations 
A= V3_4¢7, s=@—-4V,”, B=F-v 
(21) can be written as 
AROS vd [_ #2 6(4ye°—a) i abw fe vA 
27k p w J-1 2 2B 2B 
Cv bA av ) 
x + —— + —— |dv 2-4 
{apr 4B OR Sa 


(ze) = 2° + 2xp2) 


Since w is a scalar quantity, an integral whose integrand involves only w is 


an invariant quantity. We now subiect the lower limit zu of the integral to a 


Lorentz transformation. When the particle is in motion, this seems to depend 


on P. However, since the lower limit 


is a section of the Lorentz-invariant 
domain enclosed by the closed surface ze 


=const. within the domain restricted by 


the momentum-conservation, it must take the value (a constant) of « on this 
surface. Futhermore, since it coincides, in a special system of coordinates, with 
the lower limit of w for an electron at rest, this value is c,=x°+2xp,” which 
is the value of w for J=JP=0, and forms the threshold energy of the C—meson. 


Among the nine terms arising from the multiplication of the. two factors of the 
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integrand of (2-4), the four which are odd functions of v=px varnish as the 
result of the integration for 2. On collecting the remaining terms, the integration 


for + become as follows: 


cet 8 gine 
——— | (4 —a) (°° 4+4°P’) —8¥ aw L 
ap (4; ) (+ 4P*) —8¥ aww’ 


a 
SP 


(20°O? (42 —a) —Baw (a? + 426°) (=< Fa aa ) 


2 2b 20°6" 


+. 


~ 


372, 9 4 
vow | cat pre 1 ( 3a +20" — 10x16") )ar 
2P 4a ao" 


: (- ee. aap + Ox'a') Z} 


aio} 8 
a dy a epee (v= inmaaineget: ' 
“LGA vse J Pat Sea 
We 2 2eRs (e— 4x (wot ye) Pp? 
2 P—ai? s s(wv +42) 
j U n at ta ty? (co + pu) ae 
~ (Cae 2 s (cw +2)? 


Putting these in order, the coefficient of Z becomes zero, while terms involving 
M and XN are reduced to 
pec Va — 4x (c+ 2) ae {a?—4x? (co + p?) VP? 
w+ pl’) (w+x) 4 (co +p) (cu +2°) 
wy (w+ x°)?—42° (wt p) p? 
4 (w+ x’) (zu+ pe)? 


which do not depend on P, so that 44 can be expressed in terms of zw alone. 
Phat vis, 


foe ATE ie ee See ee ee hace 
27 Lp (w+x*) (w+ pw’) 4c (wu + x") (wu+ ff) 


tes bes [= i dw «eo x? (x°—4 yp)? f. Mw 


 OnEpl 4 Iu VV 4p 4 ue, AE 
4. x {. (24)? +22 (42 — 42”) if ay =| 
dy! wo (+ fe) VW 


(We (w+)? —4 (w+ p’)) 
x 


LL 


’ 


Carrying out the integration, and rewriting the result in terms of 0 == 
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fe eee agereg tomes has a —4) VP —4 


Qn Ep 
x log(1-@- ve—4))}] @>2) 
_ ft |B tog’ — 41348 tos 2 | (0=2) (2-5) 
4EO= 2n Ep 4 4 


ae i 2 | > log! w'+ {I - d+ (o'— 66") log 6+. (FP —4) Y4—F 


x {sin-(--2.}+ 4} | (8< 2) 


a 


among the logarithmic diverging terms of which ‘ w’ is obtained by dividing w 
by pe. This is a dimensionless quantity just as (1- -3)**), (2-5) also has the 


transformation property of mass. 
On placing the condition f°=2é,> we get, from (2-5) and (1-4), 


4E=4E® + 4E® 


(__ ee [2—a+ @ 60) log 8480-4) VFA 
4nEp 


xlog{ 4-0 vF=9} | (8 >2) 


| + 2-2 +8 log 2] (6=2) (2-5) 
4nF p 


ah idl wh [2- — 8 (868%) log 84+ 3(#—4) VE=# cos-S | (8 < 2) 
4n Ep 


When 6<2, and p is taken=/M/ (the proton mass), this gives the mass 
difference between proton and neutron regarded as being two states, differing 
only in their e— and fcharges, of a single particle. 

Since 


—1 


i1V¥4—0 


cos. ——-=tan,_ 


this coincides exactly with Eq. (16) of Pais®’ paper III, 4. Thus, the C-meson 
by itself is insufficient in order to accouut for the proton-neutron mass difference 


‘all 
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(see Fig. L), and if it mass is 
taken as ~~ 100, which was 
hitherto thought appropriate, the 
mass difference amounts to only 
about — 1.4m,. 

The question of mass-difference 
seems to be one which must be 
taken up again considering the 
effect of the nuclear force meson 
as well. Consequently, the pro- 
blem of mirror nuclei, which was 
hitheito thought to be a. “-stumb- 
ling block” for C-meson_ theory. 
must presumably also be. re- 


examined from this new standpoint. 


As a result, new suggestions might be revealed concerning such problems. as 
the asymmetricity between the proton-proton force and proton-neutron force. 1 

In concluding, authers wish to express their sincere graditude to Prof, Sakata 
and Dr. Tanikawa for their interest throughout this work. 
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$1. Introduction. 

About ten years ago, it was discovered that the cosmic radiation produced 
stars in photographic emulsions”. These stars were interpreted as nuclear aS 
ruptions. A theoretical analysis of these phenomena was undertaken by Bagge” 
on the basis of the evaporation theory of nuclear physics. But, because his con- 
sideration was made referring to the cosmic ray and the energy of the star-pro- 
ducing agent was not known, the result could not be quantitative. 

Recently, however, Berkeley 184’ cyclotron was built and it has become 
possible to study various high energy nuclear reactions excited by an agent’ of 
definite energy. Thus the stars initiated by high energy deuterons were treated 
theoretically by Horning and Baumhoff®. 

Independently of them, we have been studying the same problem in a some- 
what different way, which will be reported in the present paper. The main 
difference of our consideration from the above cited American authors’ is that we 
take account of the change in binding energy of neutrons and protons when the 
nucleus loses these particles step by step by the evaporation process. This effect, 
which was neglected by them, affects considerably the prong number distribution. 

In §2, we will discuss the mean behavior of the evaporation process of 
excited nuclei, generalizing Bagge’s treatment. The fluctuation problem is treated 
in §3. § 4 is then devoted to the application of our consideration and comparison 
with experiments, such as stars: produced by m7-meson capture, stars by high 
energy deuteron bombardment, nuclear reaction As® +190 MeV D, etc. For this 
purpose it is necessary to find the statistical distribution of the initial excitation 


energy. We treat this problem by a simple classical model, which can be used 


also to predict nuclear transparency. 


§2. Evaporation Theory. 
When a nucleus is excited with the energy X, the probability per second of 
emitting a proton with the energy ¢, €+d¥ is given by the evaporation theory 


of Weisskopf” as follows, 


W, (X,§)dé=7(—V—E,) exp [Sn (¥-8) —Su(X)] 46, (2) 


On the Nuclear Stars. 469 


where S, and S, are the entropy of the nucleus before and after the evaporation, 
£, is the binding energy of a proton, and V the Coulomb barrier height. The 
kinetic energy of an emitted proton is ¢—Z, in this notation. 


é 7 .is a cettain 
constant which is given by 


y=o,Jm/whr (2) 


where o, is the geometrical cross-section of a nucleus, J the statistical tactor, 
and az the proton mass, 

The probability per second II’,d= of emitting a neutron with energy ¢, &+dé 
is obtained from (Ll) by replacing £, by £,, which is the binding energy of 
a neutron, and putting the barrier height V=0. 

Thus the total probability per second of evaporating a proton or a neutron 
is, respectively, 


S 
U(X) =| Fn, W(X aE, 

se (2) 
X 
ROA. AW BOR. 


If we adopt the Fermi gas model for a nucleus, the entropies can be explicitly 
written as, 
Dial A) 0 Ba? a Nee, - 
Sp(X)=0.632 [(A—1).X]"?, ©) 


where XY is measured in MeV, and A is the mass number of the initial nucleus. 
Using (3), we obtain an approximate expression for the ratio of /,(X) to 
eae 

Pi Xe) estes ies Ley 


_ . hac Cad | 08 ea Sy ERIS aay Sos Ug BBs 4 
De eae as, Ot 7] (4) 


which is valid for not too small X. 

Next, we consider the successive emission of nucleons from an excited nucleus. 
From (1), we see that the mean energies taken away by the evaporated proton 
and the neutron are roughly given by 


BE, +V+427, £427, 
respectively, where 7 is the temperature of a nucleus with excitation energy 
X, which is given by, 


T= fs (XY) 
aX 


Iu the course of the evaporation process, the nucleus loses its excitation energy 
gradually and is cooled down. This decrease of the excitation energy YX 1s, 
on an average, expressed by the following mean cooling law, which is a 


is Reagie 2 
generalization of Bagge’s one”, 
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Fl 2 ig oh 

wi (5) 
WAS oT 

On 


Here and fp denote the number of evaporated neutrons and_ protons. 
: : . 4, -phiatd. hie ae t 5 eed f 
Now the ratio of differentials ¢x/adp, which defines the average direction 0 
transmutation of the evaporating nucleus, 1s determined by (4), i. e. 


dn _Tn(X) (6) 
ao tay 


+ = 4 - 4 l1P a] ; 
The set of simultaneous equations (5), (6) determine the mean behavior of 
the evaporation process. 
ey eae 
Before going to solve (5) and (6), we must give the explicit expressions 
: ; “eh! - ~mati ive 9) 
for &, and &,. These are in the first approximation given by” 


l+u 
Exe By — Bn rl th 
(7) 


2 ‘ lt+u 
Er Ey +Hn—-—"9), 
l—p 
where &, is the binding energy of a nucleon in a stable nucleus. y represents 
the direction of the Heisenberg valley in a nuclear chart, i. é. 


Z, corresponds to the most stable charge of a nucleus with mass number A. f 
in (7) is the constant determining the slope of binding energies of protons and 
neutrons on the nuclear chart. As we are interested in the stars from heavy 
nuclei in emulsion, such as Ag or Br, we will take A=100. In this case, the 
constants stated above have the following values: 


E,~8MeV, 6x09MeV, prl/4. (8) 


We have solved the equations (5), (6) with constants (8) by numerical 
integration, for four different values of X. The solution determines the path in 
the n-p plane, as is shown in Fig. 1. The end point of a path expresses the 
mean total number of emitted protons and neutrons. 

The concavity of a path is the effect of the chance Of £5 ana 2° liawe 
neglect this change, the path becomes convex, which is also shown in Fig. 1. This 
is because, the lower is the temperature of nucleus, the more difficult it is for a 
proton to go over the barrier. We see that the mean number of emitted protons 
is too small, when we neglect this change of the binding energies. This number 
becomes larger in our treatment, because the decrease of the binding energy of a 
proton in the course of the evaporation process is properly taken into cosideration. 


v 
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Finally we must remark one rhe perenne pai , f nghienwE 
point. In the above treatment, Q i 
we have neglected altogether the 1 i 
emission probability of o—particles F : 
and other heavier nuclei. This 

. 3 « 
neglect seems to be valid for our ; 
case A=100, because the poten- . 4 
> . . 7 5 n 
tial barrier is here so high that 5 F ‘ 
the emission of heavier particles 100MeV 
- 6 6 
is much reduced. ms B 

- al / 5 1 ; 
§ 3. Fluctuation. y, 150McV 
if 

As we have calculated the / 9 
mean behavior of evaporation hacia A 
process, we will consider its fluc- 
tuation. From Fig. 1, we see (a) (b) 
that the number p of protons Fig. 1. (a) Solid curves: Solutions of eqs. (5), (6), 


evaporated from the nucleus is and (7) for initial excitation energies Y=50, 100, 150, and 
é 200 Mey. Chain curve: the line 2=1.7/, which shows 
the most stable nuclei. (b) Solttion of eqs. (5) and (6) 
fluctuation will be nearly of for ¥=100MeV, A: with Zpand Zn given in (7); B: 
Poisson type. with Ly =f, =, =SMeV: 


considerably small, so that its 


To examine the fluctuation of number a=x+~/ of emitted nucleons (neutrons 
and protons), we consider the following simple model: a nucleus which consists 
of neutrons only and the emission of neutrons from this nucleus with constant 
temperature 7. Then the energy distribution of the evaporated neutrons is appro- 
ximately given by 


he pit ene (9) 


The probability for a nucleus to evaporate 2 or more neutrons is obtained by 
integrating (9) through the energetically allowed region, i. e. 


n—l 
ae CY) — yao Live] Se ai ee €xp [— x GID Sy aed Cay 


| 
| 


n—1 
j= 


where LY is the excitation energy of a nucleus corresponding to the temperature 7. 
If we replace 2 in (10) by a(=x+ ), this model represents the actual 
nuclear evaporation considerably well, because of the following fact. In the actual 
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evaporation process, as is shown in Fig. 1, more neutrons are emitted in the 
beginning, and the rate of protons increases cradually later on. So the mean 
energy carried away by one nucleon is roughly constant throughout the whole 
process. This corresponds to the constant temperature of the above model. 
Approximating (10) by Gaussian distribution, we have the mean number 
<a> of the emitted nucleons and its root mean square deviation Ja as follows : 


yh ea oa (11) 
Ly +2T 
EAS 3 
4a= oy, sta mentee SL. LZ 
sean Ga (12) 


The error introduced by the assumption of constant temperature can be shown to 
be small,which follows from the fact that the nuclear matter has a large specific 
heat, so that the temperature changes only little even when the energy content 
changes considerably. 


§ 4. Applications. 


a) Nuclear transparency. In order to apply the theory of § 2, §3, we must 
calculate the excitation energy Y of a nucleus and its distribution, when it is 
bombarded by a particle with energy &. For the high incident energy, nuclear 
matter becomes transparent”. Here we will treat this problem in a semi-quanti- 
tative way, and more accurate treatment will be done in a subsequent paper. 

At high energies (2 100MeV) the wave length of a nucleon is so small 
compared with the nuclear radius A, that we can imagine the classical orbit of 
an incident particle. Let » be the path length of an incident particle in a nucleus 
whose radius is denoted by R. Then the distribution function of ¢ is given by 


oo Wis Qene 


2R dp 


(13) 


Let 2 be the mean free path of an incident nucleon in a nuclear matter, and 
e be the mean energy transfer per one collision with a nucleon in a nucleus. 
Using these two quantities, we can caiculate the mean energy transfer A to a 
nucleus when the path length is », 


A= cee (14) 
Therefore the distribution of excitation energy X is, together with (13) and (14) 


2 ee ic: (02x Zoe eye (19) 


yr ° . . . y . . en . . 
When the incident particle is a deuteron, the corresponding distribution function 
of X for a large nucleus (R>d=radius of a deuteron) is roughly given by ” 


eS a nnn 
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(16) 


<)>. 39 * } . . ~ . 

(22) and (23) can be applied only when the incident energy £ is so high 
that a nucleus becomes completely transparent. If the energy of an incident 

: 2R 
nucleon £ is aos €, a nucleus becomes partially opaque, and some modifications 
must be done in the above formula. 

From the experiments of high energy nucleon-nucleon collision, 4 is known 
to be proportional to # and e will be expected proportional to &. Thus 4/e is 
approximately independent of the incident energy £. According to the calculation 
of Serber® , its numerical value is (A~ 4x 107% cm, ¢ ~ 25 MeV) 


Ae =~ 1.6x10-%cm MeV ~. 


b) High. energy. reaction As®+190 MeV D. ‘In Fig. 2 the experimental 
relative yields of the products in this reaction” are given. In the same figure, 
we have reproduced the paths given in Fig. 1. These calculated paths agree 
fairly well with the maximal line of the yields and our evaporation theory seems 
to be able to explain the main character of this high energy reaction. The pro- 
ducts, which correspond to more emitted neutrons and protons than the end 
point of the path for X=200 MeV, must be due to the fluctuations. These 
fluctuations were already calculated in §3, and the results agree approximately 
with the experimental ones. 

c) Stars initiated by the high energy deu- 
terons. The stars initiated by bombardment of 
35, 90, 130, and 190 MeV deuterons were observed 
at Berkeley ®, and their prong number distributions 
are shown in Fig 3. Applying our calculations 
in §2, § 4a), we obtain the average prong number 
distribution of the stars, which originate from 
the heavy nuclei in emulsion. These results are 
also shown by broken lines in Fig. 3. We see 
that the discrepancy between the calculated and 
the observed ones is more pronounced as the 
energy of the incident deuterons becomes lower. 

In this connection, we remark several 


sid points : 
1) In the above estimation, we have taken 


Fig. 2. sss + 190 MeV D. : 
account of protons of ali energies. If we con- 


Dotted curves represent the relative 
“ equi-yield” curves, obtained from — sider the insensitivity of emulsions to high 


the experiment ). The solid curve - energy (15 MeV) protons, the calculated prong 

is the solution of (5), (6), and ee number will be considerably reduced. So it will 
om ; 

pticiaeBaccare be hopeless that we explain all of these stars 
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using the evaporation 


‘i theory. 
Bu Il) Besides the heavy 
\ R nuclei, the emulsion con- 
15 Hes ' + 100 tains light nuclei, such as 
: Re Neer Osx and’ OF TAS the 
: : ve evaporation theory can 
5¢ ‘ hh “ag 90MeV not be applied to these 
iy yn light nuclei, we have 
: * eo ' heretofore disregarded the 

5 190MeV 


stars from them. If we 
assume the  o-particle 
model for them, we may 
imagine that these light 


nucléi will easily be split 
Fig. 3. Percentage of stars of given number of prongs. Solid. up into several v—particles 
curves: experimental). Dotted curves: theoretical (the stars of 


| . = so 
; and nucleons by nucleai 
heavy elements in emulsion, bombarded by deuterons with the d : - 


energies indicated in the figure). collisions. Thus a light 
The theoretical and experimental values of the percentage differ nucieus will more easily 


in normalization. Ilere, we do-not take account of this difference produce a_ star than a 
sa well as the effect of fluctuation. On these points, see ref. 16). : 

heavy one, especially by 
low energy nuclear collisions. We suppose that almost all the stars observed at 
Berkeley may be of such a kind. 

III) This consideration seems to be supported by two experimental facts. 
First, the observed angular distribution of star prongs can not be explained by 
the evaporation process of heavy nuclei” “. Second, the observed prong number 
distribution in emulsion by deuteron bombardment and the one in Wilson chamber 
(fitled with alcohol and water vapour) by 100 MeV neutron bombardment” show 
almost the same character. The latter concerns only the stars from light 
nuclei. , 


d) Stars by 77-meson capture.*” The capture probability of a stopped 77~— 
meson for various nuclei in chemical compounds is approximately proportional to 
the atomic number 4 and the density’. If a z7-meson is stopped in emulsion, 
the capture probabilities for light nuclei (C, N, and ©) and heavy nuciei (Ag and 
Br) are ~0,2 and 0.8, respectively. 

First we will consider the stars from heavy nuclei, assuming that: 

i) The probability of 77--meson capture is equal for all protons in the nucleus. 

ii) When a proton captures a 27-meson, it changes into a neutron and 
receives the kinetic energy which is equal to the rest energy of a ™”—meson. 
The initial direction of motion of this 77—meson-captured pioton is isotropic. 


Then the distribution of path length p of the z7-captured proton in a nucleus is 


wt 
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al Ga) ge a7) 


From (17) we have the distribution of energy transfer X to the nucleus 


3 AeA) oh aX 
ee 


2 2R € 2R 


Oxx<**e). (18) 


Using (18) and the calculation in §2, we obtain the prong number distribution 
of stars originating from =~-captured heavy nuclei. 

Next we treat the stars from light nuclei. The evaporation theory can 
not be applied to this case. But we may assume, referring to the consideration 
in §4 c), that the stars of z--captured light nuclei will not be very different 
from the stars of light nuclei bombarded with high energy particles. Thus we may 
use the number of prongs borrowed from the results of Gardner’s experiment.” 

The results of this analysis is shown in Table I comparing with experimental 
data”. Agreement between the calculated and experimental values is not satisfac- 
tory. However, it may be expected to reach more satisfactory results, if.we 
would take account of the effect of fluctuations. 


Table I. 
Number of prongs 0 1 2 3 4 5 
Heavy 45 35 0 _ =: = 
Theoretical | Light - - 5 10 5 - 
(in %) 
Sum 45 35 5 10 5 = 
Experimental (in %) 27.0 23.4 24.0 14.8 8.7 19 


e) Taketani and Sasaki have discussed the p--capture in detail. According 
to their results, a light neutral particle carries away the major part of the liberated 
energy, and the excitation of the 
nucleus is only about 10 MeV. 
So, it will be rare for the nucleus 
to emit a proton, and this was 
confirmed by many experiments. 

f) Proton-decay ’. After 
the evaporation process, the bind- 
ing energy of a proton £, in the 
residual nucleus becomes consi- 
derably smaller than that of a 
neutron &£, (see Fig. 4), so that 
a proton can be emitted through 
penetration of the potential bar- 


Fig. 4. The graphical representation of the state of 
a nucleus, when the evaporation process has finished. 


476 Y. Fuymmoro and Y. YAMAGUCHI 


rier, while a neutron can not escape from the nucleus energetically. Thus we 
may expect that a proton decay of a final nucleus takes place, and a slow proton 
iy a star with energy smaller than the barrier height will be observed. In fact, 


- P 19 
such protons were observed by Perkins”. 


§ 5. Conclusion. 


We have calculated the stars and the related nuclear phenomena using the 
statistical model of the nucleus, i. €. Serber model and Weisskopf's evaporation 


theory. The results seem to agree with experiments. Accordingly we think that 


; : : ' : sis 
the above picture will be valid for general high energy nuclear phenomena a 


When the incident energy becomes higher than the threshold for meson pro- 
duction, the meson will play an important role and our model will become invalid. 
For example, the very large stars caused by cosmic radiation ') do not seem to 
be explained by our theory. Also the stars by z7-meson capture would be 
out of the scope of our consideration. Such problems, which will have close 
relation with the penetrating showers in cosmic radiation, must be examined 
taking account of the mesonic effects. 
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$1. Possible origin of ambiguity involved in the field theory. 


Although the present formulation of the field theory seems to be “ proved” 
to satisfy the requirement of invariance with respect to the Lorentz and gauge 
transformations, puzzling facts are encountered in many problems that the results 
are non-invariant, such as the non-vanishing of the photon self-energy,” the non- 
gauge-invariance of the matrix elements for the 7—decay of neutrettos, or for 
the radiative decay of heavy mesons. Detailed examination,” however, shows 
that, in most of these cases, results depend on the method of calculation, so that 
the conclusions are not unique, but quite ambiguous. 

Where on earth are involved the origin of these ambiguities in the formalism 
of the present field theory? To our opinion, the reason for this seems to lie in 
the fact that the consistent formulation of the relativistic commutation relations 
and of the generalized Schridinger equation can be attained only by using a 
singular function 4 (+). 

In the first place,-4 plays a role of Green’s function which expresses a wave 
field A(x’) by its initial value given on a space-like surface @ by 


a) 
Ory 


A(x!) =| day(s) 2-4 ea"). () 

o 

A(x) is the solution of the wave equation that vanishes in the space-like region. 
From the condition that A(z’) must approach to A(v) when 2’ approaches to a 
point x on a, one must have 


lim | do, 222) a1, (2) 


o>9d0 Vy 


*Though this study was, at first, made independently by the Tokyo and Tohoku groups, the results 
obtained were found to be almost identical when discussed together, and it was then approved to publish 


the paper jointly- 
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where o, is an arbitrary space-like surface passing through the origin. This 
property of 4 would be inconsistent if it were finite at tne origin. As 4 is an 


invariant, 4, should’ be a vector. However, on an arbitrary space-like plane 


By 
w . . op 
through the origin its space-like components are zero and the time-like component 


has the value i0°(a”). Thus, the value of at the origin has no meaning, 


av 
because it has only the time-like component in any reference system. 

However, this singular behavior of the Green’s function is not an essential 
diffculty of the field theory, but is common with any classical wave field. The 
difficulty gets worse by the fact that the same singular function 4(4) also plays 
an important role in expressing relativistic commutation relations between field 
variables. The field quantities have thus infinite degrees of freedom, and fluctua- 
tion of various quantities becomed infinite. This is expressed by the more singular 
function 4 (x) that expresses the vacuum expectation value of a bilinear combin- 
ation of the field quantity with its adjoint. The singularity of 4 is entangled 
with that of 4, and thus the essential divergence and ambiguity of the present 
theory result from this situation. In fact, the most integrals of products of several 
4 and J” become divergent. At times some integrals apparently converge, but 
they have ordinarily a form of «—© or coxQ. Thus the divergence affects 
even the finite terms and makes them ambiguous. 

Since the consistency of the fundamental equations and the commutation 
relations could be formally proved, it is expected that reasonable results would 
be obtained by some careful procedure choosing suitable expressions out of the 
ambiguous ones. In fact, it is shown that we can obtain in this way gauge 
invariant results for the photon self-energy and the matrix elements for 7-decay 
of neutrettos. Pauli’s regulator® seems to provide us an automatic procedure 
obtaining the reasonable results. If a set of conditions for the regulator were 
found in order to regulate reasonably all possible ambiguities it would become a 
powerful method filling up the gaps involved in the field theory. 

At first sight, it would seem desirable to regulate 4 or 4 itself from the 
beginning, but replacement of 4 by some regular function may destroy correspond- 
ence of the interaction representation to the Heisenberg-Pauli theory. The field 
quantity will then no longer satisfy the wave equation, and, as a result of it, the 
current expression 7@y,¢ will lose it meaning, because it no longer Satisfies the 
continuity relation, The regularization must, therefore, be applicd to the resulting 
matrix elements for individual processes. 

In this paper we want to examine applicability of the regulator in tie case 
of y-decay of neutrettos. 


§ 2. ;-decay of neutrettos. 


The general formulation and some solutions of the j7—decay problem were 


sa 
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given, by Fukuda and Miyamoto.© Let. us briefly stemmarize their results. The 
generalized Schrodinger equation describing the system of the neutretto I(x), 
the proton ¢(r) and the electromavnetic. field, dy (1) is given by 


Boxe ; 
te alti 7) Ee; (3) 
T 
Where /L=—1¢;,¢4, represents. the interaction between the proton and. the 


electromagnetic field, and. //, that between the neutretto and the proto si he 
latter is given by | 


aT ges” (4) 
for the scalar neutretto with the sealar interaction, and by 
1, = If Fy GE 9y | +2 NEG)? (9) 
and 
Hy =f eV a seit: i) 


for the pseudoscalar neutretto with the pseudovector and pseudoscalar couplings 
respectively. Tin (9) 7y means the normal component of 7 on the surface a. 
The matrix clement responsible to the j-decay of the neutretto can be 
obtained by the following canonical transformation #=C,@ with (°, determined Dae 
LOy : et 
t-_—£=f// Jl", (4) 


da 
The original equation (3) is transformed into 


dP «sai pripis | 
2 TIA eT Se, (S) 
¢ ‘aa. f 
sl On 
The matrix element is obtained from this by evaluating the vacuum expectation 
walle Of <9/e> with respect to the protow field, whereeL=1, 7-7, and 7, for (4), 


(5) and (6) respectively. 


Now the gauge invariance of < ge > and the identity 
NES Ae EE un ( 
nS Pe SHIM Gre Se 


(772 2. proton miss) 


are: evident’without: anv proof, because < @Le > is rerarded as the Heisenberg 
representation of ¢Zg in the presence of electromagnetic field. But the direct 
proof shall be given here in order to make sure, For the transformation 

| T . pei a 
Ayo Ay t O,-f, Be cv 


(10) 
ae ea Ge, 


7 


the equation (7) for 77 is invariant if (7; is transformed according to 


480 H. Fuxupa and Y. Miyamoto, T. Mryazima etc. 


r(a)=—ie | A(2!) do,@(2") rug 2") (11) 
The equation (7) is then transformed into 
_ RUE (Hic Biya e™ (12) 


Now, as in the case of consistency proof of the generalized Schédinger equation 
and the auxiliary condition, the commutability of 7 with @Zg taken on the 
surface @ plays an important role for the following proof. The commutability is 


“proved” as follows : 
(ro) BLy]=—e{ AC doy! GTS! 9) LO BLS (820) 


which, in the reference system whose time axis coincides with the normal of @ at 


2 4 ? 
the point v7, and using the property that . _ has only the time-like component 
. Vy 
id*(o) on the tangential plane of @ at +, becomes 


[7 (0), FLy]=—e \ A(x’) d*a0d* (ae! —x7) (g'Lp—GL¢') =9 (13) 


The conclusion (13) is true only under the assumption that, in the first 
place, the relation (2) holds when ¢ is equated with o, from the beginning, and 
in the second place, @’Zg approaches ¢Le uniformly when 2’ approaches x. As 
we remarked in the preceding paragraph, the last assumption is quite uncertain, 
because, for example, the vacuum expectation value of g’Zg has just the singularity 
of S®(a’—x) and (13) is indeterminate in the strict sense. 

Nevertheless, admitting (13) for the moment, we shall show that (12) is 
identical with (7). This is easily seen from the relation : 


A wel 7 ee gue 
ae "et APR Bale 


he) 

The invariance of < ¢Zy > with respect to the gauge transformation is also trivial. 
The proof of the identity (9) runs similarly. First we notice that <¢ly> 

is a point function independent from the form of o, and we suppose that e is a 
space-like plane. 9. < G7s7p" > =0.(U-'Gy7,eU.) is divided into the differentia- 
tion of $7,7,¢ and that of U;' and U,. The former gives —2m< G79 >- In 
the latter case, the differentiation in the space-like direction is zero because U, is 


unchanged for the displacement in the plane. For the time-like differentiation 
we utilize the differential equation for U, and U;': 


iaU =| dt atH, Glial, age ip ee (awl H, (2). 


Consequently we have 
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t< [| aa! H.(2'), 75719] > 


for the latter, which vanishes similarly. 
Now, according to the calculation of Fukuda and Miyamoto 
< gly >, of order in < ¢Ly> becomes 


, the term 


peoennle falta Moet erbra, ao 


1 2L a Wt 
2 | 
bie rs ul > Sr Fs é | a { ae Bs pl: os be ae 
7 1 1 wr 2 


F Geacsrice tit? ba SD An8sMor), (15) 


a Bi ; 
AN. ee ee 3 aol au [+ — Ee Plzej- ' 


Me Vat Ane 
x (Faby t Pgh t Pols) (16) 


respectovely, where 7,j,.=).7e7: and (vez) assumes (324), (134), (214), (123) 


a ae 
as # runs from L to 4, and [77] is written for #°— ~ LY. That the non- 


gauge-invariant terms 4, and 3}4,/,. still survive in (14) and (15) is the 
serious contradiation that <@/e>, should, in general, be gauge invariant. 
Besides, the identity (9) is not satisfied. In fact, we have from (15) 


a Loess i pees 1 cP baa i sigs 7 
Pee Se | a 2 oe ee ery 
od ee dn Ja Ji uw LOW eon Tee ), OD) 


the first term of which differs from that of —21 < G7,p >» as [auf =1/2 and 
1 
du] =1/6. It is worthwhile to note that the gauge invariance and identity 


bold for all terms of higher order in expansion of []?/7’. 

The results from (14) to (16) were calculated by applying Schwinger's 
method of integration. It can, however, be shown that the coefficients of A° and 
NMA in (14) and (15) are only conditionally convergent, and these ambiguous 
terms are hoped to be able to be dropped by lauli’s regulator. In Schwinger’s 
method of integration, there seems to be no ambiguity of the first term in the 
bracket of (16), but Schwinger’s method itself is quite a special one and we 
atrive at a different result when different representation are used for J and J. 
This situation is clearly seen in the fact that the value of D” at the origin is 
infinite in the Fourier representation but becomes zero in the Scliwinger one. 
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§ 3. Discussions of the results. 


First of all, we think it appropriate to drop {AF term in (15) for the 
following reasons : 

(1) It might be, at first sight, urged that the presence of the non-gauge- 
invariant term S1A4F does not destroy the gauge invariance of the real processes,” 
because 3>14,F,:0,/ can be written as 0,( Af ox V) +2VFoPiat i+.) atta thie 
last term is clearly gauge invariant while the first term has no contribution to 
the real processes on account of conservation of energy and momentum, We 
suppose, however, the gauge invariance of < G7.fpY >e itself should be required 
because the presence of the non-gauge-invariant term SIAF in < G7siuP >2 
constitutes a difficulty in the case of pseudovector neutretto U, interacting with 
the nucleon by pseudovector coupling. In this case the corresponding matrix 
element has the form < Gy,j/yp >U, and the existence of the problematic term 
in < Oyu >» gives rise to YIU, 4,Fo: which is no longer gauge invariant even 
for the real processes. Indeed, the life time evaluated from it is infinite in the 
case of the neutretto at rest, but not so for moving one, whence the life time of 
the pseudovector neutretto does not transform correctly under Lorentz transform- 
ation if one retains this term. 

(2) As the coefficient of }AF is independent from the mass m, this term 
is dropped off by the regulator. That is to say, if we suppose that there are 
auxiliary Fermi particles of mass m,, interacting with the nentretto by the coupling 
constant f, which satisfy the condition 


Thi=0, (as) 


then S1AF terms disappear, and the remaining terms retain their original value 
by making 7m, infinitely large. 

Next, we consider the case of pseudoscalar covpling. All terms contained 
in (16) are Lorentz and gauge invariant, so that we have no reason to drop the 
first term in the bracket. But, if we drop the )1AF term in the case of pseudo- 
vector coupling, this first term must also be dropped in order to preserve the 
equivalence between the pseudoscalar and pseudovector couplings. 

In this situation we have two alternatives: either to abandon the equivalence 
ot to admit to drop the first term even if it seems convergent and invariant. 
We are not sure which of these alternatives should be taken, but we remember 
sae ca equivalence has been “ proved” and the latter alternative does not seem 
altogether impossible. In order r ing 4 g 
is equivalent - the atte ie ee ea ed te 

ve < G7; > V, we must have the relation 


1 
Sie nes (19) 


If we use th i i 
use the regulator in the case of pseudoscalar coupling after we put (19) 
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into (16), we find that the first term F,,F,,+...... in the bracket of (16) really 
disappears by the condition similar to (18) : 
Dw) =0. ee) 


This procedure can be interpreted either as mixing auxiliary fields with different 
masses maintaining Pauli’s condition (18) but, on the other hand, assuming the 
coupling coastants to depend on the masses, 7,007, or as mixing the fields with 
the condition 


1 x ft 
pa SVs 9 (21) 


which differs from Pauli’s one. 

Similar situation is encountered in the case of scalar interaction (14). In 
this case there would be no reason to retain the non-gauge-invariant term A? 
because this term can be shown only conditionally convergent. Pauli’s. condition 
is, however, not sufficient to drop this term, and a more strict condition 


Li mi (Sc) =O (22) 


must be required. As there is in this case no identity such as (9), we have no 
reason to consider the coupling constant f,, to be inversely proportional to the 
mass. (22) must be taken as a new condition for the regulator. 

There are two alternatives interpreting the regulator method, either as a 
mixed fields theory or as a formal procedure. If we take the first point of view, 
the regulator must satisfy the conditions 


sH=—O, jm f;=0 and > : fi=O. (23) 
7 z 


tM, 
If these conditions were to be universally applied, the third condition would bring 
a serious change of the life time of the scalar neutretto, because then the first 
term of expansion in []?/7 of the second term of (14) would also be dropped.* 
If we take the second point of view and require that the regulator must 
always be applied only to the function of even power in m, we must first separate 
a factor of an odd power of m (mm and 1/m in the cases of (14) and (16) 
respectively) and afterwards apply the regulator to the remaining terms. In this 
case the second term of (14) is unchanged, in contrast to the first point of view. 
But then there remains ambiguity in separating an odd power of mm, because it 
is also possible to separate m* in the case of (14). 
In the case of vector neutretto, two-7 decay is forbidden, and the matrix 


element for three-y decay turns out to 


*If the third condition be true, the anomalous magnetic moment of electron will vanish, which 


contradicts with the-experimental fact. 


— Se 
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the first term of which can be made to vanish by the reguiator. 

We are thus inclined to believe that the present theory does not teach us 
which of various alternatives we should take. We have hoped that Pauli’s 
regulator could g ve decision at this point, but it seems that there remains still 
some ambiguity how to use the regulator. In any case, we think that our 
problem will present a severe test to the regulation method and in this situation 
we think it desirable that some experiment which could detect the 7-decay of 
neutretto will answer this problem and provide us some clue to the correct future 


theory. 
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SI. Introduction 


To the excellent experiment on the hydrogen fine structure levels observed 
by Lamb and Retherford , Bethe ® has given the interpretation that the displace- 
ment of sepectrum are attributed to the interaction between the electron and the 
radiation field. As is wel] known, the current field theory hitherto has serious 
difficulties that it gives always diverging results, when one would calculate the 
radiative mass of a particle, or proceed to the higher order approximation of 
interaction energy. In the case of the level shift of hydrogen atom, this difficulty 
appears too, giving rise to diverging results.- Bethe, however, has pointed out 
the fact that the difference between thus calculated interaction energy and “ pro- 
perly evaluated” self-energy of a free electron should be finite and give the 
observed level shift. Although his preliminary calculations, made in non-relativis- 
tic approximation, was not good enough to verify that the theory would give 
actually converging results, it was expected that relativistic treatment would 
yield satisfactry consequence. Thereafter, Tomonaga, Miyamoto, and Fukada”, 
Lamb and Kroll? have made calculations relativistically for the Dirac electron 
and verified that one obtains really finite value otf the level shifts. 

The present paper deals with the similar calculation, assuming a scalar 
particle to be a first approximation of Dirac electron. For this case, Dyson’ has 
already given the calculation, and our result agrees with his excepting small 
constant terms. 


§ if. Subtruction Method and Self-Energy 


We are going to investigate the system in which electron (or scalar particle) 
interacts with outer electromagnetic field M4; (v) and quantized radiation field 
A,(1). The field equation for this system is then given by: 


(20) +10) + 2) ¥lj=0" (1) 
ie 
with 
HI (2) =i (AaJe) HEG"Y ay + NaN) AaAy=IE (2) 4A) @) 
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ste Oh Ogh* » 
ae es PP ape , (3) 
Tale) =9 aS Pi ~ 


and a similar expression for H(x). Here g/(2) denotes the quantity for scalar 
particle ; Vz normal vector to the surface C. 

According to the Tomonaga-Schwinger theory the self-energy part of the 
interaction is interpreted to be the correction to the kinetic mass and must be 
subtracted initially in order to avoid the divergency resulting from the interaction 
between particle and radiation field. It is indicated that if we confine ourselves 
to the order of «, which is sufficient for the consideration of level shifts, this 
part of Hamiltonian, //ias, is obtained from 

— _ [7 ; (Caeas'|- (4) 
Ilere we have neglected the term which comes from //,(1) in (2), as it gives 
no contribution to the present problem, 

Now the field quantities ¢/(v) and A,(2) satisfy the following commutation 


relations : 


[4,¢2), As (2") J= —1003D (v—a"), 
[o(x), P(e) =i 2"), 


where D(x) and 4(x) are Pauli’s D-functions belongi g to radiation field and 


matter field, resp. To separate out the self-energy operator, we decompose ¢ (x) 


(5) 


and A,(2) into two parts: 
h(x) =E(4) +y* (4), OG) HO) +77 (x), A(x) =a,(%) + a5 (4) (6) 


Then the commutation rules for (x), n(x) and a,(*) are 


E(x), &@)Jad—2"), [y(2), *@)]=—d 2) 


(+) 
[ae(2), af (x")]=iD (2-2) (7) 
with 
(+) (-) iPX 
A(x) =—d(—x Ea hee eh : 
)=—d(—2) aoe a? (8) 
and similar expression for D(x). With these quantities and by introducing the 
ok 1 ‘ 
differential operator ?,=—— 2 which. operates backward and ?$=— D> ee 
z es 31. O%6 
which operates forward, we can write the interaction Hamiltonian as 
H (x) set & (2) TP (2) —$O TY |, (9) 


where 


T=1(A, (4) Pot PeAa(*))- 


Here we shall pass over to the special representation; % ¢ 


ae Seat frstewe 
expand $(#) and (v7) into Fourier series as 


ss tte ii i A A ROE 
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not hee | Z pre 1 iPX 
< ( — = Se ¢ 3 A 5 a 3 
4) 2 (2z)*? \ (?) P; dBi he) 2 (Qn)? ie P, d*p. .. (10) 


Then there hold between the Fourier components, §(f) and 7(f), the following 
commutation rules : 


ECA), *(P) J=[n(P), o* Cp) =2P.8(p—-P1), (11) 
in order that the relations (7) are established. Therefore, if we take here the 
representation, where €*(f) and 7*(/) are diagonal, so §(pf) and y(f) are 


Jere = § - : " oH Nie fe} P. 0 a 
considered as differential operators, ——+ ——4 and (6) is 


i Oe*(p)' =i Ay*(P) 


written 


h(t } =e |{- P, = ; ve x 4% ipa * 12" Ds 


or more symbolically as 


1 F) 
aad gh Ra Se 
f* (x) =e") 7 OG) 
‘ (12) 
Mote ets), 


and, as the consequence, we have the relations : 
= i, xe Af 
EF (2) daa" (1) f (4) 


i 0 


SPAN = | =e 
z 


= +78) HFG) =— — $*(4")- 


o-* {1} Z ott) 


(+) (+) 
474 (x— a!) $E* (a) 7* (1) HF" (4) (2) +74 (e— 2"), ete. (13) 
The similar relations hold also for radiation field quantities A,(7). These facts 
indicate, as Tomonaga has suggested, that we have only to interchange the 
positions of the field quantities in the products so as to come all] those ones with 
asterisks forward. Thus, by substituting (9) into (4) and using the relations 
(13), we obtain the the self-cnergy operator, if only such terms which contain 
merely two ¢’s are collected : 
C 2 | : 
——.. [/7(4) ,| (4°) ] dyes al [ (fs (4 Pe Ge") =x (r)¢ (a'))g@ —.') 
Eel’) HE OY) )fale—2) + Comp. Conj-Jdx? (14) 
with 
i (a esd tx 4-49 Cr) Dr), 
om OO 
ye po @y4 22. Die): 
Oke 0.1 


“le 


488 M. Sasaki and R. Suzuki 


The exression for self-energy (14) is subtracted from the original Hamiltonian, 
H (x) —HAinws and the solution of the Schrédinger equation with thus modified 
energy operator is given in the form 

Pei (C (1b) 
where ((C) is a unitary operator, satisfying the relation : 

ee (16 

SH) eae) (16) 
Equation (16) is easily solved by transforming it into an integral equation of 
the term: 


(ee. ; 
rete (+) | (E(2!) —Fhane) Ud! (17) 


and by successive substitution of (17) into ‘tself: 


Vad 


7 ; 
U 1+ (-8) (ede! + (—1)"| “ae! 


le ‘aH "Hay —(—2) | "Al nase (4°) dal. sss s reese eres (18) 


§ IM. Level Shift of Hydrogen Atom 


With the help of the above expression for U, the interaction energy of the 


outer field A, (v) and scalar particle due to re ) on the presence of the radiation 
field is obtained by calculating the expectation value: 


fa fe} 
<H>w=(8U"HUY) (19) 


where we assume the initial state vector ¥ to correspond to the levels of hydro- 
gen atom. Here, if we write the matrix U~'HU in (19) separately, it becomes 
as follows : 


mies oe Pree Cr me Thee oe 
UHV =H (x) -i a), Ade} (Ae), [AD as, 


Cape ” " -f Cef 1 ra PN Ce, | 
(a Vax 1-| 70) : \ {ola i" ( Hie jae" ol \ ax \ (20) 
ad a : ) : 


The first term in (20) is considered to be the first order levels of the hydrogen, 
the second the Bremsung due to the outer field, while the third and the fourth 
terms are suposed to contain the radiative corrections to the first term. Ii we 
choose the suitable terms which correspond to the corrections, by the procedure 
mentioned above, i. e., by collecting the terms. which have only two Ws after 
rearrangements of the products, we have 96 terms which are written with the 


° * , " o 
exception of the common factor, Some c°A, as follows: 
4 


‘ 
, 
7 
} 
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aH~ {FT pagel D btm" 04 (4—2") 04 (x! — 2x") fo 4Geo’) A (4! —2!") | 


Ox. Ox A 07,02; 


+D(a'—x") —- OO SE aR es A(x’ —2"") 
OX. Ox 8 Ox et : 


| —comp. conj. 


——$S qe oe 


+ pry! [2 (x! — x’) Od (x4—2') 0d (e'!—x") 04 (x—2x!) 8d (h’—2x"’) 
01,025 Ox, OXe 045,014 


my { a4 (x-—2x') 04 (a! —x"") 04 (x—x') a°a.(x’ — 2") ; 
ee ge ad | rT . 
( , ) 1 0x,02', axt Ax. axon!" comp. cony 


+ yyy [2 (2! 2") |G) “ 2) 42") de 2) A )} 
Xs 


4 
04's 


, ah 
+ DY (a! —2£") ponte =e) G = ) A(x’ =3"")—d(z+2') eaien }— comp, conj. 
O's OXs 
+9i9"| Dit —4") {dw FE) ee) BEG) 
Ox,0%4 Ox) Oxy 


' O4(4’—2") Ad (a—2’) 04 (a’—2") : 
i J at nell {4 x—7' a }—com » CON}: 
( aed ear BE ax ax! Bp. 
, 0d (x—2") O4 (4-7) Od (x—7) 
40% "|p fit | ss EA (gt | 
ae (= ) Or, Ox, ( ) aE ie ees 


+d” (2’—2") { s4e==) JJ coos any eS 0d (x—x"') 


: |—comp. conj. 
0X6 0x5 Ox,0X4 


at 1) lh 
EVlty [> (a’—2") {a (4—1') ee ae 4(a—2') | 
Ae aa 


+ D (2 —2x") {4 (x—x"’) ad (a—2') _ Od (x—2") (2—2’') —comp. conj. 
Ov, Ot 
7 ad (x—2") Bd(x—2') FA G2") A(z —2') 
PRAY Tl omg? ea 
feat [ apoiiaeees 0x; Ox ,0%% 04.025 0x5 

04 (x—2") BA(x—2') 8d (x—2") Jie ‘ 
D2 (2 — 4" | ee) —comp. conj. 
Z ee ae, Oxn 01,045 OX,0% 5 0x; : 


+9it9"| D(a! —2") { Farr 2) sea) 22 2) ad (x—2') | 


07,045 Ox. OX, 
Od (x—-2x") , pays. ad (x—a2"’) Od G-*)} 


e ” vu - 
0X,0%55 Ox; ox 


CatGe : ; 
—comp. conj 3 avd +{ J [yo (2’— 2") 


4+ DY (2! —2") 


ad(2—2") ad (4—2’) 844-2") | 


ae: 
OxX,0% 5 0X6 Ox; 


is [4e-#) 
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| Ord (rw) * ad (4—2") pal ee —comp. Con}. 
a " ax!’ 
OlgOn., Or. U4 
3 ” 
1, Soe a4 (#ea SAS (¥—a git Fe GAM (x —A MH 
+h th D(a —4t || = ris es (4 s ov 
owe Ey v3 ~~ ¢ 
+4 Bd a) eae ai ET Yate ee ae | |—comp. conj. 
A. oe ie 
Ceo E toe a i) 94° (re) adem FIVGs =} 
WE yh ee 
oak seals i Ike ar axe 02% Ar; O47 Oty. 
. (o4aeG a= v iy B44 = ‘ .. Bd? ee es yi to) | ]-come. ea 
| ee For. Yo ax ax! ye: ae 
+4eytD a2" | at vee ad — :' _* 228 6 a A (4 — at 
. Xs Ove VgOTs 
ae ae sad Ee i fe a ae d(v—.1’) | ]—comp. con}. | a kab 
Avs Or. 01.0) 5 


The integration with respect to 2’ and +” is elementary but considerably com- 


plicated and as the final result we have, putting 4,=(0, 0, 0, zV) 


Ss é 46 ” 5 F | ee ad | 2 ; ‘ ¢ 
f= — Sa | log Lis — log =) (dl) gh (21) 


= 


where “log” denotes the term obtained by Bethe 


ys x -- ay 9% 
“log ==log= sie te fA OO. ORNS. (22) 
=. Lee, > ay 


: : ‘ 3 ; bp ony we ale 
As the energy 6/7 is given in the unit of #, we must multiply it- with ——, to 
x 
obtain the expression in the unit of frequency. Substituting -e/7 for l’, we have 
the level shift of 2S state, 
> S ue a >) < 
LS=% J eye Ry| “fog log? + Gee les 2| , (23) 
37 
where Ry is Rydberg constant and its numerical value is given by 


—~Ry=135.580 MC/sec. 


BYra 
Putting the value for Ry and “log.” into (23), we havesforsthe ZS of 2.S—state 
LS=96T 2M Cisee 


Here the polarization effect due to the outer field was omitted. This term 
calculated by Uehling to be -3MC/see and accordingly lowers the above 
somewhat. 


is 


value 
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§IV. Conclusion 


The above calculations are to be compared with the case for Dirac electron. 
It is well known that the scalar particle shows stronger divergency than the 
Dirac electron. In reality, there appear linearly diverging terms in the course of 
calculatious, while in Dirac electron case, only logarithmically diverging terms. 
Nevertheless, they cancell out each other, when they are put together, only 
convergent terms remainidg. 

The numerical value for the level shift is considerably smaller than that 
experimentally obtained. Dirac electron gives the value: ZS (Dirac el.) =984 
MC/sec which differs with ours only several Mc. However, it is added _ thereof 
spin-coupling energy, which amounts to 68 MC/sec and the total level shift 
becomes 1052 MC/sec, agreeing with the observation. As the scalar particle has 
no spin and consequently lacks the corresponding term, there occurs no further 
increase of the interaction energy. The spin effect is already susceptible in the 
first order levels for hydrogen and thus it seems no use to expect the close 
analogy between scalar particle and Dirac electron. 

From the interaction energy (21), the radiative correction for elastic 
scattering cross section is also calculated as: 


€ 2 5 
ore lim {log “2 — 2 } ’ (24) 
J E>0 x 48 


where q=|P.—P|, P., P being initial and final momenta of electron, resp. 
The cross section for the Bremsung is the same with the Dirae electron case in 
the approximation above made: 


86 prem ~~ lim {log * 4 const. . (25) 


These two cross sections have so-called infra-red difficulties, i. e., as g tends to 
zero, both expressions diverge to infinite values. However, the sum of the two 
cancells out the diverging terms, as Bloch and Nordsieck have suggested, and 
there remain only convergent terms. Therefore we can see that there occurs no 
infra-red difficulties also in our Case. 
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§ 1. Introduction 


Contrary to the former predictions, the convergence of the transition probability 
for the 7-decay of the neutral meson is demonstrated by Miyamoto and Fukuda’s 
beautiful caluclations.” But, as they pointed out, their results are, inspite of the 
gauge-covariance proof of the fundamental theory, not gauge covariant, and do 
not satisfy a certain identity, which must hold about them. As these difficulties 
are closely related to the underlaying difficulties of the present quantum field 
theory, many investigators devoted their attention to these difficulties. 

Recently, W. Pauli proposed a new attempt to avoid the ambiguities of the 


culator method’. 


field theory by a skillful limiting process, which is referred as “Reg 
Of course, from this point of view the above mentioned gauge-difficulties can be 
treated, but it will be discussed elswhere in this journal. 

In addition to these ‘‘ Formalistic ” procedure, there may be another “ Real- 
istic’? method, such as C-meson” (or (field)® theory for the electron self energy 
problem, or the Umezawa-Taketani’s (et. al.) theory” for the vacuum polarization 
problem, which assumes various fields in the intermediate states, to compensate 
the divergenee of the photon self energy. In reality, the equivalent result with 
~the regulator method is obtained assuming the another proton pair having coupl- 
ing constant of reversed sign. 

The aim of the present paper is to treat the gauge-difficulties of the y-decay 
process of the neutral meson from the realistic point of view. If we calculate the 
transition probability for the process, in which a neutral scalar meson decays into 
two photons through a virtual pair of a proton and an anti-proton in the interme- 
diate states, a non-gauge-covariant term will appear in the resulting formula. But 
if we assume the co-existance of the field of other type, and consider the same 
processes through both virtual pairs, we can compensate away the terms that give 
rise to the gauge- and identity-difficulties. Among many possibilities, we chose 
a charged scalar meson (Assumption of “ Bose Proton”) as a intermediate states, 
and took just the same direction of calculation as the Fermi-proton case of Miya- 
moto and Fukuda. But on applying the Schwinger formalism to the meson field, 
a special care must be required, as we deal with a normal depending interaetion 
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Hamiltonian density. Details of this point will be discussed in the following 
section. 


§ 2. Assumption of the scalar proton. 


In this section, we assume a Bose particle, which is interacting with the 
neuttal scalar meson, described by the charged sealar field 6(7’) 


[$(2), 6 (2) J=id @— 2) (1) 


and calculate the effective matrix element for the 7-decay of neutral meson 
through this hypothetical field. The interaction of this proton field with the neutral 
scalar meson U(x), and with the electromagnetic field are described by the follow- 
ing interaction Hamiltonians respectively,” 


H,=st" ou, (2 ce 1) 
nee do oo* 

H, =ie( 6*—— — —— ¢)A,=ied* 0A), (2-2 
i e(¢ ax, ae ) 2e4 1K) a \ ) 
H,=6*6 (AR + (7,4))"), (2-3) 

where /, is a kind of differential operator, defined by the following relation. 

; \ \ To fe} - « 
fahg af (2) 222 — LO g(a) (3) 

OX» OX, 


The effective matrix element for our process is given by 
(i#,).=i| Hike), F(2)) dz! — "| dal iat) la a ibe Ae) 


The integral of the first term in the right-hand side of (4) has no accurate mean- 
ing in itself, as its integrand H, is defined at a point on some space-like surface, 
and contains the normal of the surface. In order to give the precise meaning to 
this integral, we asign to each world point a space-like surface. Then the normal 
of the surface is uniquely defined at each point. That the total expression is in- 
dependent of the asignment of the surfaces, can easily be proved, this also be- 
comes clear in the course of calculation. The expectation value of the bracket 
expressions can be obtained by ordinary procedure 


7 


= (Ho, @"), [Av @’). 4, (4) I) = —egA, AU {4 (2"—a) "4 (2! ie) fda! at) 
$A! — Dl (a2) Je" —2)}, OD) 


iH), (2) ) = — eg AY + (9's!) *}4 22) 5" 2). (5-2) 


Inserting these into (4), we must perform the integration. In order to make use 
of Schwinger’s integration method, it is necessary to extend the upper limit of 
the integration to infinite future using a sign functions e(a,0’)’s. But in our case, 
special care must be taken about the derivatives of the invariant delta-function. 
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To the first derivatives we can multiply the sign function under the differentiation 
sign, but in the case of a second derivatives, we cannot multiply so simply. For 
instance, wé must reduce it into first derivatives by means of integration by parts, 


and the multiply the sign function under the differential symbol, that is 


fav"eeay AU, (x =x) 4 (a — nee a 
a , | rot fe) ” ” od (a — v) 
ee, Dette W Ty Pralk i a pe ry eee aoa ee 
CAA (a =4£)0 1 me FPL ( : ye: r) a 
sal) Gi Nay aD Od (2° a 
: av" ae 
Held (a! —2) 0 foal (3 ie psa 
Oty 
ma a(Ay 4, (4 —4x)) ad. —.x') | 6 
+e ax" ae % (6) 


This is the only term that contains second derivative in the expression (5). The 
surface integral of this expression is just the same one as the normal dependent 
term in the seeond order interaction Hamiltonian, except its sign. These two 
terms cancel each other, and our expression contain no more such normal dependent 
terms. This result is directly obtained, if we proceed according to following 
rules. I) The sign function can be multiplied to the second derivative of invariant 
delta-function directly under its differectiation symbo!, namely €0,0,4 = —20,0,d. 
Il) The normal dependent term can be omitted. By the same procedure as in 
the case of Fermi proton, we obtain the following formula 


0, 


=| "| d(H" [H', HN) > ae gi |" asta A Ay ds (=a), fs Fux) 
Veace =) a —t) Jd, AQ" 2), nee) L, ¢é 1) 


- (He, Al) dx" > —ég ul a! ays, ('—2) a2). (7:2) 


By means of integration by parts and supplementary condition, the more ‘simplifica- 
tion is possible, 


(Ay) = 207 8 | sas —1) 04, (a'— +) Od (4! — 


Om Ory 
4A (2"— 2") ad (a! —x). 04; (a”—2) Pay ad (2! —au) Sele eat) | 
an, ax! anew ee ie 


eg \ ds! (Ah)24, (x — 2) d(at'—2) (8) : 
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These integrations can be evaluated by the usual Schwinger-method. The fina! 
result is given by 


§ 3. Conclusion 


According to Miyamoto and Fukuda, the matrix element of the Fermi proton 


case is given by 


(10) 


Comparing this with our result, we can sce that if we choose the coupling con- 


stants and masses as 


k=" xaax' (11) 
the non-gauge-covariant term~ A? drops, and remains only the gauge covariant 
term 

: eee ie al 2 ii 1 
pa BE | Cae gars el (12) 
O7- —1 Of ” 17 2 3 
oO 
4° 


In conclusion, we should like to express our hearty gratitude to Prof. “e 
Tomonaga for his invaluable guidance. We are also indebted to Mr. Miyamoto 
and Mr. Fukuda who kindly showed us the manuscript before publication. 
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§ 1. Introduction 


In a previous paper?” we discussed the intensity-depth relation of cosmic-ray 
underground on the basis of the electromagnetic interactions with matter of mu- 
mesons penetrating into the earth. In order to make sure of the validity of the 
assumption that soft compouent and showers existing in the deep places mainly 
produced by the electromagnetic interaction of mu-mesons, we now calculate the 
number of electrons and the frequency of showers accompanied by a mu-meson, 
taking into account the knock-on, the radiation and the pair-creation processes by 
a Dirac paiticle. In comparing the theoretical results thus obtained with experi- 
ments, there have been unfortunately too many experiments which are inconsistent 
with each other, so that we are puzzled which of the experiments we may adopt. 
Such inconsistency suggests that the result is largely affected by the experimental 
conditions, and we must refer to some experiment which appears us to be the 
most clear-cut one. We think that the experiment carried out by Wilson and 
Hughes® is here most reliable. As for the other experiments, which give interest 
but somewhat curious results*”, we shall discuss them in separate papers. 


§ 2. The number of electrons accompanied by a meson. 
In what follows, we take the critical energy for the cascade electron in 
carth as 
66.0 x10%el% (2-1) 
and the radiation length 
Xo=21 2 cm. (2-2 


Other notations have the same meaning as in I, unless we particularly mention. 
The electrons produced by mesons are considered to be in equilibrium with 
agent mesons, since the formers have far shorter range than the latters. There- 
fore we may apply the method of the electron track to this problem. 
The integral electron track length initiated by the energy ¢ in g cm is 


o(e) = (¢/é) Xp (2-3) 
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in the approximation B mentioned by Rossi and Greisen.® Denoting the probabi- 
lity that the meson with energy / produces the soft rays with energy between 
€ and e+d: per gew" as QO(£,e)de, the number of electrons which are in 
equilibrium with the meson with energy Z is given by 


3 
ME) =|O4 eee (2-4) 


& 
where we neglect the contribution from the produced soft rays with energy lower 
than e, because of their too short range. 


O(£,e) are given for the three processes, collision, radiation and pair crea- 
tion, as follows. 


Nf | Sion ey I ; 

Quon (E, #) de=2 Zh = 2mce,| — — aes _ lee : (2-5) 
. y ne fees TOE 

Ovaa (FZ, €) da: =4aZ"r (— atch es a te 52, See bee ~|#. (2-6) 


and Orir(Z,e)ds is given in I (3a) to (3d), where denoted by ¢Q for four energy 


ranges. 
Substituding these O(4,e) into (2-4) we obtain the number of electrons 
for respective processes. 


a V 2mc* e, e? | 
ani X, / et AEN Nl Dag el 
Moy (LE) =2Zr z ‘I n( = = zy pee +o 


E 3 gs €; 
a4,8 x 1074 fn(-2-)—- + £4 — A 
: me e) a. | az! 


12Zz re oe 
Meya(E) =40Z"7( 7 hee Le sae . 


4.0 x 10-*[2n(E/e,) —0.16](E/e,),. (2-8) 


8, 99 Wopcs 1222, 5. 16: 2 
sileeagi) ede leeirge ati 2} 
2 


2E 
“in 0 ee )+én( ae ™)+1}], 


eer 0 7—3.4 In(E/e,)}. (2-9) 


In (2-9) we neglect the terms with factor (n/27)°, because we are interest only 
in high energy region. 

Comparing these results, we see that Mryq and Mir contribute to a small 
fraction of total electrons up to £/e,~ 10", e.g. about 6x10%eV. But if we pro- 
perly take into account the energy spectrum of mesons underground, the contri- 
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butions of the latter two processes amounts only at most 10% of the collision 


process in the observed depth. 
The energy spectrum of mesons at each depth /,(Z£)d4 is derived from that 


at sea level f(£), by considering the energy loss down to the depth under con- 
sideration : 


f (£)dE=f(E,+ E)dE, (2-10) 


where f(Z) is taken from the analysis of experiments in / and £, is given in lI 


(12). 


Thus we obtain the number of soft rays at each depth accompanied by mesons : 
N(x) =| ME) f(E)d£ (2-11) 
0 


The results of numerical integration are given in Fig. 1 for these three processes 
and their sum. 


~ 10° 10 mH,O 


Fig. 1. The fractional number of electrons accompanied 
by mesons as the function of depth. 


§ 3. The frequency of showers accompanied by a meson. 


The electrons accompanied by a meson are also appeared as showers, pro- 
vided that the initial energy is sufficiently high. Such showers reveal themselves 
as the showers observed in underground experiments without the matter nearby 
These are consider i ilibri ‘1 ag = 

2 BD oho to be also in equilibrium with the agent meson and we 
observe their average behaviour, so that the fluctuation in shower size need not 
be taken into consideration. This makes the treatment of the problem very simple 
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The number of showers of size larger than x accompanied by a meson with 
energy £ is given by 


°F 
Sz) =|O( peel ife. 2) ve. (3-1) 


Le, x) meats the length in which the shower with initiating energy ¢ has electrons 
more than wz. The production of soft rays in this length is responsible for the 
shower under consideration. 


The functional frorn of Z(¢, 7) is approximately obtained from the cascade 
function /7(e,0) in the article of Rossi and Greisen®: 


Ltée, 2). = {alate se) — Sy Xx, (3*2) 
where 
a239), ~P=3.84-3.0 inn. (323) 
The lower limit of the integral (3-1), ¢,, means the energy at which Z(e.”) =0 
ete. ey (3-4) 


Substitung Q into (3-1), we obtain S(Z) for the three processes. By the 


> 


collision process 


2 2 
Soon (E) =arpZA_X2meu] —— ee | 
\ 


E, 2 E 
Ln (E /€;) aa 1 Maa B 2 | iy if &y it ooo) 
‘ey ae Le A ORE . 


The most predominant term 1/¢, does. not depend on £, but shows a strong 
dependence on v. In our problem the second and third terms give a considerable 
contribution to the result as will be seen later. The radiation process gives 


Sina EY= 40275 ( oa a = x, o( ——] 


DLP pce 3S 


ae anal 
gal ae meal oe hare 

Dad 
The contribution of this process is negligibly small because of the small cross- 
section. S(£) for pair creation is very complicated, but neglecting the terms 


with a factor (»/48)* 
Syaie(E) = (aZ) ( = tn) = soil 5| bay |= ably I a ee oi i eee 5 


sscsheali oe. al Fo} 42 ig $V) =. vst B-7) 
‘ e; 


(3-6) 


ou Gu) 5 


2, 3 
The main contribution to (3-7). comes from Eme<e<2Qymc (cf. 1(3)). If Ln 


500 S. Hayakawa and S. TOMONAGA 


term exeeds the 17 term in (8-7), one expects the rapid increase of shower rate. 
This occurs at about 35 Bev for 7=1 and 530 Bev for 7=3. Our previous work” 
corresponds to the former case but here we mainly lean on the latter case because 
of the closeness to the experiments we refer. The predominance of the fi term 
brings about the predominance of pair creation process. Such a remark is of 
importance for the interpretation of experimental results. 

Thus we can obtain the shower frequency at the depth + as 


T(x; n) =(s@ fA(E) dE. (3/8) 
0 7 


The result of numerical integration for »=3 is shown in Fig. 2, compared with 
experiments. 

The showers are often observed. under lead shield.| In this case we have 
only to change the values of 2,4; .X,) €,7and-&.: , Tits leads to the fact that Syair 
becomes effective from the lowet energy and smooths out the 2-dependence. 


10 10* io 


Fig. 2. The fractional frequency of showers accompanied 
by a meson as the function of depth. 


§ 4. The comparison with experiments. 


In comparing our theory with experiments, we must notice that the experi- 
mental results as to secondary electrons and showers are largely dependent on 
the experimental conditions. This situation has obstructed the development of this 
problem. Such remarks are also emphasized by Wilson and Hughes” and they 
endevoured to get the definite results as far as possible. 

From the cloud chamber observation at 7l#z water depth, there is a remark- 
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able negative excess in soft rays which are considered to be knock-on electrons. 
The relative number of secondaries accompanied by mesons are at about 13 %, 
while our theory gives about 20 %. This agreement is satisfactory in view of 
the roughness of both theory and experiment. Although this rate will slowly 
increase for greater depth, the additional part of secondary electrons consists in 
higher energy ones which are likely to be emitted forward. It may follow that 
the behaviour of absorption does not change at 7172 and 657 7 water depth. 

The shower frequency can not be compared with experimental one in absolute 
value because the effective producing area above the apparatus is different accord- 
ing to experimental condition. Thus we shall only concern the relative value. 

The shower frequency verszs vertical intensiay is measured by Wilson” by 
means of a vertical or horizontal four fold counter train. The result is represented 
in Fig. 2, normarizing at 11272 water depth. The approximate agreement shows 
that our interpretation is not far from reality. 

The experiment of Wilson and Hughes is also plotted in Fig. 2, normalizing 
at Tl water for four fold coincidence. 

From the above analysis we may conclude that cosmic-rays penetrating down 
to great depth are mu-mesons which suffer the normal electromagnetic interaction 
with matter. In the extent treated here no extraordinary behaviour seems to 
exist. 
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$1. Introduction and Summary. 


In order to study the interaction between the electromagnetic fied and a 
charged particle in high energy region, cosmic ray bursts, as well as underground 
phenomena, give many uselul data. But for this purpose some care must be taken 
in the use of the term “ bursts,’ which means, as is well known, the occurence 
of momentary vast ionization in an ionization chamber irrespective of its cause, 
and thus consists of the complexity of diftenrent phenomena. Recent investigations 
on this problem have facilitated us to get a rather clear picture for the nature of 
bursts, owing to both the deeper analysis of experimental data and the use of fast 
ionization chambers. But a more satisfactory and quantitative understanding should 
be needed. 

The bursts of smaller size in a thin-walled ionization chamber may be mainly 
attributed to heavy particles produced in the wall and the gas, thus they have 
close relations with stars observed in photographic plates and Wilson chambers. 
Usually both of them seem to be caused by the same agent, i.e. nucleons in the 
energy range 100~1000 MeV. As will be shown later, we can understand the 
general behavior of these phenomena by a simplified classification of nucleon 
component, and on this basis some experimental data are analyzed. (§ 2) 

The bursts of larger size in a thin-walled chamber are mainly caused by 
extensive air showers. This is accepted by the comparisons between the experi- 
ments worked out by counters and chambers. (§ 3) 

The bursts of larger size under thick absorbers have been interpreted as cascade 
showers produced by penetrating particles. They are of special interest, since 
they concern closely the validity of the quantum electrodynamics in high energy 
region and have been discussed by Christy and Kusaka in this view. We have, 
in the present paper, calculated their size-frequency curves at sea level with revised 
constants referring to the underground phenomena. The result assures the current 
notion, that their agents are mainly s~-mesons with spin O or 1/2. (§ 4) 

In spite of this success, the large altitude variation of the shielded bursts can 
never be understood by assuming that bursts are produced solely by se-mesons. 
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The bursts at higher altitudes may be caused by nucleons, which produce photons 
by charge exchange or by other causes. By this interpretation we can explain 
not only the altitude dependence, but also the absorption behind thicker layer and 
the distribution of falling directions. (§ 5) Thus we may conclude that the inter- 
action of charged particles with the electromagnetic field in the energy region 
under consideration, has quite the same nature as that in the lower energy and 
the validity of the quantum electrodynamics is guaranteed up to about 10” eV. 


§2. Bursts produced by nuclear disintegrations. 


Bursts with smaller size in a thin-walled ionization chamber have often been 
misinterpreted as air showers. Now these bursts are: known as mainly due to 
heavily ionizing particles. This was indicated by Euler? and one of us (S.H.)” 
only qualitatively, but the later development allows us more detailed study, 
especially by making use of the elaborate experiment of Bridge et al®. In what 
follows, we give a detailed and revised analysis of our preliminary reports on 
this problem”. 

Both stars and small bursts are considered to be caused by nucleons with 
energy one to several hundred MeV. This sort of nucleons, which we call B- 
component, are produced by the nuclear collisions set up by more energetic nucleons 
(perhaps more than 1 BeV), A-component. Such nuclear collisions are observed 
as penetrating showers, the products of which consist of mesons, fast and slow 
nucleons and eventually electronic component. Among these, the fast nucleons are 
classified in B-component. Slow nucleons with energy smaller than several ten 
MeV appeared in penetrating showers and stars are termed as C-component. In 
this section we will discuss mainly the behaviour of B-component because it may 
be responsible for stars or bursts. 

As is shown by Wilson chamber pictures, the most parts of B-component 
are neutrons. We will first treat only the B-neutrons, and later show that the 
B-protons are really rare, We see, on the other hand, from Wilson chamber 
pictures that A-component consists of nearly equal number of neutrons and protons. 
But we may neglect the ionization loss in A-component, because only a small 
fraction of its energy is lost by ionization in an absorption mean free path,» As- 
suming the same absorption coefficient, | /7=1/125 gcm™ in air, for both A- and 
B-component, and the conservation of the direction by A-B transmutation, we get 


the diffusion equations as follows, 


eter ete or (2-1a) 
ay , 

sgt) Sad Bi) a An): (2+1b) 
Lv I l 


In (2-1b) the factor 2 means that about two nuclear collisions occur in 7, what 
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is suggested by the fact that the collision mean free path is about a half of 7, 2.2. 
65 ¢cm™ in air, if we assume that the cross-section for the nuclear collision is 
given by the geometrical cross-section of the nucleus. v in (2-1b) represents the 
average number of B—neutrons produced at a collision. Solving these equations 
with the initial condition A(0) =a, B(0)=0, 
A(x) =aexp (—2/2), (2-2a) 
B(a) =2va(r/l) exp (—+/2). (2-2b) 
Since observed stars and bursts are caused by B-component falling from all 
directions, we must integrate (2-2b) over a half hemisphere. 
B(x) =§B(a/cos 8) dQ=2n.Qa(4«/l)(—E.(—2/2)]. (2-3) 


This should represent the altitude variation of the burst frequency and actually 
shows a fairly good agreement with experimental one as is seen in Pig. ly 2 Oe 
“> 200 gem”, (2-3) can be approximated as 6exp(—+/132). 


counting rate/min. 


x : Bursts 
—: B-component (normalized at 600 g cm —2) 
©: Slow neutron (normalized at ©) 


et Ee toe fms ftw 
Depth in g cm-2 


Fig. 1. Altitude variation of burst frequency. 


In the above consideration we have considered that B-component consists of 
neutrons only. This is practically the case as shown by the following estimation. 
mean energy of protons in B-component is assumed as 200 MeV, correspond- 
ing to the mean range 20 gcm™ in air. As this is shorter than the mean free 
path of A-component, B-protons should be in equilibrium with A-component. So 
the intensity of B-protons can be estimated as | 
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NBT 


(20 x 2/125) va exp(- 4/Z). (2-4) 
F Soe a <2 Rak oer arA 2." 
Phis coefficient amounts about only 2.5 96 of that of (2-3). Thus we can neglect 
the protons in B-component and explain why stars are mainly produced by 
neutrons. 

The absolute intensity of the B-component can be determined at the standard 
altitude, 600 gcm~*. In this altitude the frequency of stars in photographic plates 
are about L/emulsion lec, hr, as estimated by Rossi®. Considering that about 

i) Q- , : rye “ef s = 
63% (37 %) of the stars ate produced in heavy (light) nuclei”, and taking into 
account of the density (3-8) and the constitution ratio of heavy and light nuclei 


in the emulsion (3.2:0.6), the frequency of stars are given by, respectively, 


0.37 /0.6 = 0.6/g.hr. for light nuclei, (2-5a) 
0.63 /3.2 =0.2/g.hr. for heavy nuclei. (2-5b) 


Multiplying these figures by the collision mean free path, we get the intensity 
of. the star-agents 


0.6 x 65.em7? hr-?=1.1 x LO“? cm sec™* for light nuclei, (26a) 
0.2 x 130 cm~? hr7?=0.72 x LO~? cm? sec"! for heavy nuclei. (2-6b) 


This should be read as_the intensity of B-component. The slight difference bet- . 
ween (2-6a) and (2-6b) will be due to the ambiguous definition of B-—com- 
ponent in its energy region. Tentatively we will adopt (2-6a) and equate to 
(2-3), then we have 


B=0.8 x 10-? cm™ sec@’, (2-7) 
On the other hand 
A=2 x10 cm~ sec’, (2-8) 
at the same altitude”. Therefore, we can determine Y as 
v=0.42. (2-9) 


Including protons, the number of B-nucleons produced in a penetrating shower is 
about 0.8. This should be the minimum estimation, for we have taken the col- 
lision mean free path as //2. The maximum estimation, which is obtained by 
taking the collision mean free path equal to J, is the 4-times of this figure. These 
estimations are consistent with the Wilson chamber evidence. 

To compare. the absolute intensity estimated above with the burst frequency, 
we must know the frequency of stars in the chamber wall (brass). This is from 
(2-5a) or (2-5b), by considering the geometrical cross-section of nuclei, 


“0.36 or. 0.24077 hr™. (2-10) 


The emitted protons of such a star have an average energy about 10 MeV, which 
corresponds to the range about 0.1 gcm7? brass. Therefore, the frequency of bursts 
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caused by such stars is estimated as 31~47 hr-, multiplying the whole area of 
the cylinder used by Bridge et al®. On the other hand, the observed frequency 
of bursts (size > 5.8 MeV) at Mt. Evans (610 gcm™) is 36 hr™. Both figures, 
3] ~47 hr— and 36hr7!, can be said to be in fair agreement with each other, in 
view of the ambiguities in the effective area of the chamber and the estimation 
of the mean energy of emitted proton. 

Above considerstions lead us to the conclusion that the stars in the photo- 
graphic plates and the small bursts in the thin-walled and low pressure ionization 
chamber are the same in nature. But this conclusion is limited by our approxi- 
mate classification of nucleons, that is, B-nucleons are not distinguished from each 
other in their energy. More comprehensive analysis taking the energy spectrum 
into consideration will be given in a separate paper. 

Lastly, we will remark an extraordinary experimental results of Kingshill 
ann Lewis”. The wall of their chamber is so thin that protons with down to 10 
MeV can penetrate the wall and give rise considerable ionization. These protons 
are produced not only in air, as was suggested previously”, but also in nearby 
material. Therefore, the result may be largely dependent on the circumstances, so 
that we can not treat their data as representing the ordinary cosmic ray phenomena. 


§ 3. Bursts produced by extensive air showers. 


About 85 % of the bursts with large size in a thin-walled chamber are, as 
shown by Lapp™, coincident with extensive air showers. But it seems that there 
is discrepancy in the density-frequency distribution between the one measured by 
ionization chambers and the other by counters”. Such an appearance may be 
revised by following considerations. 

On the one hand, the absolute frequency of extensive air showers at sea level 
must, following a recent experiment”, be greater by the factor 2.0/1.2 than that 
previously adopted. On the other hand, the size of the bursts measured by Lapp 
must be reduced by the factor |/1.4, taking account for the precise value of the 
specific ionization as was kindly suggested by Greisen™. 

Further the burst frequency must be multiplied by 0.85, coincident rate with 
the extensive air showers, and also be multiplied by 0.6, which means the extra- 


polation to zero thickness of the wall. Such remarks enable us to compare the 


two experimental results in Fig. 2, though the regions of desity measured are 
somewhat different. 


The extrapolation of counter’s data agrees fairly well with 
chamber's one, except for the low density region, where one must consider the 
effect of heavy particles frequently accompanied with extensive air showers. 


§ 4. Bursts produced by s-mesons. 


If one shields the ionization chamber with the absorber, the frequency of 
bursts increases with increasing thickness of the absorber and reaches the maximum 
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Ea and then decreases with adding the 

10 further absorber® ™. This is inter- 
preted as the cascade transition effect 
of the electron shower which pre- 
exists in air’. 


However this transition curve 


does not fall as expected from the 
cascade theory, but reveals the nearly 
constant frequency behind 20 radia- 
tion length or more. The nature of 
such bursts was discussed by Oppen- 


heimer ef a/’ and a quantitative 
calculation was carried out by Christy 
and Kusaka™. Their analysis was 
epock-making on the point that the 
result besed on the quantum field 
theory of mesons could firstly give 


the quantitative explanation of the 
cosmic ray phenomena and_ could 


determine the spin of the meson. 


Although their analysis may be so 
perfect that no addition is needed, 
Density 4’? we have recalculated the same 


4: Counters 


; roblem, because later experiment 
° : Ionization chamber P ’ periments 


Rist, ;=148 have established some physical con- 
Fig. 2. Density-freqnency relation of extensive air stants which was left somewhat am- 
showers by the counter*coincidence and the biguous in those days, and the further 


jonizaliow eBamber. experimental data are now available. 


Following the current notion concerning mesons, the bursts under consideration 
are caused by the electronic component produced by p-mesons, which are considered 
to have the mass 217 times the electron mass and the spin 1/2. As for the 
production process of the electronic component, the knock-on electrons are not so 
effective as the radiation in the burst size under consideration, as was already 
shown by Christy and Kusaka. The pair creation is also negligible because of 
the rapid fall of the energy spectrum of z-mesons, though this process is most 
effective in the shower under the great depth of the earth. The hypothetical 
existence of C-mesons might be another cause of the shower which would give 
the comparable frequency of showers with that of photons, if the mass of a C- 
meson were smaller than that of a #-meson. But even if the C—meson really 
exists, the mass may be so large that the appreciable effect can not be seen in 
this phenomenon™. So we have only to consider the normal radiation process 


. 


of a spin 1/2 particle. 
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Firstly, we determine the energy spectrum of pemesons falling on the 
spherical ionization chamber, considering the angular distribution. Assuming the 
differential spectrum of the vertical incident as dE/(E+a)', the whole directional 
intensity is given by 

272d cos @/(E+a/cos 0)° == D(£) /E* 
aw (20/E*) [1+ Ba/L)ln(a/£) + (5/2) (a/£)]). (4-1) 
Since a is taken as.2 BeV, the whole directional intensity can be obtained simply 
by multiplying 27 in higher energy regions, where the spectrum deviates appre- 
ciably from 7@E/E%. The accurate spectrum of vertical incident f(£) is given by 
the intensity-depth relation underground”. Multiplying it by D(#) given in 
(4-1), we get the energy spectrum which should be used in what follows. 


p(B) =f (E) DE). (4-2) 


This is represented in Fig. 3, together with the spectrum adopted by Christy and 
Kusaka. It is noticeable that ours is as large as about twice of theirs. 

The probability per gcm™ for the p-meson with energy £ to radiate a 
photon with energy between e and e+de is 


RCE, e)de= (V/A) Aur) (n/p) Intensity/sec, cm”, sterad, MeV 


x [lv 12/52" pe?) —1/3]de/e . (4-3) oat , 
The notations used are current manner and need not \ 
be explained. \ 


The radiated photon makes a cascade shower 


and brings about electrons in the ionization chamber. 
The probability that the burst with size 2 is 
brought about by the initiating photon energy e¢ is 
given by Christy and Kusaka™ as follows, 


P(e, n) =13.5.X,(e/158x)" exp (—15Bx/e). 
(4-4) 


In this formula the values of 13.5.Y, and 15 contain 
some inevitable ambiguity concerning the effect of 
fluctuations in a cascade shower and the fact that 
the meson spectrum is not a pure power law. Here 
we take the same value as.the previous one, in 
order to facilitate the comparison. So 


A y= 6:7 gicm™* p= 1610 P; (4-5) 
following Lapp™. 


The probability for a pe-meson with energy 1a Fig. 3. Differental energy 


: 4 . } spectrum of m~ mesons at | 
to produce a burst with size = w is obtained from a ot “s 


~ es a 
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E 
S(E,n) =| deR(E, ) P(e, 2) 
0 


= ace ee ie | x 1S AX, 
onal BSA 1. ee # {l- [15pe || 
‘es (SEY. «9 


where @(x) means the error function. 
Now the size-frequency distribution of the bursts is given by 


iO \ ap (E) SCE, 2). (4:7) 


We have integrated (4-7) numerically. 

The result is represented in Fig. 4, in which a comparison with the result. of 
Christy and Kusaka and with the experimental data of Schein and Gill, and Lapp 
is given. The size obtained by the latter authors is reduced by the factor 1/14 
following the notice of Greisen™ that the specific ionization taken by them was 
too small. But we do not adopt his another notice 


——: Ours 

== -: Christy-Kusaka that the path length of the electron in the gas of 
O: “rice and Gill the chamber is longer than the straight one. be- 
x : Lapp 


Pear acd cause of the multiple scattering. This is because 
the mean energy of shower electons may not be so 
small as affected by the multiple scattering, for 
the iron wall with the thickness 1.25 cm seems to 
cut out considerably the low energy electrons 
emerging from the lead absorber, and moreover 
if we obey the latter notice the discrepancy 
between the theory and the experiment becomes 
greater. The difference between Christy and 
Kusaka’s and ours is mainly due to the different 
energy spectrum of s-mesons as is seen in Fig. 
3. We see that our result gives higher frequency 
than the experimental one, though our meson 
spectrum is taken more carefully than Christy 
and Kusaka’s. This seems perhaps to be due to 
the fact that Christy and Kusaka’s formula (4-4) 
may favour to the larger size. Such a possibility 
may be plausible, since the formula (4-4) 
ae ot based on Furry’s model and Furry’s fluctuation 
pero? aaeeblt a is now considered to be larger than the real 
rahe : a one™,: Kusaka™ has, however, pointed out 


19-5 


10-1° 
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that the fluctuation plays no essential role in their calculation. To see this situa- 


tion, we have to calculate the burst frequency neglecting the fluctuations. 


$5. Bursts produced by nucleons. 


In spite of the brilliant success of Christy and Kusaka to explain the burst 
at sea level, no satisfactory explanation has been given for the altitude dependence 
of the burst frequency under thick absorber. Anyone has only suggested that 
these bursts at the higher altitudes might be caused by the strongly absorbable 
agents, but could not manifest their definite nature and their interactions with 
matter. Recently Bridge and Rossi" have concluded from their ingeneous e€x- 
periment that these may be caused by nucleons, although the mechanism of 
production of the electronic component was left unknown. As for this point, one 
of us (S.H.) has proposed the photon production by the charge exchange of the 
nucleon™ and reported seme preliminary calculations™. This process should be 
compared with the radiation of the z-meson. Here we do not consider the effect 
of m-mesons because of their negligible contributions. 

The intensity of nucleons is determined from the absolute intensity of the 
primary rays“? assuming the exponential absorption in the atomosphere, the co- 
efficient of which is 1/125 ¢gcm™?. The integration through all directions is neces- 
sary for only pemesons, whereas the nucleons come mostly from the vertical 
direction because of their high absorbability. Thus we get the relative intensity 


of both components at the atmospheric depth 700 g cm™. 
Nucleons: MV(Z)dE=0.048dh/E""" (5-1a) 
p-mesons >) p(Z)dé=(B/ (E+ B))\dE/E™ (5-1b) 


where Bw3.4x10"%eV concerns the life of s—p decay™. Each of these com- 


ponents produces a photon in lead with the cross-section, respectively, 
the charge exchange of nucleons: 
6.5 x 107% hin (4/ Me?) de/e cm’, (5-2a) 
the radiation of #-mesons : 
3.3 x L078 La (Le/ pe?) de/e cm’. (5-2b) 


It must be noticed that the both cross-sections show the same e-dependence, so 

that we can compare both contributions only in their factor. Multiplying (5-1) 
LG 1 : : ; 

by (5-2), the burst frequencies can be roughly determined for EAB; 


(by nucleons)/(by peincsons) =4.8 & (5-3) 


The experimental evidences, though not accurately consistent with each other, show 


. cae A 28 Oe calc fe) eRe ee) a le " es = ; 
that the ratio is nearly 5°). Therefore, if the unknown factor % is of the 
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Freq. ratio to sea level order of unity, the radiation by 
: charge exchange can well account 
for the good part of the bursts. The 
possible contribution from the decay 
of neutral mesons produced in the 


7 Schein-Fahly 


nuclear collison shall be discussed 


below. 
SE Eee TL The size-frequency relations are 
Fig. 5. Altitude variation of burst frequency obtained by the same procedure as 
under thick absorber. in §4. The ratio of frequencies at 


700 ¢cm™ to at sea level is plotted as the function of their size in Fig. >, and 
one sees the approximate agreement with experiments. 

The competing process for producing the electronic component by a nucleon 
is the decay of neutral mesons produced ina nuclear collision. Jt may be doubted 
that this process plays a main role in the electronic radiation accompanying a 
nuclear collision™. But we should not overlook the possiblity that a neutral meson 
decays considerably quickly so that it contributes to the burst production. In the 
case of the burst production by the nucleon, the contribution of such a decay pro- 
cess should be at most the same order as that of the charge exchange, as is seen 
from the above aualysis. On the basis of this fact, we can estimate the shorter 
limit of the life of a neutral meson as follows. 

In order to faciliate the comparison of the decay process with the charge 
exchange process, we assume the energy spectrum of produced mesons as aE /L, 
which is considered to be not far from reality". The energy E is imparted to 
two photons or an electron and a positron, but one has only to consider the total 
energy converted into soft rays as far as the average behaviour of the shower is 
concerned. Then we compare the constant factors of the production cross-sections 
of both processes above, since these have the same energy dependence de/e. 

Both processes under consideration occur by the geometrical cross-sectional 
area of the collided nucleus following the current concept. Therefore, we concern 
the factor which have to be multiplied to this area. In the collision with an air 
nucleus the fractional energy converted into mesons is estimated as about 1/37” 
In the case of the lead nucleus, we must multiply this figure by the ratio of A”, 
(207 /14.4)'"=2.44, provided that all nucleons transversed by an incident nucleon 
are effective for the meson’ production. Further, we multiply 1/3, which means 
the fraction of neutral mesons. (1/3) x 2.44x (1/3) =0.27 represents the fractional 
energy converted to soft rays by this process. Transforming this figure into the 
frequency, we get (0.27)'*=0.096. On the other hand, the corresponding factor 
for the charge exchange process is 


LAI (2/1372) In (B/ Me) 20.0054 for E=10"el- 


This gives about 1.5/£ times more frequency for the neutral meson process than 
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the charge exchange one. In the following discussion, we shall tentatively take 
this factor as 2, considering *< 1. 

In order that the neutral meson process should not exceed the charge exchange 
process, about 1/2 of neutral mesons should disintegrate in the shield. In the 
case of lead shield we may put the effective length [~5cm, that the neutral meson 
flies before the decay. Then its life is estimated as 


to 2 (pe?/E)- (l/c) ~2 x 10™ sec. (5-7) 


for the energy of the neutral meson Ex2x10°%eV, considering that the number of 
produced mesons in a collision may be 5 to 6. 

This life is consistent with the theoretical results for the two-gamma-decay 
of the pseudo-scalar meson, 22107" sec for the mass 286 1,, obtained by Fukuda 
and Miyamoto”, The more precise estimation of the ife will be possible by the 
comparison of lead and iron shields, if more accurate calculation for the electro- 
magnetic process will be possible. 

The second evidence for our interpretation that the burst is produced by 
nucleons is the absorption length of the agents. This is about 430 ¢ cm? for lead 
and 320.gcm7? for iron®™. If the agent were p-mesons, this value should be 
about 3600 gcm~?™. Such a large discrepancy manifestly rules out the assumption 
that p-mesons are the agents. The ratio of the absorption length for lead to the 
one for iron may be consistent with the ratio of geometrical cross-sections of each 
nucleus. Their absolute values may be affected by the transparency of the 
nucleus®, or the cascade-like multiple process.of the auciear interactions”. 

The third evidence for our interpretation is the directional distribution of the 
burst agents, which is much steeper than that expected for p-mesons*”. The 
distribution law cos*~*@ is nearly equal to that for extensive air showers”, which 
suggests the common origin, i.e. nucleon component, for both phenomena. 

We should like to express our sincerest thanks to Professor Greisen for his 
oversea remarks and interest. Thanks should also be offered to Professor Tomonaga 
and Mr. Yamaguchi for their stimulating discussions. 
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Note added in proof 


We must correct our description about the contribution from the decay of neutral mesons by 
following reasons. 

The fractional energy converted into mesons by a nuclear collision must be reduced by a factor 
about 1/2, because our previous estimation is based on the work in which z—y decay is not properly 
treated?8), Then the reducing factor must. be corrected as about 0.03 instead of 0.096 and the decay of 
neutral mesons brings about less frequency of bursts than the charge exchange process, provided #=1. 
Therefore, our estimation of the life is meaningless. 

Now the 7-decay of neutral mesons seems us to be established experimentally. Our first argument, 
mentioned m reference (18), is disproved by the experiment of Vernov”), in which not only the shower 
is almost always accompanied by a peneirating ray in the stratosphere, but also the shower particles are 
electronic. The third argument is atso disproved by Fretter, who obtains more frequent mixed showers 
than ever found and shows they are reasonably interpreted as the decay of neutral mesons.) The most 
reliable evidence may be Berkeley experiment, which gives one credit to the y-decay of neutral mesons:), 
Furthermore the life of neutral meson is, against our presumption, found to be shorter than 10—!5 sec. 
from the analysis of R-star™). 

Accordingly, we must consider the y-decay as the established source of bursts and the charge 
exchange process will contribute to them at most by the same order as the 7-decay, We may therefore 
put & as about 1/2 or smaller within our rough estimation. Further, in the 7-decay problem®) we may 


save gauge invariant terms and give up the equivalence theorem of pseudoscalar meson. 
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Introduction. 


The perturbation method is one of the most important methods of approxi- 
mation in quantum mechanics as well as in some fields of classical mechanics, 
But the question of its convergence has not yet been fully discussed from the 
systematic point of view. 

Many of the discussions hitherto given on the subject are based on plausibility 
considerations and draw no decisive conclusion. Among a few works of mathema- 
tical character, we should mention those of Wilson” and Rellich®. The papers 
of Wilson are rather unsystematic and mainly concerned with bounded operators”, 
which restricts the fields of its application. Rellich’s study is the most complete 
one in the mathematical sense, and treats the case of the so-called regular 
operators in which the formal series of perturbation are proved to be convergent 
for ‘svfficiently small value of the parameter. His results are applicable to many 
problems, especially in classical mechanics, but are still restricted considerably in 
application, for it is rather usual that the perturbation method is valid only in the 
sense of asymptotic expansion but not in the sense of power expansion, and in 
such cases the perturbation cannot be regular in Rellich’s sense. 

On the basis of the variational principle in a generalized sense, the writer 
developed a theory of the perturbation method regarded as an asymptotic expan- 
sion, which is much wider in scope of application than Rellich’s. regular perturbation. 

3cfore entering into this subject, however, it is worth while first to treat the 
regular perturbation, for the formal part of the perturbation method is completely 
determined in this case and, moreover, it has itself an important application in 
quantum mechanics of atoms as we shall show below. But since the original 
method of Rellich is somewhat complicated and abstruse, we will give in this 
paper an improved and much simplified treatment of the regular perturbation based 
on the use of resolvents” and contour integrals. Moreover, our method allows us 
to give explicit formulas representing cigen-values and cigen-vectors as far as any 
order of the perturbation. Also the estimation of the convergence radii is much 
improved. We restrict ourselves, however, to a brief outline of the theory together 


Sistas PTI NeeE goa = iS AP ae ; 5 
with some illustrative examples and refer the readers to another paper” of the 


. 
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writer regarding more detailed. and rigorous treatment of the problem. More 
general case (asymptotic expansion) and the perturbation containing the time will 
be discussed in subsequent papers. 


PART I. Regular Perturbation. 


$1. Resolvents. 


Let 4A bea linear operator in Hilbert space ). If there is a constant c such 
that || Af\|<c\/fil, A is said to be bounded; the lower limit of ¢ is called the 
bound or norm of A and denoted by || 4 ||. Almost every operator appearing in 
quantum mechanics is unbounded and this is the origin of all sorts of difficulties. 

Bounded operators can be, regarded as defined everywhere in §”, while this 
is not the case with unbounded operators. Consequently, addition and multiplica- 
tion can be defined without restriction for bounded operators. Infinite series pay ie 
=A can also be defind for bounded A, ; it is e.g. uniformly convergent if |) 4,+ 
weet 4,—All>0as7— o, Similarly, the regularity or analyticity of a bounded 
operator 4A(Z) depending on a real or complex parameter / can be defined. 

Let Z7 be a (in general not bounded) self-adjoint? operator, i.e. an Hermitian 
operator for which the eigen-value problem is completely solvable. Then it is 


known® that the resolvent” 
Rl) = (H-1)7 qty 


exists and is a bounded operator provided that the complex number / does not 
belong to the spectrum of /7 (the latter is confined to the real ’axis!).- Further 
RQ) is a regular (analytic) function of /, and its singular points compose enactly 
the spectrum of /7. 

To derive important properties of A(/), we assume for the sake of simplicity 
that the spectrum of /Z consists of purely discrete eigen-values tress <A) S49 S41 
2) ieee “Phen Wwerdan write” 


H=DA Ln, (2) 


n 


where Z5, is the projection operator belonging to the cigen-value 4, and has the 


property 
L, La= Gola ’ Si. = l U (3) 
Also we have 
RG SSD) w Be (4) 


. ia) ~ 4 + = . <) . 
The following relations can easily be derived from (4) and (3): 


ay ee 
EN RD) Se ROE HB): (5) 
(C)RO=HROE ) 
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IRI =4OV (6) 
where 4(/) is the distance of / from the spectrum of H. In particular (3) 


denotes the imaginary part of Z) 


[ROVSIIOU- (7) 
Further we have, zf f is purely imaginary, 
| Z-R@)||S1- (8) 


If C is a closed curve in the complex plane which does not pass through any 
point of the spectrum of 7, we have by (4) 


— Oni) "P RU) d=DE,, (9) 


where summation is to be taken for such z that 4, is inside of C. 
(4) can also be written as follows: 


RQ =I) TH+), (10) 


where 


SoZ) =D An!) En (11) 
n*+0 
is regular at /=A,. We shall call S,(7) the reduced resolvent of H for the eigen- 
value 2,. It can easily be shown that S,(Z) satisfies (5) and hence that 


Ds (2) = 31 0—2)*[ Soe) +o. (12) 


§ 2. General Theory of Regular Perturbation. 


Let H, be a self-adjoint operator depending on a real parameter x. Then its 
resolvent R,(Z) = (H,—/)~ is also a function of x. A, is called a regular func- 
tion” of x if R,(Z) is regular in the neighborhood of x=O for some fixed 7, Then 
it is shown” that the same is true for every J not belonging to the spectrum of 
H, provided that x is sufficiently small. It should be noted that dzrec¢ definition 
of the regularity of #, is impossible since H, is not assumed to be bounded. 

In the following we assume H, to be a regular function of x. Let 4, be an 
isolated eigen-value of H, with finite multiplicity m, and let £, be the projection 
operator on the corresponding eigen-space. Then we can draw a closed curve C 
in the complex plane containing 4, in its interior but containing inside or on it 
no other point of the spectrum of 4. It can be shown” that C does not pass 
through the spectrum of H, too if x is sufficiently small. We can therefore define 


E,=— (2x) an Ral. | (13) 
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According to (9), &, is the sum of projections belonging to those eigen- 
values of H, lying inside C. 

By what we stated above, R,(/) is regular in x for every 7 on C provided 
x is small. Hence it follows from (13) that £, is also regular for small x. In 


particular dim 4, must be a continuous function of x. But as it is an integer, 
we have 


dim #=—const.—dim 2,7 . (14) 


It means that the total multiplicity of eigen-values of H, inside C is just equal 
to mz and independent of x. 

Thus we have succeeded in separating the #-dimensional subspace 4, which 
is regular in x and tends to &, for x->+0. Our problem is therefore essentially 
reduced to the problem in a finite dimensional Euclidian space, and we can 
establish the following facts without difficulty”. The eigen-values under considera- 
tion consist of s distinct ones 4,; (=1,-+-,5), s being independent of x and Sm. 
Denoting by &,, the projection on the eigen-space belonging to 4,;, we have 


E, jpEan=nting ’ SE= ’ (15) 
Smj=m , m,=dim £,,, (16) 
j=l 


m, being constant. Further 4,,; and E,, ave regular in x and developable into 
power series of x with non vanishing convergence radii. 

Thus the perturbation method is justified to its full extent in the case of 
regular perturbation. 

It should be noted that our results are valid so long as 4, is an zsolated eigen- 
value of Hf, with fixite multiplicity. The nature of the rest of the spectrum has 
no influence on the convergence of the result. 

The above argument is also valid when we consider finite number of such 
isolated eigen-values simultaneously. 

Hitherto our consideration has been restricted to small value of x. But as 
the same argument applies to a small neighborhood of any value of x in the regu- 
larity region of H, we can apply the process of analytic continuation to eigen- 
values and eigen-spaces of H7,. It follows that they are analytic functions of x,. 
and this is true even when crossing takes place among them, so long as they do 
not come in contact with continuous spectrum, for such a crossing only means an 
incidental degeneracy of eigen-values which does not affect our argument. 

In this paper we considered exclusively projection operators £,; on eigen- 
spaces because they have the advantage of being uniquely determined w ‘hereas 
eigen-vectors are devoid of this property (especially when degeneracy occurs) . 
But we can, if necessary, easily obtain m, independent eigen-vectors of H, belong- 
ing to the eigen-value 4,; by putting 


Ts Kesro. 


cr 
ae 
C 


vag Lagpo Wp aes 5)» 
where g, may be nearly arbitrary. Since £,, is regular, these eigen-vectors are 


also regular and can be ortho-normalized conserving the regularity. 


§3 Formal Series. 


Once the regularity of the eigen-values and eigen-spaces (or eigen-vectors) is 
established, it is evident that they are formally represented by the series obtained 
by the usual procedure. Here we shall show that the same formulas can be 
obtained in a more compact form by our method of contour integral. 


Let H, be given formally by 
H,=Hy sl 5 (17) 


where Hf, is the unperturbed operator and x// is the perturbation. For the present 
we proceed quite formally, postponing the examination of the regularity of #7, to 
later stage. We have 


R, (2) = (He—l) = (Bol 4 2V) 
=[{1+z/7-R,@) }(M—)T 
=R,(2)414xV-R,(Z) } 


= Rigysye— 1h: Re (18) 


n=0 


Substituting into (13), we obtain 


E,=E,4+52"A™ , (19) 
where 
n n— aif, Z f i ) 
A® = (—1)"") (277) '§ Ro(2) VRo(Z) Vue VR (Za, (20) 


L” appearing » times in the integrand. 
To evaluate the integral of (20), we note that 
Ry (2) = (4-2) "E+ So), (21) 


where S,() is the reduced resolvent of /Z, and regular at f=4, (see 10), CLs 
Substituting (2L) into (20) and noting (12), we can easily calculate (20). 
Writing S,(4) =5, we obtain 


AM = ES ahs > SEV SP Vewee pshne ; (22) 
(Ay 4021+ fn +1=2) 


where summation should be taken over all combinations of 4; 0 such that &;+ 
so thyj=n, and S" should be replaced by —F,. In particular 
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AM =. EVS—SVE,, 
A®=EVSVS +4 SVEVS + SVSVE, 


— EVE VS?—EgQVS?VE,—S?*VEV Eq - (23) 
On the other hand we have by (13), noting H,A,(7) =14+/2, (4), 
(H,—h) Eg= — ni)" ) Hy-h) Ra Da 
Cc 
ors 2ni) P24) Real (24) 
Ifence we obtain in the same way as above 
(Hh) E,= VB , (25) 
where 
BO =(—1)" (273) ~14 I-A) R,(L) VR, (2) Vie VR, (2) al 
Cc , 
(26) 


(jE DD sovseievs?', 

(Ay t+ +4n+1=2—-1) 
If the splitting of the eigen-value does not occur (s=1), we have (writing 
ther, 4,,) 7,L=—s,& and Tr(4,4,) =4, Tr(Z,) =ma,. Thus we have, by tak- 
ing the trace of (25), 


adhere on St Tri, (27) 
n=1 
where the first several coefficients are easily calculated to be 
Te Bry Tt VE). 
(28) 


Tr (B) — ar ( ] fy]! fo%) ’ 
Tr (B®) =Tr(VSVSVE,) —Tr VS VE VE). 


alue 4, is non-degenerate (m=1), the traces above are 


If in particular the eigen-v 
of H, belonging to 4,. 


calculated by introducing the normalized eigen-vector ¢ 


Noting 4,=/9) we have 
hg + (VGos Go) ¥— (SVG; VQ) +\ (VSE¢, SV¢o) 


as (Veo, Yo) (SV, SV) x oe eee (29) 

As is easily seen, these results are in accordance with the formulas derived 
in the usual manner. Our method can be extended to the general case where 
splitting of the eigen-value may take place at any power of x. 


520 Ts’ Karo 


§ 4. Criteria for Regularity. Applications. 


Since the definition of the regularity of H, given in §2 was indirect, it is 
desirable to have sufficient conditions for the given H, to be regular. One of the 
most important cases is as follows'?. Let 4, be as in (17) and let A, be 
(essentially™) self-adjoint. If there are two constants a, d such that 


| Sal Af +elsl, (30) 
then 77, is regular at least for |x| <a’. 


To show this put f=R,(Z)g in (30). Then 
[VR Og| Sel Dag ll+ol BOs. 
If 7 is purely imaginary, we have by (8) and (7) 
|| VRe eg |S @e+oler) ell. 

It means that VR,(Z) is a bounded operator and that || VR, 2) ||! a4+4|Z\". If 
|x|<a7', we can take | Z| so large that || xVR,() || <|x%| (@+4 |Z|-) <1 holds. 
Then the senes in (18) is absolutely convergent, proving that 77, is regular. 

It should be noted that (30) is satisfied for any H, if V is bounded, for we 
can take a=0, d=|| V'|. 

In the same way, we can treat more general case 


H,=H,+2b +e) i+ ° (51) 


and show that H, is regular if 


WAA Seal DAFF lA), Ge=1, 2; ---) (32) 
for some constants a, 0, c. 


The condition (30) or (32) is satished in most cases in the classical eigen- 


value problems. For instance, take the case of Sturm-Liouville equation in the 
interval ¢ 4 6 


1 
 (py+xp,) 
ax 


- + {A(Y +201) — (Go +29) u=O, (33) 


where we assume ~,>0, p, >0. (33) can be transformed into the following 
form 


Hw=hy, gH ten), 
IT, = — (+%p,) 71? us ad a re 
£14 Pome 4 (23 <a e (2, +*p,) coe (+X) “9 (Go +91) (Mo + #4) 


Then we can verify without difficulty that the condition (32) is satisfied provided 
that the coefficients ~., 2:1, do» Or» fo» P; are continuous in ax“ BP. If some of 


them are discontinuous in the interior or at the Picea GN of the interval, special 
investigation is necessary. 
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In the problems of quantum mechanics, (80) or (82) is not always satisfied, 
for it is usual that V has singular points. Nevertheless the condition (30) has 
important application in quantum mechanics of atoms and molecules. Consider a 
system composed of finite number of particles interacting with each other through 
a potential energy of Coulomb type. Let H=7+W be the Hamiltonian of the 
system, where 7 is the kinetic energy and W is the potential energy. Let IV” 
be divided into two parts: WW=V,+V, where V is regarded as a perturbation to 
the unperturbed Hamiltonian H,=7+V,. Then, though V is not bounded, it can 
be shown™ that (30) is satisfied and, moreover, that a can be taken as small as 
we like. It follows that H,=A,+V is regular in x for —co << x<+ 00 and hence 
by §2 that the energy levels of the system are analytic functions of x even if 
they cross each other when x grows from 0 to 1. It should be noted that this 
offers a theoretical basis for the one-electron model of atomic systems”. 


§5. Convergence Radii. Application to Mathieu Functions. 


In this section we shall show that our method of contour integral allows us 
to estimate the convergence radii of the series representing eigen-values and eigen- 
spaces (or eigen-vectors). For the sake of simplicity, however, we restrict our- 
selves to the case where V in (17) is a bounded operator, 

Let the distance of isolation of the eigen-value 4, (i.e. the distance of 4, from 
the rest of the spectrum of H,) be d. Take as the curve C the circle |/—A,|=d@/2. 
Then we have |} R, (4) ||=2/d on C as we see easily from (6). Hence we have 

| FR Ol S21 Via 
on C, and the series on the right-hand side of (18) is absolutely convergent if 
jx|<a/2||V || or |lxV\|< @/2. (34) 

It follows immediately that the series representing £, is convergent for (34). 
The same is true with the series of the eigen-value 4, if splitting does not take 
place as e.g. in the non-degenerate case. In other words, the series are certamly 
convergent if the “ magnitude of the perturbation” ||xV'|| ts less than 1/2* of the 
distance of isolation of the eigen-value 4,. In many cases this estimation must be 
very crude, but it will be seen that in general convergence is good if x/d is small. 

By the way it will be noted that the figure 1/2 above cannot in general be 
replaced by a large one. This is shown by the following simple example in two- 


dimensional Euclidian space : 


) Wat 


.= ‘1 +x) ae 


* The figure obtained from the formula of Rellich is 1/16 and much worse than ours. His method 
can be improved so as to give 1/4 as the result, but seems to be unable to go further. 
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We can also estimate the error committed when we cut the series with finite 
terms. But the question is more conveniently treated in the general theory of 
perturbation as an asymptotic expansion, and will be deferred to a subsequent 
paper. 

As an application of (34), consider the Mathieu equation 

au 


i + (A+ 16x cos 24)u=0, (74S) 
DE 


under the periodic boundary condition. If we put 
H=—a@/de, V=—l6cos2r, 


H, has the following eigen-functions and cigen-vanies 


Ce (Qzy-™, A,=9, 

Gy = (ET 60s AF » hae oe . 
CES ass 

ge =(a)- sin nai, Ana 


Since [7 is bounded and |! 17||=16, 7,=H,+xV is regular by §4. To obtain the 
respective convergence radit 7), r* for the cigen-values and eigen-functions of Fix, 
it is advantageous to observe the fact that the Hilbert space is in this case 
divided into the following four orthogonal subspaces : 


[go, (ORR Ci; +], (er, O35 L5. +], 
[er gr. ge.) [er ¢F gs.) 
all reducing J” as well as /7, and that the eigen-values are correspondingly divided 


into four groups. We can therefore consider the problem in each of these sub- 


spaces. Then all eigen-values of 7, are non-degenerate and we have, denoting by 


d,, a= the isolation distances of 4,, /# respectively, 
a4 FSIS, MUS 
d*=1'?— (n—2)?=4(--1), (vw 3). 
By (34) and || /\|=16, we obtain the following estimation of the convergence 


Faces 2 


| 7 


Pea Pea ei a 8 

Vint ll Syu tbe eel Sy yale ae 1 loll Wee i 
This result may be compared with that of Watson”. He showed by an elaborate 
calculation that 7, >>~/2/8, but could not estimate other r=. Our method gives 
us all y= at once. Indeed our 7, is slightly worse than his, but it must be noted 
that our formula (84) is the crudest estimate without considering special properties 


of V*. If these are taken into account, we can easily obtain better result than 
Watson's. 


* In fact, our result is immediately extended to more general Hill equations. 


> 
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§ 1. Introduction. 


Recently Tomonaga” and Schwinger? have independently developed a rela- 
tivistically covariant formulation of the quantum theory of field and have succeeded 
to the explanation of the level shift in the hydrogen atom and the anomalous 
mignetic moment of the electron. Since, however, the present field theory cannot 
be formulated in a relativistically and gauge covariant way without introduction 
of the singular delta-function of Jordan and Pauli, the present theory gives the 
divergent results to such field reaction problems and the remaining finite part can 
be not free from any ambiguity arising fromthe singular nature of delta function. 

One typical example of the appearance of such an ambiguity is the pboton 
self energy. As first pointed out by Schwinger, the photon self energy should 
be zero from the gauge covariant point of view, while, Wentzel® showed the 
photon self energy finite and non gauge covariant. Recently Pauli and Vil- 
lars succeeded to give unique result for the problem of the photon self energy 
by using “ regulators” called by them. As the non guage covariant and ambigu- 
ous terms appear also in the problem of meson decay”, we used Pauli’s regulator 
in order to obtain the unique and gauge covariant form, In the first place, in 
the 7-decay of the scalar neutretto firstly calculated by Fukuda and Miyamoto” 
there appears the convergent but non gauge covariant term, which further requires 
the necessity of condition f vx e(x)dx=0, Nt¢2;=0 in addition to Pauli’s con- 
ditions on their regulator in order to obtain the gauge covariant formulation. 
Secondly, there also appears the convergent but non gauge covariant term in the 
pseudovector coupling matrix element of the pseudoscalar neutretto, which vanishes 
by using Pauli’s regulator. This non gauge covariant term is able to separate 
into non gauge covariant term not contributing to real transition process and gauge 
covariant one, but should be dropped off, on which we discussed in the previous 
paper”. Further, in spite of being possible to prove formally the equivalence 
between pseudoscalar and pseudovector couplings of the pseudoscalar meson field 
before using the explicit expressions of J-functions, the identity relation does not 
hold only for the first non gauge covariant term of the pseudovector coupling and 
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the first gauge covariant one of the pseudoscalar coupling except the remainings. 
This fact seems to suggest the ambiguity of the first integral of the pseudoscalar 
coupling terms. Really this integral gives unique result if we use Schwinger’s 
expressions of J-functions, but gives another different result when another expres- 
sions of 4—functions are used. This situation.is clearly seen in the fact that the 


value of 4 at the origin is infinite in the Fourier representation but becomes zero 
in the Schwinger one. From this point of view, the first gauge covariant term of 
the pseudoscalar coupling should be dropped out, which obliges Pauli’s regulator 
to have another condition, i.e., fo(x)/Wx dx=0, Se;/m,=0. Further, this con- 
dition compels the second term of the scalar coupling of the scalar neutretto to 
be zero. 

But the use of this condition unrestrictedly gives rise the failure of the 
equivalence theorem in another case of meson decay problem. Namely, in the 
decay of a pseudoscalar neutral r-meson into a vector neutral 7 meson with tensor 
coupling and a photon, the pseudoscalar coupling term is equivalent to the pseudo- 
vector coupling one without using f(x) /“x dx=0, except the first diverging and 
the second finite terms of the pseudoscalar coupling which vanish by the charge 
renormalization regulator ((x) log {x|@x=O0 and (p{x)ax=0 and the first finite but 
non gauge covariant term of the pseudovector coupling which disappears by the 
condition fy(x) “x ax=0. On the contrary, the use of {(*)/~x ax=0 destroys 
the equivalence theorem in this case. This situation tells us the following fact, 
that the condition (y(x)/~z% ax=0 should be used only after the relation fj= 
(2x,/x)fo was set up, where f, and f, denote the pseudoscalar and the pseudovector 
coupling constants and x, and x means the reciprocal Compton wave length of 
proton and meson respectively. But the use of the condition (p(x) /vx ak=0 
after the relation 4,= (2%,/x)f. or fu= (x/2x,)f; was substituted removes sometimes 
even the term which satisfies the identity relation and gauge covariancy. As this 
result seems undesired, we shall adopt the following procedure. 

Now we shall consider this situation more profoundly. When we prove the 
equivalence theorem between the pseudoscalar and the pseudovector couplings, the 
following procedure is used: 


wleaPis | | ashes dx! dx" +2xHy+A, 


where //,,, and H,, denote the Hamiltonian density for the real transition process 
of the pseudovector and pseudoscalar coupling respectively, and A expresses the 
term multiplies by 0(7), which is obtained by transforming the pseudovector coup- 
ling term as above using the Dirac equation of d-function 7.0.0) 2,4 (x) = 
—d(x). So that when we will regulate the matrix elements to preserve the 
equivalence theorem, both sides should be regulated as the same order of magni- 
tude with respect to x,. If such procedure for regulating method is used, the 
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removal of divergencey, gauge covariancy and identity relation are always preserved 
by using only Pauli’s regulators and f(x) vx dz=0. But there exists another 
alternative ; namely when we regulate the both sides, the method which regulates 
the expression divided by % in the formula cited above is also allowed. But in 
this case, the another condition J/(*) / vx dx=0 for regulator is necessary besides 
the above conditions in order to satisfy all requirements mentioned above. It is 
also noted that those alternatives yield the same results for removing the undesired 
terms. Further, it is interesting that the conditions { Wx p(x) dx=0 or fp(~/Vx 
x dx=0, which were necessary to preserve the gauge covariancy and the identity 
relation for the former and the latter alternative respectively makes the divergent 
term vanish, appearing in the decay of a heavy meson into lighter mesons, for 
example, += > nt+zn or t¢>7*4+;7. From the considerations mentioned above, 
it may be concluded that careful treatment for regulating method gives almost 


satisfactory result. 
§2. Details of the above considerations. 


Fukuda and Miyamoto” first pointed out that the non gauge convariant and 
finite terms appears in the first term of the matrix element for the scalar coupling 
in the y-decay of scalar neutretto. But as the gauge covariancy for the matrix 
element is formally proved”, such a non gauge covariant term must be dropped 
out. Or, such a term should be removed out by the following reason. Generalized 
Schrédinger equation for such a term is 


i =GAig?, ari ley dol _ (1) 


0a (Vv) Sx" hc 1 


where A, and @ denote electromagnetic potential and wave function of scalar 
neutretto respectively and YY means state vector and x=mce/h, mi proton mass. 
This equation is gauge invariant for the following gauge transformation Ay > Ay 


. D> 
_ aA , if we take 


Oly 
Y =o Typ’, 
} , , A 2 f 
jes Gly (x!) 4 (x ) ee —24, (2) A(x) bea, (2) 
i wv 


ar we: ; 3 a3 : - 
but YFP is not gauge covariant, for /,, does not commute with 7”. 

As, however, in this case there appears the odd power of mass 7, Pauli’s 
regulator method for even power of mass mw can be not used as it stands. There- 
fore, if the following integral is uilized, which holds for positive and negative x, 
where z= /h, 
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We Ca regu. i . 
can regulate as the term of even power of m. The non gauge covariant term 


as the scalar neutretto with scalar coupling is produced from the following 
integral : ; : 


xVq [&ayl (ae) (dk') (ak) [dadbac( 2 gale )( Cc, até ) wt 
(ss L = = + a (55,60) hey +h,’ . 
“srk ererd | rormp nerd wha 7) 


xexpi(at+b+c) (A°+2) exp| — 
atb+e 


|sp (rus) Ay (4+) A, (#—7) 9 (4) 
(4) 


(4) is regulated by using the relation (3) and 


[eva ps) exp 2(a@+ +c) xdx= — Fo[Ri (at beere*ds 
V1 J-—© 
(4) = : \ea [ax * du ( az Bay *zv) R" Ppa © poe Be 
Vaz heey) Tiga (2+ 2°) exp2z(4,5,4+ 4,9.) 


x exp [i 08) Mv)" |e +8) ve) 9 


= 4 [ “fee [ayo(y—2’) R"(y) exp| 2+ (y—2*) (v"—1) o4e (4) 9 (4) 


VY Ii i J-o 40° 


“bo 4 ng At i hi ied ‘ R975, z 29 he CH oon , 
= fof [aol Rp a—- 4 @ DOR V7 a+ f4r@)e) 
©) 


As the first term of the formula (5) is non gauge covariant, it must be dropped 
off, which requires the following condition for regulator : 


[ RO) /rray=0, or | Ya 0@)de=0, ae eS oh Oe (6) 
6 —o 


Next, also in the case of the pseudoscalar neutretto with pseudovector coupling 
there appears the non gauge covariant term in the first of matrix element, which 
is able to separate into non gauge covariant term not contributing to real transi- 
tion process and gauge covariant one, but should be dropped off, on which we 
already discussed in the previous paper”, This first convergent but non gauge 
covariant term disappears by Pauli’s regulator §o(x)dx=0 or R(O)=0 or Se,=0. 
Fother, the matrix element due to the pseudovector coupling is transformed into 
the four dimentional divergent part not contributing to real transition process and 
the pseudoscalar coupling term multiplied by 2x (reciprocal Compton wave length 


of proton). 
C) me 
A y= [fatx' ax” L—( 


Cc 
vy BX, - hc 


9 


\SpiS? =a) 7S 2S O42 Tet} 
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Df, ae . ; 
x Ay (2’) Aa") 9) + ie 4(2) {fast ae" 


xx 


x Sp{ S@ (a —4) tS (4 —#) Tp (2 — 4") \Ay (a) A494), (7) 


: : 
where zx, means reciprocal Compton wave length of =-meson. The first part 
os *,? 
vanishes by the law of conservation of energy and momentum for real transition 
i ; g t is 
process. Therefore, if we put f= (2x/%,)fo» Nelson and Dysons argumen 
established, which hereafter we call the equivalence theorem, while the first non 
gauge covariant term of H,, is not equal to the first gauge covariant one of Hys 
and the equivalence theorm exactly holds for remaning terms of H,, and Ay.- 
Namely the matrix elements for pseudoscalar and pseudovector coupling are the 


following : 


271 fe ae 1 
tom fo (fal #4 Oey} 
TUX Gs a 1 * 9 pee t 
u (# 4 0) 
x (Foot FaxPis + Feehan) P (8) 
ace i 1 lL jl=a- 
Hy = (+) | aol & 2-7 BA Ft ee 
S72? x, \ ke Sie Jil ey Wi GadZy foxce u 
1 
x 5 pop dig B,Fort Ou? (9) 
a l—v X cyel } 
i —$———[] 
42° 


Therefore, it seems appropriate to us that the first gauge covariant term of the 
pseudoscalar coupling (8) may be removed out. Really this integral gives unique 
result if we use Schwinger’s expressions of 4—functions, but gives another different 
result when another expressions of 4-functions are used”. The removal of such 
first term requires further the condition [7 R(y)/“ ya@y=9, or (p(x) /vx dx=0, 
or S1c¢yu,=0 for regulators, which is obtained by the calculation as before. Further, 
this condition compels the second term of the scalar coupling of the scalar neut- 
retto to be zero (see (9)). 

But the use of this condition unrestrictedly yields the failure of the equivalence 
theorem in another case of meson decay problem, Namely, in the decay of a 
pseudoscalar neutral t-meson into a vector neutral 7-meson with tensor coupling 
(interaction constant g,) and a photon, the pseudoscalar coupling term (interac- 
tion constant G,) is equivalent to the pseudovectar coupling one (interaction 
constant G,), except the terms mentioned below. The matrix element for pseudo- 
scalar coupling of r° becomes as follows : 


dw 


1 @ 
Ro ae Fea eee Sp (757 pF oF et) PhooPan| | 


1 
cos @ +-—— 
6 


oe 
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Ard ig) Dasiing® I lL—wv x? 8 J-1 ae 
ay 3 
= (1—7) (448u—60—2° P4877) x2 eee UG 2s Se la hes bah 
ree et ales eal 
217 x 47/7 ae 


(10) 
where ¢,%,, and F,, denote the wave functions of scalar z,, vector Z, mesons and 
electromagnetic field respectively. The first diverging and the second finite terms 
are removed out by Pauli’s regulators {(x) log |x| déx=O0 and fy(x)dx=0. The 
matrix element for pseudovector coupling becomes 


= OL " oo 
Hy =—— 2, 288 _ 8p Ffarary) 2A alien 
7 8 (27) 3 x, (fc) 55 p (j a/ pl of al * 2 LPP + ~ OY gl, op ai Ma 
2 ) ee Bes 
x1 (b= 7? 4 27) 2 — (lao ten) ies Ne du 
f x ( x 4 Xe on | « \ 1 2° 


[a +7) (1-7) a eget kL as} 
iL PO La 


| ae ee Wat Diy rs = (attain) 2 | ! 


x x 


pot Ly 


x 


et 
ae, x Ay? PO 


the first non gauge covariant term of which is dropped by the condition { “x 
x p(x)ax=0. And if we put G,=(2%/x,)G,, the equivalence theorem holds 
exactly between the remaining terms of (10) and (LL) except the terms dropped 
out by regulator. If we, further, use the condition {y(x)/Wx a=0, the second 
term of (IL) is dropped out, which destroys the equivalence theorem or requires 
the more restricted condition §y(x)/xdx=0 or SYean,7=0 for regulator in order to 
bring about the equivalence theorem. As the new condition removes the unique 
integral, we must consider whether the eguivalence theorem does not hold or the 
condition §~(x)/~x dx=0 is inadequate. This situation tells us that (p(x) /v 

xax=0 should not be used unrestrictedly. Now we may consider the reason 
why this result yielded. As the equivalence theorem is proved by the procedure 
mentioned above as the formula (7), //,, and //,, should be the same order of 
magnitude referring to.x, whereas we regulated independently pseudoscalar and 
pseudovector matrix elements respectively. This is the reason why the equiva- 
lence theorem was destroyed. Consequently, we must regulate both terms of 
pseudoscalar and pseudovector coupling matrix elements as preserved as the same 
order of magnitude with respect to x. For example, the equivalence between (8) 
and (9) is established by regulating after the relation {= (2x/%,)f was sub- 
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stituted. In this case it is sufficient for establishment of the theorem to use only 
Pauli’s condition fo(~)dx=0. In the case of (10) and (11), a we put Gy;= 
(2x/x,)G, the condition (Vx p(x)adx=0 guarantees the theorem, Therefore, when 
we regulate by putting H,,,= 22H the requirement of tie removal of seve 
gauge covariancy and equivalency theorem are accomplished sufficiently by Pauli’s 
regulator and the condition \ Vx p(x) de=0. 
For example, in the decay problem of 7* into nt4°, there appear diverging 
integrals proportional to even and odd power of x, the former of which vanishes 
by Pauli’s condition f(x) log |x| ax=0. Although in the latter diverging integral 
there appears apparently the term proportional to fy (x) /Vx dx or JFR(Y)/ Vy, 
this term exactly cancels out, which guarantees the removal of divergency by 
using only the condition { vx p(x) dx=0 or jeR(y7)/y"dy=0. For example, this 


integral is written as follows: 


\ “le \" Liye (2x) R! Pc + 2°) exp (1? w)A= 


oY yaw] 


fete)” 2a (y— 2) RY) exp ity—2) 4 


ned =o i Be 
= ~ Bil eR") hoe +e" oe —4( y—a*) R'(y) exp2(y—2°) A 
—o@ 2a -0( y—2")? 
—1A\ hg ey 2%) R(y) expi(y—x*) A 
—o yore 
= —2iA\'R Be fete 
ae fax| ay Sia ia -27 R(y) +ialar| dy Bae R(y) fe sees 
So Yaw (y—x*)* pe eee y—x* 
= ial de\ay Di agi Ry) + A\da\ aya (p—2*)R (p)erree (12) 
—-o J—o Yr SE Nel 


In this formula the third and the fourth term cancels out. The second term is 
transformed into (@R()/y*"dy, the vanishing of which is necessary to obtain the 
convergency. The first term is transformed to feR(y9)/V yay, the removal of 
which is unnecessary in this case. Although the condition [PAR(1)/y*"dy=0 was 
settled to preserve the gauge covariancy, it is interesting that it is also useful to 
remove the diverging integral. 

Now there exists another alternative for regulating method, which regulates 
the term after the relation H,,.=1/2xH,, was set up. But in this case, the 
another condition (a(x) /Wx ax=0 is necessary besides the above conditions in 
order to satisfy all requirement mentioned above. However those. alternatives 
yield the same results for removing the undesired terms. For example, in the 


y-decay problem of pseudoscalar neutretto if we adopt the latter alternative, .the 


. 
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first terms of (8) and (9) are dropped by the condition {p(x)/Wxz dx=0. If 
the former alternative is adopted, the same first terms of (8) and (9) are removed 
by the condition (p(x) “x dx=0. And in the decay problem of 7, meson into 
z, meson and a photon, according to the former alternative, the first diverging and 
the second finite terms of (10) and the first non gauge covariant one of (11) 
are dropped out by the condition | Vx p(x)dx=0. Regulating according to the 
latter alternative, the first diverging term of (10) is dropped out by the condi- 
tion {p(x) log| x |dx=0 and the second term of (10) end the first one of (11) 
are removed by {p(x)dx=0. It is evident that those alternatives yield the same 
result. In the decay of 7*—2*+7° (¢ scalar, z*, 2° pseudoscalar) the diverging 
integral appears, which according to the latter alternative vanishes by the condi- 
tion {o(x)/vWx ax=0. 

According to such an idea, as the same situation exists in the scalar and 
vector coupling of scalar meson, i.e., 


F,=2*H,—22H, ’ 


it seems appropriate to regulate the terms of scalar coupling multiplied by x, 
which removes the first and second terms by the conditions |xy(x)dx=0 and 
§(x)dx=0 in the case of the former alternative. Even according to the latter 
alternative i.e., ,= (1/2x)H, the first and second terms of scalar coupling are 
dropped by the conditions J Wx p(x)dx=0 and [p(x)/Wx dx=0. Thus, the both 
alternatives yield the same result. It may be concluded that all requirements men- 
tioned above are satisfied whenever we use the regulator by considering such a 
relation. 
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Recent formulation’ of relativistic field theory by Schwinger” Tomonaga” and 
Feynman” enables one to calculate magnetic moment of nucleon as a finite re- 
active correction of the matrix element of nucleon transition in external electro- 
magnetic field. In the course of calculations, however, many ambiguous points 
resulting from the peculiar singularities of Pauli’s D- and D,- functions appear, if 
one applies straightforwardly the method used by Schwinger in the calculation of 
intrinsic magnetic moment of electron. And, occasionally, one obtains non-vani- 
shing charge renormalization for neutron. These inconsistent results seem to be 
removed by regularizing D- and D,- functions as proposed by Pauli and Villars”, 
but without any caution on the selection of integral variables, one should 
impose very complicated condition on the regulator used. This difficulty can be 
removed to large extent by the suitable choice of the integral variable as will 
be done in this paper, and the charge renormalization for neutron calculated be- 
comes independent of the masses of nucleon or meson, which can simply dropped 
by imposing the condition on the regulator which is weakest among appeared 
so far, R(O)=0 (in Pauli’s notation”). 

The main results obtained are the same for that of Case’s®” or Luttinger’s®. 
We discuss scalar and psewdo-scalar meson theory in some detail and vector and 
pseudo-vector meson field theory are only refered to their results. 


§ 1. Fundamenial Formulas (charged theory) 


The magnetic moment for nucleon is lead’ by the expectation value of the 
interaction Hamilton density between charge current density of meson and 
nucleon and external electromagnetic field. For scalar and _pseudo-scalar meson 


field theory, we have for this quantity the following expression ; 


Fe oreo ft) oe Sates ° 
judy mie($ OE — OE 6) Abie peat (1) 
we aan 


° 
where ¢ and ¢* are meson variables, A, is the external electromagnetic four 


* Preliminary report of the results obtained appeared in Prog. Theor. Phys. 4 (1949), 383. 
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potential. The magnetic moment: of uucleon is contained in the following expec- 


tation value of this quantity in the second order in interaction constant of meson 
with nucleon : 


ao 


a es =—| [L7@") LA (2"), fala) A(a)]_]. do! deo!’ (2) 


oo) 
where //(x) is the interaction Hamilton density between meson and nucleon, 
and is given by: 


Sealar theory : scalar coupling : 


Hep iP "(2 ) (8* Cr) cre t-d 2’) a VP (1) (3) 


The vector coupling can be removed by a “ gauge” transformation proposed by 
l 


Dyson” leaving only terms which contributed to the scattering of meson with 


nucleon ; 


L —\ ot : a6* 6 
(£5) 8G 2) 772 (6 9x 28) (4) 
2 pL ae OL, 
in charged meson theory. The symmetrical theory also give (4), and. the 


interaction Hamilton density is thoroughly equivalent te (3) with neutral interac- 
tion term. 


Pseudo-sealar theory : pseudo-scalar coupling : 


ee ae a E P are ’ 
(2) =if (2) PO*() ar O() Ery) L() (6) 
The pseudo-vector coupling can also be removed, transforming into pseudo-scalar 
. . ce ee « Vi . on 
type interaction with interaction constant 2 — by the following “ gauge" trans- 
Lt 


formation (#: meson mass, vz: nucleon mass) 


Oo]=U[o] Ole]; 
O [a] =exp if. Oe V7 OO +8 on) T(3") dE a) (6) 


leaving also the same term as (4) in charged theory, and in symmetrical theory. 
From these circumstances, it is sufficient to calculate (2) with (3) and (5), 
since vector and pseudo-vector coupling do not give rise to any change of results, 
apart from the change in coupling constant. 
The terms contained in (2) are separated into two parts, one of which is 
due to the interaction of meson charge current with external electromagnetic ficld 
(first term of (1)), and the other due to the recoil of the virtual meson on 


nucleon (second of (1)). 


§ 2. Sealar theory 


The first part of the expectation value (2) which is due to meson charge- 


current density becomes as follows, following the calculation of Schwinger” 
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A(4—2x") 4m (42) — A 4— 21) * A) (4—2')) 


v7 


+S (2% =~ 


Oey 


+ SOC" eyes -A(e—2')— MA(«— xl). 


A(«— x) |" -dw' dw" 


aa 
+ (sign changed and +, replaced by tn)s (7) 


1 wa c 
where S, S are due to Schwinger with nucleon mass, 4, gm with meson mass. 
The second part which is due to meson reac tion on nucleon becomes 


foe] 


fA sf ie S(a!—x) A(¢’— 2x") 


—a') Sl — 2x) A(x! —2"))z* tp ¥ da! do” 


+54 
+20 a 4. (fine cer-2) S(2—2") Al —2") 

4 Sr) Se! —a"") Aa! =2"")) 28" deo! da!" 
ee 4, {fer (Se! =x) 7? S(2—2') Aa'—2") 


4 SO(¢"— x) 7ySO(r—2') Aa’! —2") 
+ S(x"—2) 7, S(4—4') 4 (4! — 2") tyP! do! do" (8) 


In the expression (8), the first two terms do vanish, which can be proved as 
follows; one firstly integrates over 1’, then this becomes of the form : 


F iy (Xa/— Xd) 
jean (x! ~ x) dle! co|| oe! 1 PLR —— AY. do! 
J = (22; Lo +m 
which is zero, because by XY’ integration only gu=h remains and the condition 
gx+m'=0 implies that only value at Z°4+?=0 remains which should vanish 
since we should take in Z integration its principal value. So that the reaction of 
meson induces only effect on neutron, which is because the fact that the proton 
goes freely in external field once it emitted the positive meson, 
There appears no vacuum polarization type term in the charged theory for 
this process, since if it appears, it comes from the second term of (1), but which 


should contain spur of the products ot typ, or tpy with 7, and vanishes. 
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eee sit ns 7 . aes . 

Now, to evaluate (7) and (8), firstly write it. in Schwinger’s integ sral re- 
presentation with attaching vanishing expression with combination of S$, 2, 4© 
e 1 1 AU ee +45 r s a laaxrd 
and S$, S™, 4 respectively as done by Schwinger. 


For (7): due to meson charge: 


ee AU, (a) eal ee 
2- 647° Da! a+ pe (a+64c¢y } 
2 ,—b) (2a+2b+4¢) 
Sita Grea a 2 £2 Ca 26+¢) erie ehh a r- oa ml fy — 9a) ie 
2 (at+b+cy (ate+cy ars 
a(atb+c) ve 
_—___- a)+a(d))(alec)+e(ar¥é) 
Gthte a(a) ))(ale) + alate): 
-exp (i —____— n° 4+i(a+6) 42 ae (Pr- gy’) dadbide gP up) 
eee +b+¢ f : 
+ (expression with sign changed and zy replaced by 7,) (3) 
é : é : ee 
where w(q)’s are Dirac amplitude of nucleon in state 9,, o(@) =] 4 R 
(\—-lLa<¥V. 
For the last term of (8): due to meson reaction: 
; = ° rer 3 PA ~\- 
Jit Aggy oc (ocige et SE 
2-647° BE -atb4+e eres 
. ab - at+h\(a+4 +2c) 
+2 —_—_—_—_. ‘i Boe a a jf (IS Se a SET 
(at+o+4c)? (Pr —9r) (A.— if (a+b-+e) 
—_ Dy eo Aes 
alread arb 22) mt Pu— Fu i a(at+b+6) | (6(g) 4+0(5))(o(c) +o(a+4)): 
et (atb+c) 


. ‘ - 8, puke 


<exp (724 MICs +1 — (p.-%)'): dadbde df u({p) (10) 
cae, = 


atb+c 


where, in (9) a, 6 refers to 4 or 4, ¢ to 5 or S®; in (10) @, 6 to S or S™, 
é to.d,or 4”, ; 

Here, if one makes variable transformation used by Schwinger” for both (9) 
and (10), the charge renormalization term of neutron cannot be removed by a 
simple regulator though it is finite; so we take instead the following transforma- 
tion to bring the exponential factor of (9) and (10) coincide for J, 49, ; 


1 
For (9): as cae! (u—1) w(1—v) 


baa u(u—1) w(1+7) 


CHW 
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dadbac= (u'—*) wdudvaw 


2 
cena CA a eo ais Pa (11) 
For C10): a= : uz (L—7@) 
Wize : uw (1+v) 
=n (a—L) w , 
dadbde= | wa? dudodte (12) 


a 


the range of integration is the same as in (LI). 
Then (9) and (10) become as follows ; 


coco | 


Wi dtl 2) a 


=e l —! 


1 Y 3 1 
—(a—n) b Prem (=-45 +5) 


exp Y (ve tu(u—l) ee mI a a — a (~fi-aa) )| Adare Cs -u(p) 


+ (sign reversed and ty replaced by zp) ; (13) 
for meson charge effect, and for meson reaction effect ; 


ow co} 


wef” ® el NN " ae yr oP | | qh = . 2 ( 4 ae 4 i ) 
An? A,u(g)¢ | | 1 ae 110 .: e + ie a 
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eae i: 
oi 4y* (Po— Go)" | et (pi ae Wier ae = ‘m( 7 Tes us )| aw) 


exp {i(ve-+ u(u—l) e+ ree (p.-9)") wh -duda dee «cP» u(?). (14) 


By the integration by parts these goes to the following : 
Due to meson charge; 


26 : 7 i —iy xX a 
-. re Aygo text [ co8 18 ee a 
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+ (sign reversed and ty replaced by 7,); (15) 


Due to meson reaction ; 


conf (oe 425% (axa?) a} 


7 i 4 f —i19X; pe 
A ut 2gd Ar f | 7) AW 
Tae A (q) ¢ i i = av dw-7* 
Re ae | 1 foxes plese 3 
2 a ey et ee ee ae! fas 2 
aa ing uA u u* ‘i =) ( u 20° ye 4u° (Aaa) 
o 1J0 9 ° | ee ics a 
me +u(a—l)pet+ 1 (Pi- aay : 
2 1 
pale ue gs 5 iPr X. 
= (Pr— 9a ry) m{ et = H 7 Sy dato |e : 42) 
140 w+ u(u—lL)p+ a —(Pr-ay 


(16) 
where d,,= a on = 


The charge renormalization term can be obtained from the first two terms 
which is proportional to 7* as the first term in the expansion with respect to 
(f:—9,)°. Especially, for neutron, this should vanish physically, but by calculat- 
ing this from (15) and (16) and adding gives ; 


wt (g)-AuTutw’ +f) heal du-u(q) (17) 
which is finite but not zero. But a glance to. this result shows that this is in- 
dependent of the mass of meson or nucleon, so that the regularization with an 
regulator of either meson or nucleon part imposing weakest condition R(0)=0 
can remove this term, and leads to the consistent result. 

The magnetic moment of nucleon is obtained as the first expansion term of 
the last term of (15).and (16) in. (f,—9)’3 by using the equivalency of the 
expression : 


—iu'(q@) (hegre) ALE (2) = u'(9) 24 WP) (ie) 
a 


Bt 


for any transition of nucleon from state # to g, one obtains ; 


u'(q) gina) (2,0 =3F,° + Fy) oie Ofig ty COM 1p) 
: x 
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+ (sign reversed and ty replaced by zp) (19) 


for the meson charge effect, and for the meson reaction effect ; 
ul(q)e —inXi(F'/At) = (FOF). OA, Oxy Ty bl -u(P) (20) 


where £;° is defined by ; 


Foal” oes re (21) 
, ur(L + 2(u—1) (p/m)°)™ 


Integration gives the following by writing p/m as 8; Magnetic moment of 


proton (adding proper moment) 


| - 946° ee Cee ed 
1— > +o Oo + ( 6° +0") log Ly (48% 


cos--3 | (22) 
Magnetic moment of neutron ; 


(f?/47) [ 1 : 1 6(4—9° Sut | + 
AZ ("7 | —14 (2—6) log —4+ —-_—— cos “-—— 23) 
Qn Cr es (4-6) 2.1 aie 
in unit of nuclear Bohr-magneton. 

The extended charge distribution can be obtained from the higher term in 
expansion of the first two terms of (15) and (16) with respect to (Aga), 
which becomes to contain #® or higher terms. 


§ 3. Pseudo-scalar Theory 


We obtain for this case the corresponding expression to (7) and (8); 
Due to charge of meson ; 


ef A [ferns 7| Ste — 22 4 (x—2") -d(4—2') —4(4—2")- 
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+(sign reversed and tp replaced by ty) (24) 


Due to meson reaction ; 
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(10) 


where 9, hee and /,, denote the wave functions of scalar c7,, vector 7, mesons and 
electromagnetic field respectively. The first diverging and the second finite terms 
are removed out by Pauli’s regulators f(x) log |x| dx=0 and fyo(x)dx=0. . The 
matrix element for pseudovector coupling becomes 


pels 
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: —_ . =}, ay 

a i ii A Si A eat ta 
i x 47° 

the first non gauge covariant term of which is dropped by the condition (vx 
x o(x)ax=0. And if we put G,=(2x/x,)G,, the equivalence . theorem holds 
exactly between the remaining terms of (10) and (LL) except the terms dropped 
out by regulator. If we, further, use the condition §o(%) /vx ax=0, the second 
term of (11) is dropped out, which destroys the equivalence theorem or requires 
the more restricted condition {y(x) /xdx=0 or Se,,7=0 for regulator in order to 
bring about the equivalence theorem. As the new condition removes the unique 
integral, we must consider whether the equivalence theorem does not hold or the 
condition [a(x)/“x dx=0 is inadequate. This situation tells us that fp(x)/“x 
x dx=0 should not be used unrestrictedly. Now we may consider the reason 
why this result yielded. As the equivalence theorem is proved by the procedure 
mentioned above as the formula (7), 7, and 7/,, should be the same order of 
magnitude referring to .x, whereas we regulated independently pseudoscalar and 
pseudovector matrix elements respectively. This is the reason why the equiva- 
lence theorem was destroyed. Consequently, we must regulate both terms of 
pseudoscalar and pseudovector coupling matrix elements as preserved as the same 
order of magnitnde with respect to x. For example, the equivalence between (8) 
and (9) is established by regulating after the relation fp= (2x/x,)f, was sub- 
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stituted. In this case it is sufficient for establishment of the theorem to use only 
Pauli’s condition §p(x)dx=0. In the case of (10) and (11), if we put G,= 
(2x/x,)G, the condition ( vx p(x) dx=0 guarantees the theorem, Therefore, when 
we regulate by putting A= extigs tie requirement of the removal of divergency, 
gauge covariancy and equivalency theorem are accomplished sufficiently by Pauli’s 
regulator and the condition (Vx p(x) ax=0. 

For example, in the decay problem of c+ into m*47°, there appear diverging 
integrals proportional to even and odd power of x, the former of which vanishes 
by Pauli’s condition f(x) log |x| dx=0. Although in the latter diverging integral 
there appears apparently the term proportional to fy(x)/~x dx or (PRC) /V vy, 
this term exactly cancels out, which guarantees the removal of divergency by 
using only the condition (vx p(dx=0 or [PR(y) /y?dy=0. For example, this 


integral is written as follows : 


ee oe aw 9 , 9 9 + 9 
\ ax a (2070) R’ (a? + 2°) exp (iw) A= 
=o =o Ge 


Ts 


\ dx| Aer (y—x*) R'(y) expi(y—*)A 


Ci 4" 
= —2ia| CLEC A) he eee + fax\" a — a (y—+°) R'(y) expz(y—2*) A 
we So J-0(y—2)° 
=1A\ de 4) g(y—a) Ry) expi(y—2) A 
—-o Be deren ST 
==934| RG) dz+-1- 
Y=o 
+ arfay (O29) if ar | cy OR RAY Ry) bom 
—0o J-—o (y—+°)* Boo) nes yx? 
—ia| dx| PENG ar ER A\ ds\ iyo (p22) Rig) es (12) 
—-o —o aera a —-o —o 


In this formula the third and the fourth term cancels out. The second. term is 
transformed into [°R(y)/y*dy, the vanishing of which is necessary to obtain the 
convergency. The first term is transformed to JyR(y)/~y dy, the removal of 
which is unnecessary in this case.. Although the condition (PR(s)/7*"dy=0 was 
settled to preserve the gauge covariancy, it is interesting that it is also useful to 
remove the diverging integral. 


T 1 : as fs 0 = 

Now there exists another alternative for regulating method, which regulates 
| iB O17 5 ati as /s i = 
the term after the relation H,,.=1/2*H,, was set up. But in this case, the 
another condition §(x)/Wx ax=0 is necessary besides the above conditions in 
order to satisfy ail requirement mentioned above. However those: alternatives 
iret aN - 7 a 5 Fi Md Tt Hi 
yield the same results for removing the undesired terms. -For example, in the 


y-decay problem of pseudoscalar neutretto if. we adopt the latter alternative, the 
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§ 4. Discussions. 


By adding the above results tor charged and neutral theory, we obtain the 
results in symmetrical theory ; 
Scalar theory ; 


For proton ; 


2/47) a. 1 6(12—1162-4 20! eee 
14 F/M) (428 (2-78 +28!) log SPCR FAAS) cos) (35) 
2n di22 ) ne fae) e ody tad Ce) 


For neutron ; 


\Cakua) ae 9-8) loot 0(4—0") 40 
ee 1+ (2—@) log D "a4 ~) (36) 


Pseudo-scalr theory ; 


For proton ; 
en a7 desc? (20°—0'(8-20) log Tc 
2x m) 


For neutron ; 


_ paren (l+e log peo d(2—6) cos) (38) 
2 é (4—0")* 2 
Comparing these with Luttinger’s results”, by changing the interaction constants 
as mentioned in the previous letter, our results coincide with his results apart 
from a slight modification.** But the constant use of regulator is necessary to 
bring the theory consistent in the Schwinger method as is revealed in the charge 
renormalization of neutron. The condition imposed on the regulator used is 
dependent on the choice of the integral variable and the above choice of integral 
variable leads to the simplest condition on the regulator. 

Finally, we refer our results listed in the previous letter for vector and 
pseudo-vector theory. This result was obtained as the expectation value of the 
following interaction Hamilton density of meson and nucleon charge-current 
density with external electromagnetic field ; 


he (4, (x OAS) _ 94x) A¥ (2) + B(x) OB*(x) _ aB(x) B*(x)) Ay(2) 
Oy, Caan Oty, Ory. 
ie (2) ttl (x) Ay (2) (39) 


where A and & are the meson variable in Stickelberg forrnulation of the meson 
field theoiy, and the notations are due to Miyamoto’. The interaction I familton 


density of meson with nucleon is given by ; 


#* See last note. 
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For vector meson theory ; 
IK ab “i ' 
io, Wty | (t+ eee as v (40) 
Ory, ’ Ory 
For pseudo vector meson theory ; 


RB \ 7 
igwtrr|(4t+ ae Yr, +(A =F )tew |? (41) 


/ 


en” ms 


: cnt gie Nea Drei eke ve: 
To simplify the calculation, we take the “ gauge transformation, which is 


suggested from the analogous form of the #-field interaction with vector and 
pseudo-vector coupling in scalar and pseudo -scalar meson theory; this removes 
B- field from (40) and transtormed &- interaction to the pseudo-scalr type in 
(41). And calculate the magnetic moment witkout referring to the supplementary 
condition imposed on the A and &-feld in this Stiickelberg theory. 

This procedure is not regitimated strictly, but for vector meson case, this 
eave the correct result coinciding with Luttinger’s” result for neutral theory, so 
we gave our results in the previous letter. 

In conclusion, I say much tnanks to Prof. M. Kobayasi for his kind interest 


throughout this calculations. 
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Note added in proof 


After furnishing this calculation, we received Phys. Rev. 76 No. 1, on where Case’s calculation 
in Feynman theory appeared. Since he states there that his results coincide with Luttinger’s, and 
ours coincide with Case's, the letter of Luttinger appeared in Phys. Rey. (6) with which we compared 
our results in the previous letter seems to contain some misprint. 


And we can now conclude that there can be found exact coincidence between these two independent 
methods. 
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Introduction and Summary. 


There are many difficulties in the meson theory at the present stage of its 
development. The singularities of nuclear potentials are the most serious ones in 
the deuteron problem. In order to overcome these points many attempts have 
been made repeatedly. 

Recently van Hove” and Araki? have shown that if the relativistic effects 
are taken into account the singularities are reduced to 1/r for the pseudoscalar 
meson theory. Thus we can find the solution of the deuteron problem, and, for 
example, the scattering cross-section of the neutron by the proton can be 
evaluated unambiguously. The photodisintegration of the deuteron is the same 
problem as the scattering. Its cross-section depends on the nuclear potential as 
much as the scattering cross-section does. 

Although many authors” treated this problem to test the meson theory, it 1s 
necessary to consider it from the new theoretical standpoint on account of the 
recent discovery of meson and the precise experimental results. 

The purpose of this paper is to work out the total cross-section of the pho- 
todisintegration of the deuteron for the pseudoscalar meson theory by making use 
of the above mentioned new nuclear potentials. 

In § 1 we discuss the general theory of the cross-section of the photodisinte- 
eration of the deuteron. In $2 we consider the photoeléctric effect which 
corresponds to the transition from the initial *S state to the final *P state. As 
stated above, we should decide exactly the solution of the Schrédinger equation 
of the deuteron for the new potential, but for simplicity we neglect the tensor 
forces and obtain the initial state function by the variational method and the 
final one by replacing the new potential with the square well potential. In §3 
the photomagnetic effect which comes from *S—'S transition ts computed. In 
this case the initial and final states are also derived by the same method as 
before. In §4 numerical results are shown for various values of *P state potential 


and compared with the recent experimental results. 
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§ 1. General theory 


The outline of this calculation is more or less identical with that which have 
been discussed by Frohlich, Heitler and Kahn”, and Ma® in the vector meson 
theory. We shall here quote briefly the derivation of matrix elements. 

The processes in which a deuteron disintegrates into a neutron and a proton 


by absorbing a photon are as follows, 


> P+, PLD ew 


N+P>N+N+ Vi-—>N+ N+ Vi 


N4 Pt» N4 P+ Y* 4+ ¥-—> P+ P+ Y-—>P+N, <¥*,Y > (1) 


N4P—> N+N4Y¥t—> Pt N+ Y*4+¥—> P+. <¥*,Y> 
In addition to (1) there is another direct process with which the meson 
does not concern. The interaction energy is 
ae 
c 


jag [4-8 de, (div Sap9), (2) 


where p,S are the charge and current densities of the nticleon system including 
the exchange current, and A is the vector potential of electromagnetic fiel 


re thee On Pes a 
A ine, ec e *=ch,/ e (L+iky B+ seers )- (3) 


From (2) we obtain 


Ha A te (A) 
on j 
Hea )| = ale Rp du, (5) 
-_ th Qn > 
Ha | {le x Ky] [IR x 8] do, (6) 


where H, and H, are the electric dipole and the magnetic dipole parts respecti- 
vely. The electric quadrupole part and others are neglected. p and its time 
derivative are defined by 


o=e [M,11* 6(R,) + I, IY 6B.) | (7) 
p=—— [Ho eh (8) 

7] nti ged 2 * k 
where HH, a P+ (07 + My 1,)J(G, vr) (9) 


/1* ; Proton > Neutron, // : Neutron — Proton. 


. ) . . 7 ° 
Introducing the relative coordinate r=,—R, and relative momentum 
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2hh 


r e0 , we get the matrix elements” 


es, 
f= ~ieg/ [Pe (e-7) CT I1,— His 17) J(o, v) dr 


+8 (2 = er CH, My —H, Hr) (e-k) Far 


= HO 4 IT (10) 
n= |; Hn, Prim 


p=, (1,11 6, + Myo) + ty HE 1,6, + WE TIe8,) (11) 


+ je fe C7¥ 11.— [ly 11 )| vsee)-r is Gre tara, x.) F™ 


H, =i (k,xe] pr! ees ch=ik,chy/ 27 (5, 4,0), i [Fy lFe,. 
iy V hy 4 


$2. Photoelectric effect. 


The main contribution arises from the transition °S—> *P in the photoelectric 
effect. For simplicity, we neglect the *D state of the deuteron and so the tensor 
force is omitted. According to Rarita and Schwinger, and Rose and Goertzel, 
the effect of tensor forces on the total cross-section is 4% or less. In this ap- 
proximation the Hamiltonian of the deuteron is 


yee ak ee 2 aes hPa 


where B is a constant, and JZ, is the meson mass. To solve thésequation Hg=LYp 


we insert in it a trial function ¢ = e—39* for the variations ul method. Using the 
binding energy of the deuteron, we get the normalized *S state wave function 


I ax —Jaxr : 
See =v a .=1.618). [4 
POSEN (4 ) (14) 


For the final *P state it is reasonable for us to solve the Schrédinger equa- 
tion exactly, but we shall use the same simplification: as done in the initial “S 
state equation. 

It has shown by the recent experiments of the neutron-proton scattering that 
there is a weak repulsive force between the neutron and the proton in the *? 
state. Therefore, we replace the potential by the square well one (height 14, 
radius R). The: final state is given by 


U,~ 350 F(hr) cos 6 (cf. Fig. 0) 
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F (br) =(cos af, (ER) + 8in 8g ERY LEE SP AE (y<R) (15) 


A(eeh) 
=cos Of,(Ar) +sin 0g WEP)» (y>R) (16) 
Air) = FY ar) = = “a fost), (17) 
races Lei n= (a +sin kr). (18) 


Normalizing this function for the coordinates and energy, it is found to be 


Dp =l(G 2. \ a Le fee) fos 0. (19) 


Now from (10), (14), and (19) the matrix element for. the transition in 
which the spin state does net change is 


He =( EV (2 MY AY EME) Y [Ae Ce-0) F c08 8 ar 


By the help of the relation” 


[wpe ky F dv = - -i|\r; (e-grad,) ¥, ar (21) 


and introducing the polar coordinates #: (7, 9,9), e: (1, ¢, O), kt Ch, t,o) ae 
equation (20) is written after the integrations of @ and ~, 


#o=(4)|( (= (3 ie an 1 Zz oe = )f (iM,,ca) sin@sing,[(r) (22) 


T(r)=f(9) 1, (7) +008 6 J,(r) + sin 6 [;(7) (23) 

Lo=F\ AG Di ge eere (+ <R) (24) 

B= ELA) A Be ar (> R) (25) 

Ly= = ("s ri ty) Re (r> R) (26) 
where k=V MEX V,)/ 4: Gy! cle Fig? a: 


Ti order to carry through the second matrix clement //, the following relation 
must be regarded. If we consider the operator 


S={ 5-4) +(1 +4 2) AMG G,6))},  @D) 
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Fig. 1. Relative coordinates system. Fig. 2. Laboratory system: 
@ : Angle between 7 and Kk. 


and the spin functions 
L=a(1)a2), M=- (1) 82) +42)a)), V=8()F@). 28) 


Among the matrix elements of the operator (27) corresponding to the transition 
3S -—>°P (we finished the angular integrations) there remain the following three 
elements by neglecting the second term of (27) as mentioned at the beginning 


5 L =| 
SS eS — =— a 
os, l ge as 
3 l dz 
on — nr] 29 
M+M | 3 3 | ( ) 


2 I As 
F Sysx=]— = * = ]> 
o oO 


Now the nuclear potential by the pseudoscalar meson theory given by Araki 


of this section. 


is as follows: 


Ko.) =—— + fx - -4 1_(4,: +0.) +(— += +2) 4}, (30) 


(L+(¢})(b+4+2/¢])-° 3 
; | % VW ies Be ap Game 
where d=a( Tm )( he ) “r r 


A=[2 aa (a, 6.) 


As can be seen in the later section, the potential /(¢, ) does not contribute so 
much, then we are able to make use of the expression 
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fie Ae rae alg . Lig SL so A GER) (Bl 
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ee aay 2! eh ry A airs 39 
= {Leola ts tae) 4 eens 


Accordingly, from (10) the matrix element is given by 
n= (tt { (= EVENS] 


x (SFG) (e-r) J(a, 7) eS, cos Oar, 


where S, and S; are the spin functions given in (28) and the second terms in 
J(e,r) are neglected. As we are interested in the low energy photon, f,(4r) is 
able to be expanded into the power series, 


filer) = ot) (ir <2). (34) 


Then (33) is found to be 
He = if.) [ 2 \V\ENG ee VN an = ae | sin @ sing, L(“), (35) 


where LY) =Lair <R)+ L207 <R) 4+ L(7> R) +Ln0(7> FR) 


Be I 
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1G ar in) — 


iL or 2 == 


ee pe (8) EAL (T) 


LU) = ah am par Ly a=(1 +4) x 
2 


0 


4x i ee ’ Sen re z 
Ly (7> R) it cos af a3 ( sin 47 —cos ir) eo 2 dp 


R er kr 


At’ teal I = 
L, (7 > R)=— sin af : — sin zr) os ar 
9 R kyr kr ‘ 


Finally, H, is given as follows (for L>Z, M—> MM, and V> VW.) 


HH. + Ho = G sia.0 sin g| (Fat) 107) +( A 
sin Osing, | (S22) r)+(2)L6)}, 36) 


where G is given by 
G=i( c [ Bas pee =) hMact \} 37 
ae aera sae) oe 


The total cross-section for the photoelectric disintegration is 
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O.= 2" | HOLA |%, (38) 
hic 


where av. means the average taken over the initial spin states and the polariza- 
tion directions of the photons. 


§ 3. Photmagnetic effect. 


The interaction H, leads to the photomagnetic disintegration which corres- 
ponds to the transition from *“S state to 'S state. 
The final state functions are, however, given by 


e\. 3. Sea } * 
care e: 7 ee oy sin £7 (39) 
1 , 
and ; eee (a(1) A(2) —a(2) ACL). (49) 


for the radial and spin parts respectively. It is convenient to separate the 
magnetic moment # into three parts, 


MH Mt fyt hy 5 (40) 


hy | 
a (H4p— Ly) (6,—9,) 


: > ie = : : (ads 
where 3 — ——__ 2427 (8% 03) 
PNG 75 r 


peel geet [ oS . ws (r+) - 


(42) 
DAG .x- v r 


These parts lead to the expressions for the spin transitions from Z, AZ, and 


WV to K, 
D hs CE —1, 0) 
I wa nae 
(Kimtm| ¥)=| 35 (He Hx) + ee fe € | ; i oe 10) (43) 
ei (0,0, 1) 
and 
(x fs! Wat Le esd) ng 6, cos ¢, sin @, sin ¢,, cos 9;) 
V2 (—ésin 4, cos g,+sin 9, sin ¢,) 
“ |v (i sin @, cos ¢,+sin 4, sin ¢;) | ; (44) 
sek cos ,) 
where ’ RA Toes ¢1)- 


' . 
i. Finally, the matrix elements are found to be 
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on 1 — i it = J? r.| eI; 
Ha heh st | - (ee ty) 0 (= 4 34 og . 
(45) 
where 1=4n| OEE Pdr 
0 
r =4n| vy eo Pdr (46) 
0 
Lada] OPE e™ dr ) 
: 0 x 
and ¢, is the angle between e and X-axis. 
The total cross-section for the photomagnetic effect is 
i Lue | Va be oe , (47) 
Ac 


where av. means the same average as before. This result can be reduced to 


0,4 9 (4-)[ — 1) + LE 4-20) | (48) 


§ 4. Numerical Results. 


The nimerical values for various constants are 
M,,=286 m 
R=2.8x10-" cm 


Ft =0,05 Binding energy : a = 0.0023 


(49) 


With respect to the height of the potential for P state three values (O MeV, 
5 MeV, 10 MeV) are inserted, the one for 'S state is taken, however, only 
0 MeV by taking into account of the experimental results.” 

Further we introduce the notation 


ene 1 9 
= ays Ga BaD ) 


then /(6,7) in the (33) reduces to the ordinary potential, when F(¢) is equal 
to 1. We carried out also the calculation in this case. 


The results are shown in the Table I. 


oehiey 
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if 


| RF 
gt Achat 5 axl 24 
| = Cs Tel Cran) iy 
V ‘0 ly | O DM» Deoe. Dot 
| 2.6 2.59 | 0.07 | 2.66 2,97 
0 6.2 |. tao | 0.17 | 12.36 | 12.36 
17.1 5.13 | 0.18 | 5.31 5.31 
2.6 3.16 | 0.07 3.23 . 3.23 
5 6.2 12.95 0.17 13n2 . 13,12 
171 5.53 0.18 | 5.71 | 5.71 
| 26 | 2.78 0.07 | 2.85 2.85 
10 6.2 12.95 / 0.17 13.12 13.12 
17.1 6.43 0.18 6.61 6.61 


Vo: Weight of the 3? state potential. 

hy: Incident y-ray energy in MeV. 

@,: Photoelectric cross-section (10-?8 cm?). 
@,,:  Photomagnetic cross-section (10-28 cm?). 
Dent= De + Om: Total cross-section (10-75 cm?). 


The recent experiment by Wilson, Collie and Halban® shows that for the 
2.6 MeV ;-ray the total cross-section is (16.2+1.0)x1l0-*cm’*. It is hardly 
possible to obtain the agreement with experimental data in all cases. Our results 
are, rather, in conformity with the Bethe-Peierls’ curve. 

The authors express cordial thanks to Professor G. Araki who showed his 
work about new potentials, and to Professor M. Kabayasi for valuable discussions. 
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~ §1. Introduction 


On the features of mu-—meson capture, various investigations, qualitative as 
well as quantitative, have been given by many authors.2--' The capture process 
consists of two parts: at first step the interaction. is purely electrical one, while 
in the second step the specific interaction between mu-meson and nucleon plays 
the essential role. The problems here treated are concerned with the second step 
and deal with 1) 7-dependence of the excitation energy due to the mu meson 
capture and 2). the establishment of the interaction scheme between elementary 
particles. 

In the previous paper? we have shown the formula for the mu-capture 
probability as follows : 


| ; 2 rN Anr(uZ Qe+1 2 9, \2e—2 irs 
hae M, 4 M, (GZ yar 2 ie Mylo) (AW+s)% 
Twecap z ao Le / (254+ lL) h 


Se 1° SA wie Bie, We 1 327 2 -\2 
Fie oh (SE), ge 
Ly oe hc 


Ly (8) (he ae 
M=$ Ped, M,=\¥ *uga. 


where all the notations are the same given in 1) ; here 4W’ is the exciting 


energy shared’ to the nucleus by absorbing the mu meson in the A~-shell, the 


nr eee : ey ates 
reason why we have assumed its value as 41V= ai will be shown in this paper 


(sce Section Il). In this formula, the Z-dependence ofa dfepaen tems” toe 
propoitional to the 3rd power of Z. However, if we take into account the 
Z-dependence of the unknown nucicar matrix elements, it will be shown, in the 
Section II of this paper, that the capture probability is found to be dependent, at 
least, on the 4th power of Z. 

(On the lights of recent experiments, it has been almost safely established 
unas the pi-meson is a Boson and the mu meson a Fermion, with the obvious 
information that the pi-meson interacts strongly with nucleons but the mu meson 
much weaker. Nevertheless, the interaction schemes are supposed to be rather 
uncertain, there.scems many alternatives for that, such as Fig. 1, 2, and 3. ete.” 
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The possibility given in Fig 4 may be more attractive, since the processes 
between two Fermions are coupled through virtual emission and absorption of pi- 
mesons as originally put forward by Yukawa. However, if we determine the 
pi-lepton coupling by the beta decay of nuclei in this model, the computed life 
time of the beta decay of pi mesons becomes 6~2x10~° sec, which is faster 
than the life time of pi mesons for pi-mu decay. To remove this difficulty some 
separation of couplings is suggested, by assuming pi mesons as pseudoscalar 
field and imposing essentialrole to the pseudoscalar coupling for nuclear beta 
decay, to the pseudovector coupling for the beta-decay of pi-mesons.” In_ spite 
of this advantage, the nuclear beta-decay through pseudoscalar pi-mesons™ gives 
the seventh power law for the Sargent law, which is apparently at variances 
with the experiments. Moreover, in this substantiallistic arguments, the elaborate 
discussions, such as parastic to the accidental nature of the present field theory, 
should essentially distinguished from the phenomenological point of view. The 
model 4 is, thus, ruled out in this stage. For the choice between that given in 
the Fig. 1 and Fig. 2 will be discussed in the Section III. 


§ Il. The Z—Dependence of »-Meson Capture Processes. 


As will be shown in the following, the interaction between nucleons and p- 
mesons are supposed, with good reasons, to be caused through the virtual emissions 
and reabsorptions of z—mesons. However, in the phenomenological treatment of 
the problem, these interactions may be reduced to the direct ones similar to 
Fermi interactions of P—decay, i. e., proton P captures #-meson and transmutes 
itself into neutron JV, by successively emitting neutral meson v: 


Pati NAY; (1) 


To obtain somewhat quantitative results from the process (1), we assume scalar 
coupling between particles, whose interaction energy is then given by: 
a H=g\ Pi? oi pac (2) 
where 
g=(a'm)-'? exp (—1r/a) 

denotes the waves functihn for w-meson in A-orbit, a, being Bohr radius and 
equal to #/Zm,¢ and ¢,=exp (ip?) is that of the emitted neutral meson. As 
the detailed forms of the wave functions of nucleons in the intial and final states, 
W,, @, are not yet known, we take the approximate model given by Majorana, 


i. e., Y’s are the plane waves: 
Y= R?** (47/3)? exp (kr) 


< R, and are zero outside, |#| > 2, where R is the nuclear 


inside the nucleus, | 


radius : 


eo 
Rx ate AT 
2c" 
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The interaction probability 7 that the nucleon acquires the momentum between 
(k.k+dk) and the neutral meson is emitted with the momentum between (p, Pp 
4+dp) is then calculated to be 
p~ 2 PP aD, tres (3) 

with 
QV dkd 2, 

(27° 
jy=|k+p—ky|-&; 


Oa 


where A, denotes the average momentum of initial protons in the nucleus. From 
(3) we can roughly investigate the Z-dependence of capture processes. Firstly 
the function 
A= (9A) x0.707 exp (—3"/4) 

in the probability # has appreciable values only in the small region of OS re 4. 
Further, the average initial momentum of protons and that of the emitted neutral 
meson depend scarcely on the charge Z, because of the nuclear model we have 
taken and of the fact that the latter particle carries away the greater part of 
energy due to the mass annihilation and thus we may put the effective force 
range w,¢/h#. Therefore the region which gives the appreciable contribution to 
to the probability depends only on A and is proportional to R-*. As the final 
level density », is proportional to A’, the integration with respect to the final 
level is thus almost independent on Z and only factors which give the charge 
dependence are the volume concentration of #-meson in A-orbit, Z, and the 
number of protons in the nucleus, Z, which is to be multiplied to obtain the 
total probability. From these discussions we can conclude that the total probablity 
would behave as~Z‘, which agrees with the result of the consideration made by 
Wheeler. 

Now we shall proceed to the next step. After the integration with. respect 
to angles, we have the probability curve that the nucleon remains with the 
momentum between £ and #+d%. The curve shows only one peak at +=2, and 
its shape around this point is of Gauss-function type ; 


R°x'? 


CSD ieee 4 


(x-—%)° ) witheae Ages (4) 


where x’ is the average value of the vector (p+) with respect to the angle of p 
aa (p+ky? a 2x 


and the maximum point 2, which the curve shows is given by the relation: 


Heed on 
4y=(tanh x) (5) 
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For large Z, 2) is nearly equal to unity and increases slightly as Z decreases. 
Because of the sharpness of the curve we may identify this x, with the average 
value of momentum x of the excited nucleon. Really the difference between ‘x,? 
and 2° is calculated to be less than several percents. The average energy, when 
measured in the unit of mz,c=100MeV", is given by 


i s a (6) 
where £& is the average kinetic energy of the initial nucleon and is equal to~0.14 
in the present unit. The variation of the excitation energies with the charge 


number Z is considerably small. From (5) and (6) we have the excitation 
energy for large Z,~6 MeV., and for small Z (say, Be (7=4)),~14 MeV. 


§ 11. The Interaction Scheme. 


The value of the coupling constant, g, in (2) has been estimated by Wheeler 


Position (a) Position (b) 


Su~8 x 10-9 erg. cm 
Fig. 1. pi occupies the position (a). Fig. 2. pi occupies the position (b). 
In this scheme, pi-mu decay could only In this scheme, pi-mu decay can occur 
occur through virtual nucleon pairs. through direct process, while mu-meson 


capture through virtual pi-meson. 


Fig. 8. Scheme (c). Mu-capture, Fig. 4. The processes between two Fer- 
pi-mu decay, nuclear beta decay and mions, such as (N, P) (A, vy) and (e, v) 
the beta decay of mu mesons are are intermitted through pi-mesons. The 
all given through direct processes. direct. processes may eventually be 


supposed. 
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and others to be~10-“erg cm’, which is the same order of magnitude for the 
coupling constants gy of p-decay and g, of -meson decay. From these facts 
Wheeler has drawn a_ interaction triangle. To complete, however, the actual 
interaction scheme, we must add one more line thereon, which indicate the role 
of m—-meson. The position of 7-meson is considered to be put either in (a) or 
in (b). In the position (a) the (x—p)-decay is given by the process: 


5, Se A ee PN 7 
UNIV SEO ean - 


where [ ] denotes anti-particle, while the position (b) gives the simple process 

tT E+ (8) 
Both these two processes, (7) and (8), can give the right order of lifetime for 
(m—pt)-decay theoretically, if one wish, and thus one can not decide which of 
these two is better suited. However, it is indicated that we can give the decision, 
if we take into consideration the experimental fact on the conflict between (7—/) 
and (t—p)-decays. According to the experiments z—-mesons decay more rapidly 
into y—-meson than into leptons. This fact cannot be explaned by (7), for, here 
the m-mesons would decay into leptons rather than “into #—mesons, unless 
unusual asymmetrical interactions for both decay processes are assumed. This 
argument will be understood from the fact that as the coupling constants of (7—/4) 
and (t—f)-decays and the path from 7 to 4 and from z to the leptons are 
essentially the same in the process (7), the only difference in the probabilities 
for both decay processes may be the density factors of the final momentum 
space which has the larger magnitude for the lighter particle. In fact, the ratio 
of the probabilities for both decay is calculated to be the order of 


& | Pedp 


Therefore, we can conclude that the position (b), with the all over phenome- 


nological model (c), will be preferable for the interaction scheme including p- 
mesons, before the position (a). 
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§ 1. Introduction. 


Recent development of nuclear physics confirms experimentally the theoretical 
prediction that at least one type of mesons is produced by the nuclear interaction. 
On the other hand, z—mesons in cosmic radiation are found to interact strongly 
with nucleons in the experiments of photographic emulsions, and it is believed 
that z—mesons are produced by the interaction between primary nucleon compo- 
nents and air nucleus. It is reasonable, therefore, to identify the artificially 
produced mesons with cosmic z—-mesons. According to the original idea of Yukawa, 
these mesons are responsible for at least a part of the nuclear forces. 

Fields with various transformation characters and their mixed fields have 
hitherto been proposed to describe the nuclear mesons. As far as the single field 
is concerned, pseudoscalar type seems to be most plausible. Mixed fields, on the 
other hand, were introduced to remove the so-called 1/7* singularity which appeared 
in the nuclear force operator. It has been found, however, that this singularity 
has been the result of careless treatment of intermediate states and has been 
able to be removed by taking account of the recoil of nucleons.” Furthermore 
in the case of pseudoscalar field the so-called static nuclear force is almost zero, 
while in the case of vector field it has the different order of singularity. Hence, 
to take a mixed field to reduce the singularity is not only unnecessary, but also 
almost meaningless. 

Data of cosmic ray experiments do not make it difficult to represent 7—mesons 
in terms of pseudoscalar fields. (The possibility of taking vector field can, of 
course, not be excluded decisively.) 

We assume, therefore, that the nucleon interacts with pseudoscalar meson 
field and thus considér the production of mesons in nucleonic collisions. In par- 
ticular, we first treat the case of nucleonic collision with the energies just above 
the threshold energy for meson creation to compare with the experiment of 
synchro-cyclotron, and then we consider the collision of high energy nucleons. 


§2. Method of Calculation. 


We perform the calculation throughout standing on the interaction between 
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nucleons and pseudoscalar meson field without assuming special form for the 
nuclear forces phenomenologically. For this purpose we utilize the formalism of 
relativistic quantum electrodynamics developed by Tomonaga, Schwinger and 
Feynman. This method is not only elegant formally but also has advantages to 
clarify the ambiguities inherent in the theories which have been currently used 
up to present and to put forward the computation relativistically at least but a 
few practical final stages. By this we can avoid the errors caused from the 
indiscriminate application of ambiguous non-relativistic approximation in the 
starting point. : 

Adopting the unit system in which A=c=L, the generalized Schrédinger 
equation is 


: OF = Hy (2). 3 (2.1) 


(2.1) can be solved by the use of generalized transformation function U(e, a) as 


F(a) =U(a, a) ¥ (a), 


where U'(e, 44) can be written in the form of series expansion 
oF ie ; a a( Xi) 
ae 2,)=1-1| H(a,)(dn)—| (ai> j (r,) H(«.)H() 
Go v 80 30 


fee Ke [a )) tn) Hig VE ee eee (2.2) 


The transition probability can be deduced from this U as |Uj,\? For the sake of 
practice we push @ and a, into +60 and —oo respectively. 
Now the interaction Hamiltonian is usually written as follows : 


Hi, (x) = — (C1) b(4) +0* (2) 9" (4) +O )8'()) 


—(1 Fon b(a) +70 a B* (x) +70 i "(x)) 
1 4 
sae {Gu Nu) Gt (2)Ma) + Git (4), Nu) Ce), Me) 


+a) NO), N+, 2S) 
where . 

o(x) =f (x)ree(2), O*(2) if (2) ree*9(2), 

SSH OHO), mat EPO), 


+> bo, See ve | 
BAA GOO, pai Fy'@rre'$). 
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_ 9, o* and ¢° denote the variables of meson field, which contain the emission 


operator of negative, positive and neutral mesons and the absorption operator of 
positive, negative and neutral mesons respectively, ¢ that of nucleon field and ¢% 
is the adjoint operator to ¢, among which the following commutation rules hold: 


Le (#), B* (2) ]=74, (v2) =[8"(2), 82D] 
{te (x), fs (2’) - (7 u —M) aid y (v—2")= 


ijn 


= S(z—2') 


z 


while the other pairs are commutable or anticommutable, the curly bracket mean- 
ing the anticommutator. 

In (2.3) ct, <* are the usual isotopic spin operators which change the neutron 
and proton state to the proton and neutron state respectively, and t° is given as 
o=rr*—rctr, f, f\, fo and f. are the coupling constants and x and J/ are the 
mass of meson and ene tale respectively. The last term of (2.3), the so-called 
direct interaction term, is added to secure the integrability condition for (2.1L). 
Thus (2.3) satisfy the integrability condition up to the order of f*. We_ believe 
that this direct term is physically meaningless and that it should not make any 
effect to physical processes. So we perform a canonical transformation which 
has the nature of gauge transformation 


¥ =e (a) 


Sf pale 62") +78 OS") +788") eo, 
The transformed Hamilton density 7 is 
ae of H. 
A= —ip.($'(2) rth (4b (4) + (a )rst*h (x) e*(2)) 
=H, 9 (x )r°p(2)e'(*), 


Hem — He f(a) p66") — ZW) 
y TRE COM eR we 
4 (PY ¢ Ore ree) 4( HO) SO — 8") 
PLE | ar ayia o( 8) SO 6) SE) 
HP Dra H2)( BLE? —$e (9 SE), 2-4) 


M £0) 0 M (0) 
pater hy Mis fPAZE PP frit fe fO=fO4 


(2.4) contains no direct terms. If we push forward the above transformation to 
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higher order in coupling constant, there appear the terms containing direct terms. 
If we take (2-4) as Hamilton density it satisfies the integrability condition up 
of f', and the terms of f? coming from the transformation other 
than those containing direct terms do not contribute to the meson emission. 
Therefore, it may be reasonable to take (2,4) as the effective interaction for the 


to the order 


meson-creation in f*-approximation. 
Inserting (2.4) into (2.2) we obtain the generalized transformation function 


aN o( 


meD ) o X) 9 (X2) 
vat-| Wn) | TAG Ha) ]+é) day) (ee) (dry), (HG), HOON 
shar ee? (2.5) 
$3. The Transition Matrix Element. 


To fix the consideration we consider the case of positively charged mesons 
in proton-neutron collisions. The other cases can be computed in similar way. 
First, we investigate [7%,(+,), [4i(42), jeiere pls 

[H,(x,), 4,(2,)] contains the nuclear force operator and the meson scattering 
(including the emission of two mesons) operators. The operators corresponding 


to the nuclear force are 


es Lars " 
bfx Aah s; =1,)+( P(r) 752* P42), PCa) ree (es) } 
+1 d(x, )r7¢ Grey, ¢' (x,)737* (41) +) 


aie 1s, 
Uf Aga 42)—> H P' (2) 730°¢ (42); P' (4) rsv°(4;)} 


In [A,(4;), [4,(2,), 4,(41)]] the terms of creation of positive mesons coming 
from this force operator are, apart from the terms of one particle transition 
operators which do not contribute to our processes : 


if 2A (= 2)(1 "eset ae eb Pe) P 2) 
— "(x0 ) 758° (42) P's oS — 4a) ree (45) | 
+L 22]) $* (a) 
=f fA 4, —22)(1O' eS are OP roe) 
—$' aa ra bag (ate i— aa) | 
+ [2 %2]) *() 


where [%,,x,] means the terms which are obtained exchanging 2, and x, in the 
foregoing c 3S} : 
sregoing expressions, (3.1) corresponds to the process of Bremsstrahlung. The 


(3.1) 
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remaining terms in [4,(+;),[/4,(.), 1,(x,)]] mainly come from the scattering 
processes. They are: 


HEC — 45) (Oe d7s0 "9 A) (DTS a rea) 
<P esr Wadd (H)1S— arabe) 8" (a) 
— [ay 2) 
FPF ex )\(P TP a @)S4— a TH) 
=x) 1S — arse ed (aya) O(a.) | 
—[s#]). 


Next we compute [H,(+,), H,(2,)].. Terms which contribute to the process. of 
meson creation coming from this are: 


(3.2) 


— ff 2 )d,4.— 2.) 19" a2)1s0* 82) Pea 18") 


1 7(£#)( oe) 8*(2,)—4,(4,—4») 0g* (x;) ) 


Otin. 
x {Pa 75t*O (42), (4) rultw— Te) (4) | (3.3) 
Ayo Lh & (Mad (4) 4,41.) Gd) 


ree 4 OX, Otay 


x {Part 42), Oa )rut*e (%1)$ 


We must integrate these terms over dz,, dx, and dr;. For this, it is convenient 
to use the momentum representation and the step function e(x) introduced by 


Schwinger. 
First we expand ¢, ¢' and ¢* in momentum space : 


P(4V=fY(PerP (dp), Pa)y=JP (Pet (ap), 
ak 


$2) = [CARO 4 BRIA) EE, 


where e(1)=/#42 and the block letter means three dimensional vector. Here 
A* contains the emission operator of the positive meson. Inserting these expres- 


sions into (3.1), (3.2) and (3.3), the integration over space-time can be easily 
performed. For instance, from (33) we obtain 


a 


(ae [ ey Aa.) = — [Ed | HM) HIG) 
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562 S. TAKAGI 


= |---{(dpyadke (2m) 8 P+ Pe Po pK) (+2452) (P,)rst*$ Ps) 


1 
x f' (P,)p(P2)A* (4) Wet (PP) 


. 2 ; KB P,—P;+K)y 
+(4+ 2 4( 4) Pore Pe' Port PA Carne ET 


po LLP) ap ypc | (RAPA Ky 
+ (9 BLE) gern PE Pots P* TG BP, sy | 


(3.4) 
During this computaion we have dropped the terms which do not contribute to 
our proton-neutron collision processes throughout. 


Similarly, we can calculate §{{[4(s), (A, (42), Ae) 1): 
The result is 


--|(qp)dk2xy'e(P.+P.— PPK) 
oe bs LCA EU PA Ki & Vee 
[CaP yet Pe PB) TESTS tase ) oP) Aa) 
S iL 
c(h) (P+ (RP) 
_ in Pi—K)y + 
M+(P,—-KY 


2 y(P:+K)p+M 
— (Ai ff)" (P { Hes 3 u 
( ie yee 3) M+ (P,+KY 
: a eee 
e(h)(# + (P,—-P,)’) 
(3.5) 
It is remarkable that in (3.5) the contribution from (3.1) is equal to that from 
(3.2) so that (3.5) is essentially the terms of Bremsstrahlung. It should also be 
remembered that (3.4) comes into U twice. 


Thus having got all terms in U, the estimation of transition probability is 
straightforward and is performed as usual. 


| (PoP ewh(P2)A*(A) x 


§ 4. Results and Discussions. 


The exact expression of the cross-section is very much complicated in 
general and practically it seems almost impossible to obtain it in terms of 
simple analytic functions. We content ourselves, therefore, to two extreme Cases. 

1) p<mM 

First we consider the case where the collision occurs with the energy just 
above the threshold energy for meson creation. Suppose that a proton with 
momentum 7”, collides with a neutron of momentum —Z, (i. e., we take the 
center of mass coordinate system). In this case the approximation of ~,<M 


04 Meare 


y 


may? in 
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holds. The region of applicability of this approximation is considerably restricted. 
Hence in cosmic ray phenomen: this case does not bring appreciable contributions. 
Present experiments of artificial creation of mesons are, however, restricted almost 
in this case. Therefore it may not be useless to examine it. The differential 
cross-section becomes 


) ) u ( 
do=| (4 ays Cale S) I Carl ) Catt a Me Qn 


I tank [2p.2/% +9 +2°)] |, 
(Ge aroun, 2pP E+ PEtP) eM? vag 


where p= Vpe—Me(ke) and @2 denotes the solid angle element. It can easily 


be seen in the course of above estimation that here the contributions from (3.0) 
are predominant while that from (3.4) is smaller by the factor (€/47). We can 
conclude, therefore, that the creation of mesons in low energy nucleonic collision 
takes place mainly through the agency of the nuclear force operator. . The. result 
(4-1) is effectively the same as obtained by Foldy and Marshak” who argued 
the same process assuming a phenomenological form for the nuclear force. 

2) pyr at 

We consider two cases under this approximation. 

a) The case where the momentum of the emitted meson is small compared 
with the momentum of the incident proton f,. Lhis case resembles to that of 1). 
The result is 


a ct ce a (log Pi 4 log?) ae (4,2) 


all the other contributions are smaller than this by the power of (€/f,). It is. 
remarkable here that the angular distribution is spherically symmetric as is the 
Case (L): 

b) The case where the momentum of the emitted meson has the order of 
magnitude comparable with that of incident proton. 

In this case the contributions from (3.4) is predominant. For instance, the 
term of (f2/47)(%7/47)(f"/4z) is, apart from angular factor, of the order 


te 
~ (1/x*)de/e while the contribution from the force operator is ~ (Us /4r yO /p/ Meg 
Therefore, the former is greater than the latter by the factor (p/MYy eine 
account ot equivalence of f, and (J//z)f.. High energy mesons are created by 


the part of pseudovector coupling which is not translated into nuclear force 
operator. After some calculation, the differential cross-section in this case becomes 


- \(Z- -) AI, py) +( FE he Nie ” gO po ea 


bigc it —! ghQel (4-3) 
x'p)7 (1—cos‘0) 


Go = 
L 
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where 


Ee 


i) s 
ae RE eT pe COS aie cos? G——— i? cos” 6, 
a 7 WEE ore (Po, CO Po ri 


16 9 7 o F ol OD penpite oa % 
yom ) fo +— ioe cus ? + — fv COs Hp, cos’ @, 


oO 4 4 
cos #= (py: Kh) / AA: 


The other terms being smaller by the factor of (A//p,)* or of its hisher power. 
Of course, (4.3) is not valid for cos’ U5. 

From the above investigation it can be secn that the emission of high 
energy nucleonic collisions originates mainly from the interaction between the 
nucleonic current and the current of meson field, and the other type of coupling 
contributes less than this. Furthermore, the augular distribution of the emitted 
mesons is not symmetric in this case but restricted into the direction of the 
incident proton, as it should be the case. 


§ 5. Conclusion. 


The emission of z—mesons in nucleonic collisions are investigated assuming 
the interaction between nucleonic field and the preudoscalar field which we suppose 
to represent z-mesons. In low energy collisions the creation of mesons occurs 
mainly by the process of usual Bremsstrahlung and the cross-section is essentially 
the sume when we assume a phenomenological form for nuclear force operator. 
In high energy collisions it is found that the low energy mesons are produced 
in the same process as in low energy collisions. On the other hand high energy 
mesons are created in the processes which originate from the pure pseudovector 
coupling. With respect to the angular distribution, low energy mesons are 
produced symmetrically in the center of mass system while the high“ energy 
mesons are emitted mainly in the direction of collision. 
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Remarks on the Ambiguity in 
Quantum Field Theory 


Y. Katayama and S. Hori 
Dept. of Physies, Kyoto University 
August 20, 1949 


The so-called ambiguities raised by the 
photon self-energy problem have been scemed 
to be removed for a time by the ingeneous 
method of Pauliand Villars. However, if 
we want to rewtite this method in the cus- 
tomary form, many difficulties arise. 

Here, we intend to examine an alternative 
method to remove the ambiguities. The 
first problem concerning above mentioned 
ambiguities is whether the quadratic diver- 
gences exist or not. As is well known, we 
get them by the usual momentum space inte- 
gration, but do not by Schwinger’s calcula- 
tion method. This difference is due to the 
definition of J (a) at 2=0. The latter 
calculation takes its principal value as follows : 


40) = [ Bare id 6) ss) (1) 
Xw2> (+0 Xp2>0+0 
and then removes the first quadratic diver- 
gence contrary to the former. If we want to 
take the same definition in the former, we 
must use the time-like and space-like A-pro- 
cess.) 

The second problem is how to treat the 


integral 


tngse do (1) 


According to Miyazima,” it is evaluated as 
wee = —ce(a}d(a) (3) 


and an ambiguity arises from the last e-term. 
If we determine this term uniquely by the 
suitable definition of the integral (2), a part 
of ambiguities wi!l be removed. It is likely 


to define it so as to reduce 


(1) Bex 2 
Dee alta Lee 
Ory On 


to zero. In fact, Miyazima has indicated 
that taking c=2, contrary to Wentzel,” the 
photon self-energy vanishes. 

However, we notice that this result does 
not give unique answer. This arises from 
the fact that one can reduce 


4(—D?7 +m?) 4 (5) 
to zero by taking e=1, but note=2. There- 
fore, if we put (9,7 m?*)d(q.2+m?) =0 before 
calculations, we get different result, the dif- 
ference being the value of (4) with c=2. 
When we take c=1, the photo self-energies 
do not vanish, but become to the finite 
oe =f Se and = o for 
the spinor, scalar and vector fields respectively, 
contradicting to the conditions of gauge in- 
variance. (Notice that the results are half of 
Wentzel’s one). This discrepancy is due to 
the fact that the left-hand side of (4) 
vanishes conditionaly while the right-hand 


a 
values -—- 
7 


side does not. 

In order to remove this discrepancy, we 
are obliged to rely on the mixed theory,” 
but there arises a new difficulty which is 
by the vector field introduced in 
compensate the divergences of 
charge-renormalizations with the condition 
4n+m—8sl=0, where n, m and Z are the 
numbers of particles of spinor, scalar and 
vector fields. In spite of them, there remain 
other difficulties which are not removed by 
the mixed theory, for instance, the problems 


caused 
order to 


of Dyson theorem. 

In these circumstances, we can hardly say 
that we have any consistent method of calcula- 
tions and so, at the present stage, to get a 
temporary way of escape, we must utilise the 
following three methods; i) Pauli’s regulator, 
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ii) the definition e=2 and iii) the definition 
c=0 after using (4) at first in the calculation 
(by which the p. Ss. ¢. vanishes). The last 
two methods, however, make us resign our- 
selves to prove the identity (5) by direct 
calculations. 


1) W. Pauli and Villars, Rev. Mod. Phys. 

©) K. Sawada, Prog. Theor. Phys: 4 (1949) in 

3) T. Miyazima, Lecture at the Annual Meet- 
ing of J. P. S. 

4) G. Wentzel, Phys. Rev. 74 (1948), 1070. 

5) H. Umezawa and R. Kawabe, Prog. Theor. 
Phys. 4 (1949), 

We calculated by Schwinger’s calculation methods 

and so the conclusions are a few different with 


them, but essentially the same. 


Reaction of Meson Field on Nucleon 


H. Kita 
Physics Institute, Kyoto Universsty. 


August 30, 1949 


Recently, applying the ‘“ Self-Consistant i 
subtraction method to the interaction between 
scalar meson and nucleon field, It6 and 
Baba® have obtained the following results 
in the second order approximation : the terms 
containing the mesic self-energy of the 
nucleon can be unified in the nucleon mass. 
The vacuum polarization terms corresponding 
to the meson self-energy, on the contrary, 
consist of two types, one of which is U9*9, 
and the other V Grad ¢* Grad #. The 
former has the desired form but the latter 
does not. 

But since there exists the relation : 


* 
be Oe OSes tae?) 
EP OPmOe 
Ory, Oxy 

after the gauge transformation 
exp [-iV]Gudoy] to the equation that It6 


and Baba reached, we obtain 6Hpa=(U—#°V) 
x ¢*%, which can be unified in the meson 


+ 1°9*9, 


mass term. 

(A) Pseudo-scalar meson.” In this case 
the situation is the same as the scalar meson. 
There are three different canonical transform- 
ations to eliminate the first order interaction : 


exp [i] (Ht Hm)aVs], exp [é| Hod Vs] 
re 


exp [i Hp.dV.] and exp [i\ Hy.d Vs) exp 


[i{H,.aV4], and these lead to U#*¢ 


+V irae with diferent U and V. But 
Op Oxy. 


after gauge transformations these lead to the 
same 2ndu0*%. ‘The results are as follows : 


OH =6My¥ 'ty¥ + OMp¥ tp ¥ +2p6 nF, 


1° k 
Mee |) —S SSS 
~ | ee Ve2+Me* 


k 
x 7 
(My? — (Vit +p? + VEE + Mr? Dt 


x fMi VEF IL? MVE 


+E MA + EMO VERE 


+22 Vie + Mp? +e Vk + Me’) 


es 
— Mya VEER AVES 


{Qk Veet ue + VF + Me?) +e VE + Me? 
+M,* e+ —- pMyViF+ a} |dk, 


6M; =(obtained by exchanging My 
and Mp in 6M;). 


Oyu= L \. ae 
Qur?)o V+ Me? VF+My 


l 
x oo , Se 
{— (VP + Met VE+ My) *} 


x [AQP VE+ Mt VE +) 
+MPVE+ My t+ My VE + Me? 
+ MpMAVE4 M2 + VE +My} 
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+f {Me VE + My + My VE4 Mp? 
+ MpMMA\VE+ Mp? t+ VE+ My) 


+2f, fo MnVE+ M2 +M VE+MS} | 


where Y, WT and $, $* describe the nucleon 
and meson field respectively and M, y are 
the rest mass of nucleon and meson. 
(f#=c—1). 

(B) Vector and pseudovector meson.® 
After eliminating the first order interactions 
by the canonical transformation the second 
order Hamiltonian is rearranged in the correct 
order. Then the term corresponding to the 
nucleon self-energy has directly the form 
Uy¥ tryV+U;p tre, while those corres- 
ponding foe aco self-energy consist of 

bby tga + pee 
or Okim Onin ?, 


es 
On Ox vm 
diverging factors. ‘These terms, however, can 


be transformed into A¥.A;+B*B multiplied 
by 1, —2y', —2y°, —2,y’, by an appropriate 
gauge transformation analogous to the case 
(A) making use of the auxiliary condition, 
where the first order corrected terms in the 
transformed auxiliary condition are neglected 
as the third order correction in the Schré- 
dinger equation. Thus 


on — 6My ity a OM, Vitp yv 
+26 ( Al A:+ B*B) 


_ gf 2My? B(Bpt+a)dk 
My = 2 [= ibaes ets 


+3Mp\_ eet ae |+ 9s ge 2h 


Xjm Xi mlm and 


associated each with the 


W(Bp+a)dk \dk 
eral =. 


ere Oe 


x ie uae ss 


= es Sods] 2) = 


k*(8 ea)dk k?dk 
pide E +MpMy\_ aA 


$Mp \"* 


+2{- 


6M,=(obtained by exchanging My and 


Mp in OMy), 


— n° [(°R(Be+Bydk 
$2 eh FO 


; @ki(Bp+Bydk 
oD aca a aa 


°K? (Bp+By)dk 
: , BrByF |+ oun? 
© j,2 iP \dk co D4 ie I. 
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@ k°dk 
» Bek 


Br=VE+Mp? » 


k*dk 
ByF I 


By= y k? + Myx ? 
(Bn-+Bx)?, 


where the double signs correspond to the 
vector and pseudovector meson eld, and 
especially for the pseudovector meson all 
(9:92) terms vanish. 

As to the liverging terms when an external 
meson field is present, the investigation is 
in course. Detailed account will appear in 
a later issue. 

In conclusion the writer wishes to express 
his cordial thanks to Mr. T. Inoue for his 
kind interest through this work. 


x [at J +My\ 


E=M)?—(Bp+a)*, F=e— 


1) K. Baba and D. Ité, Prog. Theor. Phys. 4 
(1949) 95. 

2) Y. Miyamoto, Prog. Theor. Phys. 
128. 


3 (1948), 


Note added in proof 

One nucleon part of any contact interaction term, 
which was missed out in the above letter, each 
forms a quadratically diverging mass correction. 
It turns out that in the case of scalar and pseudo- 
scalar meson, as it should be, meson- and nucleon- 
mass correction are irrelevant to whether the 
Dyson’s transformation is used or not. 
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A Note on the Self-Energy and 
Self-Stress 
K. Sawada 
Department of Phusies, byoto University 


September 2, 1949 


Self-stress of an electron due to electro- 
magnetic field is am/2z (a: fine structure 
constant, »: electron mass) and this shows 
that we cannot give consistent particle aspect 
to the electron as Pais has pointed out, 
and if the self-stress vanishes the electron 
can be pictured as particle and the additional 
quantity to -7,, can be renormalized as mass 
correction, But this statement that the vanish- 
ment of self-stress ensures particle aspect 
only holds for Fermi-particle obeying Dirac 
equation. Since in this case, the canonical 
energy momentum tensor is given by the 
following, if one takes, for example, the 
system of electron and scalar meson (f-field) ; 


ay ae =o 1 Buy Basses 


O26 O26 


+1269 | 


it _,0 OV 
+5( 0 It oy | NN Yt 
9 if Ory Ox af ey, w ve 
(1) 
in interaction representation; where @ is 
meson yariable, “ is meson mass and Ny 1s 
normal unit vector of the space-like surface 
o. To renormalize the mass correction, we 
transform (1) by the canonical transforma- 
tion® ; 
YL | = Ute] Vn + 6m Lo}, 
.oUla 6Ulo] 
= iy? 
iz Sa(z) On¥'¥ (x) UL] (2) 
Then 
Ua) T 0 lo = Tay— pl omy ry (3) 


So tnat, the renormalization of electron mass 
can be done independently to self-stress, and 
if self-stress vanishes the electron moyes as 
particle with mass +d. 

On the other hand, if we want to renor- 
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malize additional meson mass which came 

from the pair creation and annihilation of 

electron, we should transform Tyy by Ulo] 
which satisfy ; 

,OUle) 

6a (x) 


this changes the equation of motion of @ to 


= p60 n¢ Ul | (4) 


the following ; 


= — (2 +2p6 1) ) )o= 2, —(n+81)) 
x¢~=0 (5) 
in the order considered. Then one has 
U-'[a]Ty,Ulo]= Tart Our H0nP? (6) 


This just cancells the mass correction ap- 
pearing in 7'y,, but moreover modifies the 
self-stress. So that, even if one obtains 
finite self-energy and yanishing  self-stress 
which ensures the correct relation between 
energy and momentum for meson, one can- 
not renormalize —{7,, dx identifying it as 
additional energy due to mass change, since 
it modifies the self-stress by an amount 
<p0p:90 >=dn, though —§7',, da has al- 


ways of the form cot Fs Ou, and the rela- 


tion of energy and momentum becomes to 
be wrong; we cannot picture meson with 
mass “+d6y: consistently. Only if both self- 
energy and self-stress vanishes, one can give 
word particle to meson. 


The actual situation for the case of scalar 


meson interacting with clectron is as follows ; 
(resting meson) 


8<[Tde> = [ Edy 


BEA E?— | pw) 
= — Woes (7) 
6< J Ts 49) 43 dae > =0 (8)* 
rm ( + aml*d, 
8<[Tiraomda> =— 3 [—, BL EP = 
of | DAE + 2)db Of? j Pdt 
822) nEX(4b2— 72)? nh (4b? 2°) 


(9) 


ts 
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where H=Ym?+¢2. The quadratic diver- 
gences are reduced to logarithmic one if 
one uses another definition of 4(-function™. 
Self-energy and self-stress contain quadratic 
and logarithmic divergences. Of course, if 
one applies regulator of electron satisfying 
the general condition ; 


a=, Dd em,e=0, etc. (10) 


one can reduce (7) (9) to finite value but 
cannot bring them to zero. 

So that the so-called compensation method 
of f-field is not yet satisfactory as to the 
self-stress of .f-particle itself, and due to the 
peculiar property of 4-4-—component discussed 
above, although the 4—4-component can be 
made finite by the condition “°=6m?®, 

Full accounts of the related subject wil! 
soon appear in this journal. 


1) A. Pais: Develofments in the Theory of the 

Electron, Princeton University press, (1948). 

2) j. Schwinger: Phys. Rev. 75, (1949), 651, 

Eq (3.100). 

Sy 2A Pais.s-loe. cit, .p. 31. 
4) “By using the Schwinger’s representation of 
4W-function, or by defining 4() (x) as 
Lim 1 (AD (a+7,) + 4 (r—17,) 
soo 4 
+ AD (x4+7.) +4 (x—19)) 

where t,, tz; are four-vector satisfying the 

condition 7,47," = —r9" r_!. 

5) Y. Katayama and K. Sawada: Prog. Theor. 

Phys. 4 (1949), 377. 

* The self-momentum of moving meson is 
also zero, since the intermediate states are 
such as they have same momentum as 
initia! states. 

[Note added] It was found that there exists 


general relation 


oa 1 = a 
ae -371< Ty3> —" Gy <Ts> 


] — .) 
Boy <TH 5 


for self-stress and self-energy, where #2 and # is 


Fermion and Boson mass respectively. The rela- — 


tion of Pais and Epstein (Rev. Mod. Phys. ,21 


(1949), ) for the self-stress of electron due to 
photon is the special case of this with »#=0. 
One can easily verify that (9) can be derived 
from this relation by using (7). Full discussions 


will soonly appear. 


On the Nuclear Stars (Addendum: ) 
Y. Yamaguchi 
Physics Insitute, Tokyo University. 


September 5, 1949 


In §3 of our paper “On the Nuclear 
Stars’ , we pointed out that the fluctuation 
of p will be nearly of Poisson type. This 
fact is understandable as follows (although it 
is not a complete proof): Let &, and k, be 
<Pal(Tnt+Lp)> av, <D,|(Pnt+Lp) > av 
(kn~2/3, kp~1/8), and f(y) be the probability 
that just p protons are evaporated from the 
nucleus with the initial excitation energy z, 
then fip) is given by 

f()eIE 


/ ain=0 


FP ends P( Xn) 


— P(Xn+p+I)}. 
For kp <1 (i. e. p<<a>>) we obtain 


a —Pe- <P> 
< 
3 Pe ag a 


S(p) pl 


and the average number of p is 
<p>=hkp<ad, 


where <a> is given in (11). Actually, 
kp®1/3 is considerably small, so that the 
above approximation by Poisson distribution 
low does not seem to be worse. Similarly, 
for the probability that just m neutrons are 


evaporated from the nucleus, 
en Fn @>)/Yr? 7 satiaet 
g(n) V2n c , t=Vk,2+1-(da), 


and the average value of 7 1s 


<nias ht o> 


1) Y. Fujimoto and Y. Yamaguchi, Prog. Theor. 
Phys. 4 (1949), 
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The another 7-Meson 


S, Hayakawa and Y. Yamaguchi 
Department of Phystes, 
University of City Osaka 


September 24, 1949 


In a previous note Fukuda, Hayakawa and 
Miyamoto! discussed the nature Ge Woes "= 
meson which was capable to disintegrate into 
three m-mesons. Recent experiments make 
us incline to expect more sorts of mesons 
heavier than the z-meson.’ Especially, three 
found in a Ilford C2 
plate at a very high altitude, 90,000 to 
106,000 feet’, seem to be a different kind 


of ‘‘r=mesons ” 


tracks of ‘‘ r—-mesons ” 


from that previously discuss- 
ed. In the present note we discuss the 
nature of this ‘another t-meson ”, tentatively 
called as +’/-meson. 

The --’-meson is distinguished from the 
(1) The 
mass, 725+40 m, does not allow 3a-decay. 
(2) Avstar produced by: the capture has only 
two prongs 


t-meson in the following points: 


and the energy liberated in a 
star production may amount about only 50 
MeV, wheras a capture of t—meson, so far 
reported, show six prongs and the total energy 
given to the star exceeds 350 MeV’. (8) 
Relative abundance of such tracks seems to 
be rather large, though the insensitiveness for 
fast particles may bias the result. 

The second. argument suggesis that the 
most part of the rest energy of a captured 
7’-meson is carried away by a partner which 
may be a neutral or a light charged particle 
(of course, the number of such particles is 
not necssary one, but may be likely one). 
If the escaping particle has zero mass, the 
distribution of the transfered energy to.a 
nucleon is calculated by the translation of 
the theory of ~--capture’. The distribution 
has a maximum at about 50 MeV and is 
ranged from 0 to 100 MeV. The excitation 
energy, 50 McV, is capable to emit one 
proton on the average folloing the evapola- 


tion theory®..- Thus . the observed star with 
the smal] numberof prongs can be explained. 

On the other hand, there remains 2 possi- 
bility. that Leprince-Rin guet’s 7-meson and 
the mew t’-meson are the same kind,. suace 
the large differemce in. size.of the two stars 
might be caused by the fluctuation of the 
energy transfer and the meson production. 
But this 
ence between 990440 seem to be so large 
to identify the t wsth t’—mieson, that» we 


ditference and also the mass differ- 


are. inclined to distinguish them. 

Two other 7’—-mesons reach the ends with- 
These 
a partner and 


out producing any observable event. 
may be’ disintegrations ‘to emit 
an other nuclear meson, presumably. 7—meson 
with the 
nucleon and the strongest coupling meson 


lighter than ¢’ is the.z-meson. 


since the m—-meson directly couples 


The energy 
of a disintegrated z-meson is 70 MeV or 
35 MeV, corresponding to the mass. of .the 
partner zero or Neither 
energy lies within the observable limit of the 
Ilford C% plate, 5.7 MeV. This is the reason 
why disintegration processes are not observed. 

The life of t’-meson is estimated as long 
as 10-sec. from their track lengths, 700 
and 300s. Such a value of life time is not 
inconsistent with the magnitude of coupling 
constant G?=10-°~10-3, as infered by the 
theory of meson disintegration’. This can 
explain the third argument. 

Above discussions lead us to the conclusion 
that the t’-meson seems to interact with a 
nucleon by a pair type. The partner of this 
pair may be neutral or light charged particle, 
or, of course, it may be neutrino.” Each of 
the pair must be only Boson or Only Fermion. 
Following the customary manner, the t/- 
meson may by spin 1/2 Fermion. 

We wish express our gratitude to Messrs 
Fujimoto and Sasaki for their stimulating 
discussions. 


7w—meson~ Mass. 
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Directional Distribution of 
Extensive Air Showers 


Y. Fujimoto, S. Hayakawa 
and 
Y. Yamaguchi 


Department of Physics, Tokyo University 
and University of City Osaka 
September 24, 1949 


In a previous paper’ we reported the 
analytical calculation of the altitude variation 
of extensive air showers on the basis of 
proton primary hypothesis. Although our 
approximation becomes worse at higher al- 
titude, its result is applicable to the direc- 
tional distribution at a mountain elevation, 
since the more inclined showeres correspond 
io the vertical ones at the deeper region. 

We use the altitude-frequency relation be- 
fore integrating over the angle of falling 
directions : 

H(A,l) cc eH 2 (U*— a IPP. (1) 


The notations are the same as used previously. 
From (1) we obtain the directional intensity 
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at the depth 0, 


1(4, lo, 6)sin 040 = H (4, l)l,dl/22, (2cos 6=1,). 
(2) 


20 40 60 SO deg. 


he i 


Directional distribution of extensive air showers. 


The result is shown in Fig. 1, compared 
with an experiment at /=20°. The calculated 
angular dependence at smaller angle cos*d 
is compared as experimental one cos’*°6. 
The agreement may be good, considering 
that our approximation gives a little steeper 


altitude variation. 


1) VY. Fujimoto. S. Hayakawa and Y¥. Yama- 
guchi: Prog. Theor. Phys. in press. 

2) W. W. Brown and A.S. McKay: Phys. Rev. 
in press. 
The authors thank to Prof. Greiseo who sent 
us this paper before publication. 
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On the Nuclear Forces. 


H. Enatsu 
Institute of Physics, Kyoto University. 
October 11, 1949. 


Using the newly developed method Case” 
showed that the additional nuclear magnetic 
moment calculated by the pseudoscalar meson 
theory in the Tomonaga-Schwinger formalism 
could not fit the existing experimental data. 
This is serious difficulty for the present meson 
theory, because it has been believed that in 
order for agreements with various experimental 
results to be achieved the pseudoscalar meson 
theory should be adopted. Therefore, it is 
necessary to consider other models for the 
meson field. Taking into account the fact 
that the pseudoscalar and scalar meson fields 
do not give the, divergences of the vacuum 
polarization in the anomalous magnetic mo- 
we take the Schoenberg's” genera- 
lized interactions between nucleon and meson 


ment”, 


fields (this contains the so-called mixed theory 
in its special case), and assume the following 
interaction Lagrangians for the simplicity, 


Scalar field (Neutral field) 


La S+[ fw +frvax* + oa ’ Sasyene TOP 
1 i a376 
tape fel tasry™ x5 | 
(¢= UO; PQ\= —V,, i= V) (1) 


Pseudoscalar field (Neutral field) 


1 ‘ 
Ly=- [ Safi’ Seaver? “ae filter 


iL é ih 
Ke og fie 8 Ya3t8— fiver boy8 | 


(y=U, P%=—-V,, o*=—V) (2) 
where 

db, O* ad), 
(y* od, -y" “p,W) 


=(¢"os¢), 


(toins tina) = 


(Vos v4) — (= 


Sores = Pr 7250? = (—¢ gy? fapeh 
k=c=1, 
(i, &, 2) 


gale" l; 
(a, 8, r, 6)=9, 1, 2, 3 


These two Lagrangians lead to the same 
form and are expressed by the usua) notations 


alla 


as follows: 


ou. i 


Fe (yxy. 


Ci 


L=—|fe* 


+y*ay grad u) | = [7 VP" o2pU 


ree (v0.07 +¥%a9 grad u)| 


Namely, two fields are unified to the spin 0 
field. By the same method we are able to 
define the spin 1 field for the vector and 
pseudovector fields. Making use of the cano- 
nical transformations as adopted by van Hove”, 
we obtain the transformed Hamiltonian Hz, 
and it is the remarkable fact .that the contact 
Then, 
the second order nuclear force parts are re- 
duced by the Dirac equation for the deuteron 
to the usual ones,and lead to the next nuclear 
potentials in the non-relativistic and_ static 
approximation,» 

J 


W=- rey {(f, ¢ a 


1 3 
. {-g (oP) +A Gt | %,. (4) 


terms drop out entirely in this result. 


where w: Meson mass, J/: Proton mass 


5(o +9) (a «9 


A= Sitti ae L_ (gt). gl) ; 
i aia! it a! 

a=( re ur a wer 
es iii Cane 

sa Shc oR (6) 


and 7’ is added to consider the symmetrical 
and charged theory, and given by (7+7)/2 
and (7,7, +7,H7,)/2 respectively. 

Assuming the f,=f.=f,’ =f. =f between 
the coupling constants, these give : 
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Symmnietrical theory 


'Wi~—f, 


37 2 
3 2 rs Y 
W~x[sr-fs-G]e, ©) 
Charged theory 
1 Raw a 2f°9,. 


wera, cD 


where 'W and *W correspond to the singlet 
state and the triplet state of the deuteron. 
Comparing these results with the Bethe s® 
potential by the neutral vector meson theory, 
i.e: 


1 Wi= _— 29°¢,. 
3 we=[- fg A- G| 9g, (8) 


which is the most successful one in the deuteron 
problem, we find that the charged theory 
potential has just the same form as Bethe’s, 
and the symmetrical theory one differs only 
from Bethe’s in numerical factors provided 
that f=g. Thus, there is the possiblity to 
obtain the reasonable results for the deuteron 
problem, 

As mentioned above the ambiguity of 
contact terms are not involved in these poten- 
tials, but the cross term which exists in Hr 
vanishes in (4), therefore, the difference bet- 
ween the spin 0 field considered here and 
the usual scalar-pseudoscalar mixed meson 
theory could not be found in the nuclear 
potential in this approximation. 

It will be seen in the anomalous mag- 
netic moment of nucleon. 

The detailed account will be soon pub- 
lished in this jurnal. (Just finished this letter 
Mr. S. Nakamura wrote to me that E. 
Yamada obtained the reasonable anomalous 
magnetic moment of nucleon by mixing the 
scalar and pseudoscalar meson. field.) 


1) K. M. Case, Phys. Rev. 76 (1949), 1 
2) M. Schoenberg, Phys. Rey. 60 (1941), 468. 


~I 
co 


3) 1. van Hove, Phys. Rev. 75 (1949), 1819. 
G. Araki, Prog. Theor. Phy4. 4 (1949), 193. 
4) IL. A, Bethe, Phys. Rev. 67 (1940), 260, 390. 


Note on the Vacuum Polarization. 


G. Takeda 
Department of Physics, Tokyo University. 
October 14, 1949. 


The problem of the vaccum polarization 
was discussed by many authors and the appea- 
rance of a non-gauge-invariant polarization 
term was inherent in this problem. The 
recent development» of quantum  electro- 
dynamics has shown that these difficulties are 
due to singularities of D and D, functions, 
and can be removed by a skilful calculation 
method”. But since, by nature, we are con- 
cerned with integrations of mathematically 
undefined expressions in the current theory, 
a fundamental settlement would be far from 
being achieved. So we examine this problem 
front another point of view similar to those 
of Dirac» and Heisenberg. According to 
Feynman-Dyson’s theory the expression for 
the induced vacuum polarization current in 
e?-approximation is as follows: 


Su® (ce) = (ie8/4)§ dy Spr Seu y) 


x reSe(y— x) JA p(y) : (1) 
x 2 §& 
x ra 
Tn Ta 
J y 
Fig. 1. Fig. 2. 
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Now in place of it we take 
Ti(8, Z) =(te2/4) f dySplrSele—y) 
x Tu Sely— a’) Any) (2) 
where Xe=éu+(Zs/2), Nv’ =fu— (4/2). 


This just means to adopt an open loop 
having a mouth with small breadth Zp instead 
of a closed one in graphic representation. 
(Fig. 1, Fig. 2) Performing the same altera- 
tion for the vacuum polarization current of 
every order in e, the charge-current conserva- 
tion law becomes as follows : 


Odi (E, ZVOEx— te Aaa”) — Aa(z) Aa(EZ) =0 

(3) 
After the integration of the right-hand side of 
expression (2) 


Ii(G, Z) = (in'et2n)| =F de cos (e(9-Z)/2) 
< Hy( pal) Na+ feos ((q-Z)/2) 
(Mond?) ma) — Fao 008 (09-2912) 
( p'}m?)( HH, (pa) fpa")} La + (g/m) 
x{ de cos (v(geZ)/2) Ho pat”) 


{1-0} h+eL,} }* (4) 


where L,=A,—[Z,(q° A) +9a(2Z- A) ]/(9°2), 
Mry= An—glA-g)/q’, 
NM=AlAZYA (5) 
pr=m*+(q?/4)(l—e"), 
j=-2 


and qy is the energy-momentum four vector 
of potential Ay. (d(A)-type singularities are 
omitted and * means complex conjugate.) 
Neglecting terms of higher order in Zy 
which become zero in the limit Z, > 0, 


Te (E, Z) = (Qe2/ (AE eH 
— (1/24) {(q-2)2/4— PFN 
+ (e2/1272°){(q°Z)/A-G bdo (#) 
+ (eg?) 162) +? fuder?(1— 07/3) 
x {mit (727/41) 
where 1’ =(8/3)[y+log (d'*/2)4+-2/27] CO) 


We require in the hmit the usual con- 
servation law @J,/0€,:=0 and zero photon 
mass. If we take Z, so as to satisfy (A+Z) 
=0, then follows @4,°/0&.=0 from (6) 
because of (q°-L) =(q-M)=™,=0 for finite 
breadth Z, and further in the limit 4. >0 
0J,/0€,=6. This can be understood from 
Lim [Aa(2’)— Aa(z) Jal, Z)=0 for every 

5% 
order in e. The procedure means that we 


ought to take Z, according to the given 
potential. Another method will be to take an 
average over various positions of Z. The 
zero photon mass condition requires in addi- 
tion [(¢¢Z)*/A—9q*|f, =0 for g?=0 and (9: A) 
=(0, which can be easily satisfied by reason- 
able prescriptions. At any rate we can show 
equivalence of our result with Schwinger- 
Feynman's one if terms of Z and NV vanishes. 
In our method ambiguity lies not in the 
integration but in the choice of Z, and this 
ought to be determined by physical condi- 
tions. Finally we take some remarks on the 
logarithmic diverging term. It seems to us 
that logarithmic divergences as the self-energy 
and the charge-renormalization term of an 
electron are not serious difficulties different 
from more stronger divergences, for these 
terms will give only small corrections to the 
mass and the charge respectively by taking 
account physically acceptable universal length 
which corresponds our Z,. Our method for 
finite Z, is an incomplete but a suggestive 
model for new theories where universal length 
would play a decisive role and the condition 
(Z- A) =0 together with the Lorentz condition 
(P+ A)=0 make a set of reciprocal equations. 
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1) J. Schwinger; Phys. Rev. 74, (1948) 1439. 
T. Tati and S. Tomonaga; Prog. Theor. Phys. 
3, (1948) 391. 
R. P. Feynman; The Thery of Positrons; 
Space-Time Approach to Quantum Electro- 
dynamics. 

2) W. Pauli and P. Villars; On the Invariant 
Regularization in Relativistic Quantum Theory. 

3) P. A. M. Diracs; Proc. Camb. Phil. Sec. 30, 
(1934) 150. 

4) W. Heisenberg; ZS. f. Phys. 90, (1934) 209. 


Remarks on the Nuclear Disintegration 
by Meson Capture. 


Y. Fujimoto, S. Hayakawa and 
Y. Yamaguchi 
Department of Physics, Tokyo University 
and University of City Oraka. 


October 15, 1949 


What happens by the capture of a meson, 
zx or T, is of great importance both to infer 
the nature of the captured meson and to get 
some informations about nuclear reactions. 
There have, however, been few theory about 
this problem except that by Fujimoto and 
Yamaguchi”, which can unfortunately not 
give the satisfactory explanation of stars by 
m—meson capture. Main defect of this theory 
exists in the negiect of fluctuation, for which 
some improvement is now carned out. Fur- 
ther, they did not consider the recoil of nu- 
cleons in a nucleus. This effect may not be 
negligible in higher energy region under con- 
sideration. 

The capture of z—-meson occurs by the 
following process : 


n+ P+ PLN) + N*+P(N) > 
P+r7-(2°)+ P(N) > N+P), 


Thus two nucleons start with the same but 
opposite momenta, corresponding mean kinetic 
energies 83 MeV, and the energy transferred 
to the nucleus may somewhat increase. Tak- 


ing into account this fact we have improved 


Ls 


the former theory in I and calculated the 
distribution of prong numbers for several 
models. The results for these models are 
practically in agreement with each other ex- 
cept for the number of prongs I and 0, and 
explain the experiments” considerably good 
as seen in the next letter. 

As for the capture of a t~—meson, there 
has been so few data that we can not derive 
the definite conclusion. The capture process 
of the lowest order may be 


t +P—> N*> P+x- 
or 


ees N+P4+P a 
Me Pagel 


Thus a neutron (proton) and a z—meson start 
with the same and opposite momenta and 
their kinetic energies are 80 and 275 MeV, 
respectively. Although the excitation caused 
by the nucleon is low, the m—meson may 
suffer large angle scatterings and transfer its 
energy to nucleons effectively because of its 
large Compton wave length and lighter mass. 
Thus the outgoing meson may be deccelerated 
to very low energy as seen in photographic 
plate by Leprince-Ringuet”, and the energy 
lost is spent by nuclear excitation which leads 
to the star with several prongs. If this meson 
is produced near the edge of the nucleons 
and escapes without scattering, the excitation 
energy amounts only about 80 MeV. There- 
fore, the 725 m t—meson producing two prong 
star? does not necessarily rule out ‘the ordinary 
type of interaction againts the previous note”. 
But the probability that the t-meson is cap- 
tured near the edge of the nucleus may be 
very small, because the A-—orbit of the t- 
meson lies in considerably inner part of the 
nucleus. 


N+7° 


1) Y. Fujimoto and Y. Yamaguchi: Prog. Theor. 
Phys. in press, which will be cited as I. 

2) A private letter from Dr. Gardner to Prof. 
Taketani. 

3) LL. Leprince-Ringuet: Rev. Mod. Phys. 21 
(1949), 42. 
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4) N. Wagner and D. Cooper: Phys. Rev. 76 
(1949), 449. 

5) S. Hayakawa and Y. Yamaguchi: Prog. Theor. 
Phys. in press. 


Nuclear Disintegration by 
az—-Meson Capture. 


Y. Fujimoto, S. Hayakawa and 
Y. Yamaguchi 
Department of Physics, Tokyo University 
and University of City Osaka. 
October 15, 1949 


Following the notion described in the 
above note”, we calculate the distribution of 
prong numbers in the stars caused by 27- 
meson captures. This problem is solved by 
determining the excitation energy % and _ its 
distribution f(z). The former quantity x de- 
termines the average number of evaprorated 
protons <p(z)>. The distribution of observed 
prong numbers may be given by Poisson dis- 
tribution as was discussed in our previous 
paper” : 


[fj Clit dann (1) 


To calculate the excitation energy x we 
must notice the place where the =”~—meson 
is captured by the nucleus. The probability 
that the proton at 7 captures a 7”—meson may 
be proportional to |¢(r)|?, where g(r) means 
the wave function of the m~-meson in 1s- 
state in the three dimensional parabolic poten- 
tial®), 

Under such remarks we discuss this pro- 
blem assuming the following models. 

(a) The rest energy of captured 2~- 
meson is transferred into two nucleons as 
suggested in J. Each nucleon starts with 
mean kinetic energy : 


1/2 (rest energy of a m~-meson)—1/2 
(binding energy of a m~-meson in 1s- 


level) +3/5 (Fermi energy in a nucleus) 


=83 MeV. 


Our problem is the same as 2 nucleon with 
energy &3 MeV hits the nucleus. Using the 
method of II we find that < p(x) > and f(x) 
are derived by the range-energy relation which 
will be published lately. Thus we get the 
distribution of prong numbers, which is re- 
presented in column A of Table I. 

(b) The initial energy of starting nu- 
cleons 83 MeV is so high that we must not 
neglect the transparency of nuclear matter. 
But after one collision the nucleon loses the 
large part of its energy and falls into the 
“ opaque” energy region. We may, ther 
fore, assume that the nucleon stops in the 
nucleus after at least one collision and its 
energy excess (70 MeV, subtracting Fermi 
energy part) is used to heat the nucleus. Thus 
x is able to have one of three discrete values, 
0, 70, and 140 MeV, and the values of f(z) 
for these cases, that is, two, one and no nu- 
cleons escape out of the nucleus, are 0.113, 
0.470 and 0.417, respectively. By introduc- 
ing these figures in (1) we get the result 
shown in column B of Table I. 

(c) There may be the other possible 
mode of capture than mentioned in (a) and 
(b), where a single nucleon plays a role in 
the capture process. 2” —meson may simul- 
taneously interact with many protons in the 
nucleus and the interference among the cap- 
tures by these protons may be considerably 
effective, since the K-radius of m~—meson is 
only slightly smaller than the nuclear radius. 
In this case the all available energy of 7”- 
meson (140 MeV) is consumed to excite the 
whole nucleus, as emphasized by K. Ono, 


Table I. 


Number Percentage frequencies emitting the 
of prongs corresponding number of prongs. 
A B C Experiment 
0 14.1 % 28.5 % 10.0 2% 27.0 % 
I 31.9 30.4 23.1 23.4 
2 28.8 20.0 26.5 24.0 
3 14.6 11.5 20.3 14.8 
4 6.4 5.9 Lim 8.7 
5 2.1 2.4 5.4 19 
6 0.6 0.9 2.1 o 
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and then ordinary evaporation process’ takes 


place. The result is given in column C of 
Table I. 


As seen in Fable I, the results for these 
models are in agreement roughly with each 
other and with experiment”. But there is a 
slight discrepancy between the theories and 
the experiment for the cases of 0- and 1- 
prong which may be due to the special 
character of Ag- and Br—nucleus. 

Furthermore, the contribution from the 
disintergrations of light nuclei, which is taken 
in II without reasonable explanation, is to be 
considered, but they may not essentially change 
the above distribution. 


1) Y. Fujimoto, S. Hayakawa, and Y. Yamaguchi ¢ 
Prog. Theor. Phys. in press. quoted as J. 

2) Y. Fujimoto, and Y. Yamaguchi: Prog. Theor. 
Phys. in press: 
Y. Yamaguchi: Prog. Theor. Phys. in press, 
quoted as IT. 

3) J. A. Wheeler: Rev. Mod. Phys. 21 (1949), 
133, 153. 

4) A private letter from Dr. Gardner to Prof. 
Taketani. 


Remark on the Energy Distribution of 
Disintegrated ,-Mesons. 


S. Hayakawa and J. Nishimura 
Department of Physics, University of City 
Osaka and Scientifie Research Institute. 
October 15, 1949 


In our previous papers” we treated the 
energy distribution of #-mesons disintegrated 
from m-meson as uniform from 0 to the 
energy of the agent 7—meson Ey. But this 
is-erroneous, aS was pointed out by Ogawa”, 
because of the small mass difference OUa TG 
and s-mesons, contrasting with the case of 
ye-electron decay. 

If the m-meson with energy #, and 
momentum J, in the laboratory system dis- 
integrates into a #—-meson and a neutrino, 


the energy of the disintegrated s-meson is 
represented by 


E=(E,/2){1+ (u/*)?} + (Poe/2) 
{1—(/*)?} cos 9, (1) 
where ¥ and # mean the masses of m— and 
ye-mesons and @ the angle of emission of 4- 
In our 


approximation Ey = Pye, the energy of y“- 
meson lies in 


(u/*)?E, SESE, . @) 


meson in the center of mass system. 


The energy spectrum of -mesons should, 
therefore, be taken as 


1 dE 
7 oF 7 3 
ure SS 


This results in the average energy {1+ 


(u/x)2}.E,/2=0.78E, of 


mesons. 


disintegrated = y- 


Above modification affects our previous 
work in two points. One is that the integra- 
tion over E, must be limited by (2) ;. the 
upper limit should be replaced by (*/p)°F. 
The other is the factor before dE/E, in (8). 
These effects lead to give about two times 
larger intensity of z-mesons than I. In order 
to compensate this change, the production of 
m-mesons must be reduced by the correspond- 
ing factor. In I the value of H may be 
reduced for this purpose. But then we can 
no longer relate H with v,. As was suggested 
in I, v, and H is not necessary related so 
closely that the whole energy lost by nucleons 
is transported into m—mesons. Thus we may 
once determine v, and H independently. ‘This 
results in that about a half of energy lost by 
nucleons is transfered to others than 7- 
mesons. They may be slow nucleons not 
capable to produce further mesons and photons 
directly produced. Furthermore, the reason 
to take 7=2.0 vanishes and we may put T= 
1.8, being consistent wfth other phenomena. 
By such remarks the main results of 1 need 
not be changed. But it seems us to be a 
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wonder that unexpectedly few m—-mesons are 
produced by a nuclear collision. 


1) S. Hayakawa and J. Nishimura: Prog. Theor. 
Phys. 4 (1949), 232; Jour. Sci. Res. Inst. in 
press. These papers will be cited as I. 

2) S. Ogawa: private communication. The present 
authors thank him for his kind suggestion. 


Soft Component in Upper Atmosphere. 
S. Hayakawa and J. Nishimura 


Department of Physies, University of City 
Osaka and Scientific Research Institute. 


October 15, 1949 


Following the previous analysis about the 
hard component in the atmosphere”, we treat 
the intensity of the soft component in the 
upper atmosphere, which will be of importance 
to settle the origins of electronic rays, Al- 
though in the current notion only the 4-meson 
has been the main origin, some authors have 
pointed out the necessity of the other origin to 
explain the height and the place of the max- 
imum intensity of total cosmic rays”). But 
recent experiments assure the mode of the 
disintegration of s-meson into one electron 
and two neutrinos and make us infer the too 
small intensity of soft rays unless we assume 
other origins besides 4-mesons. Among the 
possible origins the y-decay of the neutral 
m-meson with the suitable life may be the 
most reliable one. The hypothetical 8—meson 
is now disproved by Berkeley experiments and 
the charge exchange process may not be the 
case because of its smal! cross-section. Thus 
we concern only w- and z°-mesons as the 
origins of electronic rays. 

In order to perform the satisfactory cal- 
culation of this problem, it seems to be rather 
essential to take into consideration the angular 
divergence of produced radiations at the trans- 
mutations because of their low momenta. But 
here we confine ourselves to the one dimensio- 
nal treatment, though regrettable, and estimate 


0.05 


only the order of maximum intensity. 

For this simplification we may put the 
differential energy spectrum of soft mays pro- 
duced between x and z+dz with energy bet- 
ween E and E+dk 

S(E, z)=S, exp(—2/0)/(E+a)™*4, C) 


where %, Z and a are chosen in order tc fit 
the result of I: 


7=125 g cm~ and a=9.5 Bev for “eel 
1=280 g cm~* and a=(.1 Bev for ~-meson, 
(2) 
The intensity of electrons at the depth 2 is 
given by 
I(x) -{ aa’ | dES(E, x’) IE, 0, 2-2’). (3) 
0 1 


Cascade function JI is transformed by Méllin 
transformation and the integration of (3) is 
carried out by saddle point method. 


Fig. 1. Intensity-depth curve of soft component. 
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Depth in g/cm* 
——: Experimental, average of 41.7° and 38.6°5). 
~e-e: Calculated, sum of the contribution from 7° 
and g-meons. 


sas A : Calculated, contribution from only s—mesons. 
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The result is represented in Fig. 1, in 
which one sees the decay of sz-meson can 
only explain about a half of whole soft rays. 
The reason why the calculated intensity in the 
most upper part is too high, may be due to 
the rough exponential approximation of (1) 
for z-mesons. Adding the contribution from 
m°-mesons, we obtain the right order of the 
intensity. We may conclude that the neutrai 
meson disintegrates into electronic rays with 
considerable short life as was previously dis- 
cussed”, Detailed account will be published 
in Jour. Sci. Res. Inst. 

1) S. Hayakawa and J. Nishimura: Prog. Theor. 
Phys. 4 (1949), 232 and Jour. Sci. Res. Inst. 
in press, which will be as I. 

2) M. Taketani: Prog. Theor. Phys. 3 (1948), 
349. 

3) W. Heitler and S. 
(1947), 266. 

4) M. Sasaki, S. Nakamura and S. Hayakawa: 
Prog. Theor. Phys. 4 (1948), 454. 

5) S. Hayakawa: Prog. Theor. Phys. in press. 

6) A. J. Biehl, R. A, Montgomery, H. V. Neher, 
W. H. Pickering and W. C. Roesh: Rev. 
Mod. 20 (1948), 360. This curve is usually 
called as Pfotzer curve, but we must not refer 
the Pfotzer’s result (ZS. f. Pnys. 102 (1936), 
23.) He overcorrected the counting rate in 
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upper height, so that his intensity was about 
two times larger than those of others, be- 
cause he took the deat time of G—M counter 
too large. 


Neutron Component in Extensive 
Air Showers. 


Y. Fujimoto, S. Hayakawa 
and Y. Yamaguchi 
Department of Physies, Tokyo University and 
University of City Osaka. 
October 15, 1949 


Recent experiments” have established the 
existence of the resonance level in high energy 
{7,n) reactions, and theoretical explanation 
has been given by Goldhaber and Teller”. 
This reaction will be the effective source of 


o79 


neutron component in air showers. Another 
source is the nuclear stars produced by high 
energy nucleons. We estimate these two con- 
tributions. 

(ry, ) reaction possesses the resonance 
level at 20 MeV and its cross-section is 1 
MeV bam at this energy. The cross-section 
for a nuclear star production may be about 
a half of the geometrical cross-section of an 
air nucleus. 

The relative intensity of photons with 
energy ~20 MeV can be estimated assuming 
the energy spectrum at the shower maximum”, 
While the iatensity of high energy nucleons 
was measured by Tongiorgi®. 

Then we get the following values. 


agent intensity? cross-section multiplicity 
Photon 2.8% 10-*4 cm? 1~2 


1:8 10*** cm* 1:6" 
Multiplying these three factors, we see that 
the two contributions are the same order of 


nucleon 2~3 % 


magnitude. 

1) G. C. Baldwin and G. S: Klaiber: Phys. Rev. 
71 (1947), 649; 73 (1948), 1156. 

2) ™M. Goldhaber and E. Teller: Phys. Rev. 74 
(1948), 1046. 

4) H. A. Bethe, cited in B. Rossi and K. Grei- 
sen: Rev. Mod. Phys. 13 (1941), 240. 

4) Vanna Cocconi Tongiorgi: Phys. Rev. 75 
(1949), 1532. 

5) The total electron intensity is put to be 100 92. 

6) Vanna Cocconi Tongiorgi: Phys. Kev. 75 
(1949), 517. This value is taken from the 
measurement of neutron production in C not 
accompanying with air showers, The multi- 
plicity of neutron production in air shower 
may be somewhat larger. 


High Energy Electronic Component in 
Extensive Air Showers. 

Y. Fujimoto and S. Hayakawa 
Depertment of Physics, Tokyo University 
and University of City Osaka. 
October 15, 1949 


The question whether the agent of an 
extensive air shower is an electron or a nu- 
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cleon becomes gradually apparent by various 
arguments. A conclusive decision would be 
possible by the analysis of the spatial distribu- 
tion of high energy electronic component, 
since its distribution is mainly due to initial 
emergent angle rather than multiple scattering. 
It is closely related with the decoherent curve 
of core selectors measured by Cocconi et ale 
In this note we will discuss this problem on 
the basis of electron primary hypothesis re- 
ferring to. their experiment. 

The unit of lenght is Moliére unit at 
Echo Lake, 114m, and the unit of energy is 
The dis- 
trioution function .with fixed energy & is 


the critical energy of at, 86 MeV 


approximately represented by 


FE, x) =1.64(F] Ka” exp (—2)[1—0.82x 


xexp(— 0.382) ], (1) 
v=1.71Er, 


for x21, based on Moliére’s treatment. AC 


—21 MeV means the characteristic energy of 
multiple scattering in air and r represents 
the distance-from the shower axis. The den- 
sity p(r) can be obtained by integrating (1) 
over the differential energy spectrum of Ff elect- 
ronie component n(#). n(E) may be assumed 
as the same as the spectrum at the shower 
maximum : 


n(E)dE= NdE|E?. (2) 


(N means the total number ef electrons in a 
shower, and in this case it is 3.6 10° for a 
smali shower and 5.8x10° for a large one. 
The integration over E ranges from E,="0, 
which is the minimum energy capable to dis- 
charge the core selector, to oo. By the 
method of steepest descent we get 


ole) 1.902 x10 Nae es 
x [1—0.5942,e7°8], (3) 


where 4) =1,71E,r=1.05R, Rin meter. Neg- 
lecting the second term, the decoherent curve 


I(d) is expressed as the function of separation 
d in meter, , 


I(d)~ exp (— 
for ‘alszad ats Re 


6.3m for a small one. 


1.05d)/d (4) 


=39m for a large shower and 
This exponential 
decreases drastically deviates from experimental 
one. 

Above consideration concerns only the 
multiple scattering, but the single scattering 
may be pr edominantly effective in such greater 
In this 
case, the distribution function has less steep 


distances measured by Cocconi et al. 


decrease as” 
f(E,r)=(1.17x1lo7/E*)(dr/r). — @) 


The distance, where (1) is equal to (5), is 
about z=14 or R=13m. We see the single 
scattering is more effective in farther regions 
than this distance. Following the similar 
method as in the case of multiple scattering, 


we obtain 
plr)=3.9x10-"N/Fyr* (6) 
and 


I(d)~d-*, (7) 


Even (7) shows steeper decrease than the 
experimental one, which finds approximately 
d~* decrease. 

We may conclude from the above analy- 
sis that the electron primary hypothesis is 
decisively ruled out. The spatial distribution 
is considered to be mainly due to the initial 
divergence of electronic rays in nuclear col- 
lisions caused by primaries. 

We thank to Prof. Greisen who communi- 
cated us their paper before publication. 


1) G. Cocconi, V. Tongiorgi Cocconi and KS 
Greisen: Phys. Rev. in press. 

2) G. Moliere: The Cosmic Radiation edited by 
W. Ileisenberg. 

3) L. Eugy: Phys. Rev. 74 (1948), 1801. 
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(Continued from p. 476) 


Addendum: Just after we had finished this 
paper, the Proceedings of the Royal Society, Vol. 
196, No. 1646 arrived, in which the papers of G. 
Thomson and of J. B. Harding, S. Lattimore and 
D. H. Perkins were found. Those authors reported 
that considerable part of star prongs were a- 
particles. Although this fact seems to contradict 
with our conclusion, we must take account of the 
following points. 

i) They estimated the excitation energy of a 


nucleus assuming that nearly the same number of 
neutrons were emiited as protons. We fear, it 
would be rather underestimated and should be 
nearly doubled. 

ii) They observed particularly the large stars 
caused by cosmic radiation. As was pointed out 
by them, a large cosmic ray star can not be ex- 
plained by the evaporation theory, and will need 
some new explanation. 

We shall discuss in detail these large stars in 
another paper. 


Errata (Vol. 4, No. 3) 


p. 358 On the Dirac’s Indefinite Metric Space. Naomi Shono and Nobuo Oda. 
On the equation (4): for y=I-—P, read y=I—2P. 


p. 372 An Attempt to Pauli’s Regulator. 


Y. Katayama. 


In the tenth line of right column on p. 373: for electron field, ad electromagnetic field. 
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